INTERDEPENDENCE TABLE, CHAPTERS XV-XX 
LEGEND: 

(a) A section is dependent on any section to which it is connected by a rising 
line, except that 

(b) a section dependent on a dotted section, or on a section in Volume I or 
Volume II (Chapters I-XIV), is dependent on every section on which that section 
depends. For interdependences among the sections of Chapters I-XIV, see the inter- 
dependence tables in Parts I and II. 


1 — IV. VII.1. 3, 4 
Basic Material 


XV.2 


Terminology, 
Preliminary Notions 


XV.3 


Resolvents of 
Spectral Operators 


ae ee NA 


XV1.2 XV4 X1.2 
Consequences of Canonical Commutative 
Condition A Reduction B—algebras 


XV1.3 xV.5 X.2 


Consequences of Bounded 
Conditions A&B Operational Spectral Theorem 
Caiculus 


XV14 X11 
Consequences of Weak oe Normal 
Conditions A,B,C Topologies perators Operators — 
Introduction introduction 


XV1.5 XV.6 XV9 


Operators with Operators in The Algebra Compact 
Spectrum in a Curve Hilbert Space yP Operators 


XV1.6 XV.10 XV7 
Self Adjoint Spectral Spectral 
Operators Analysis Operators and 
in 4? Scalar Parts 
V1.7 XV.11 XV.8 
Operators on Examples of Spectrum of 
Continuous Bounded Spectral 
Functions Spectral Operators Operators 


X12 


XV.12 


XVII.2 


Commutative Examples of 
Almost 
Algebras of Unbounded Periodic Functions 
Spectral Operators Spectral Operators Hole 


XVII3 XVIL.2 [xv.14 VI.10 
sha ia m Wiener—Lévy— Riesz 
marae. Lethe Hopf Theorems Convexity Theorem 
L Boolean Algebras Operators 
XVII.4 XIX.2 XIll.6 Viié 
Strong Limits Abstract Theory of Perturbation 
of Spectral Perturbation Deficiency 
Operators Theorem index Theory 
P= 
XIL4 XiL.3 V3 XIX.3 XIX.4 X1.10 
E i Unbounded Pi j 
xtension of nbounde: Weak Second Order ropen nes of Subdiagona- 
Symmetric Spectral Topologies Gperatare Gi -4 yn ; è 
Operators Representation * lization 
X13 X17 i XVHI.3 XHIL.3 XIX.5 XIL.7 
i poe Examples of RANA Resolvents of Approximation : 
ae park A Bounded a ai Differential by Generalized Sunaina 
9 i y L Spectral Operators | ne Operators Eigenfunctions actorizarion 


XX.2 


Friedrichs’ 
Method 


XX.1 XX.4 


Differential Wave Operator 


Operators of Method 
Second—Order 


XX.3 


Discrete Spectrum 
Friedrichs’ 
Method 


PURE AND APPLIED MATHEMATICS 
A Series of Texts and Monographs 


Edited by: R. COURANT - L. BERS * J. J. STOKER 
Vol. I: Supersonic Flow and Shock Waves 
By R. Courant and K. O. Friedrichs 
Vol. II: Nonlinear Vibrations in Mechanical and Electrical 
Systems 
By J. J. Stoker + 
Vol. II: Dirichlet’s Principle, Conformal Mapping, and 
Minimal Surfaces 
By R. Courant 
Vol. IV: Water Waves 
By J. J. Stoker 
Vol. V: Integral Equations 
By F. G. Tricomi 
Vol. VI: Differential Equations: Geometric Theory 
By Solomon Lefshetz 
Vol. VII: Linear Operators—Parts I, II, and III 
By Nelson Dunford and Jacob T. Schwartz 
Vol. VIII: Modern Geometrical Optics 
By Max Herzberger 
Vol. IX: Orthogonal Functions 
By G. Sansome 
Vol. X: Lectures on Differential and Integral Equations 
By K. Yosida 
Vol. XI: Representation Theory of Finite Groups and Associative 
Algebras 
By C. W. Curtis and I. Reiner 
Vol. XII: Electromagnetic Theory and Geometrical Optics 
By Morris Kline and Irvin W. Kay 
Vol. XIII: | Combinatorial Group Theory 
By W. Magnus, A. Karrass, and D. Solitar 
Vol. XIV: Asymptotic Expansions for Ordinary Differential 
Equations 
By Wolfgang Wasow 
Vol. XV: Tchebycheff Systems: With Applications in 
Analysis and Statistics 
By Samuel Karlin and William J. Studden 
Vol. XVI: Convex Polytopes 
By Branko Grunbaum 
Vol. XVII: Fourier Analysis in Several Complex Variables 
By Leon Ehrenpreis 
Vol. XVIII: Generalized Integral Transformations 
By Armen H. Zemanian 
Vol. XIX: Introduction to the Theory of Categories and Functors 
By Ion Bucur and Aristide Deleanu 
Vol. XX: Differential Geometry 
By J. J. Stoker 
Vol. XXI: Ordinary Differential Equations 
By Jack K. Hale 
Vol. XXII: Introduction to Potential Theory 
By L. L. Helms 
Vol. XXIII: The Functions of Mathematical Physics 
By Harry Hochstadt 
Vol. XXIV: Introduction to Mathematical Fluid Dynamics 
By Richard E. Meyer 
Vol. XXV: Differential Games 


By Avner Friedman 


PURE AND APPLIED MATHEMATICS 
A Series of Texts and Monographs 


Edited by: R. COURANT : L. BERS : J. J. STOKER 


VOLUME VII 


LINEAR OPERATORS 


PART III 
SPECTRAL OPERATORS 


NELSON DUNFORD and JACOB T. SCHWARTZ 


FORMER JAMES E. ENGLISH PROFESSOR OF MATHEMATICS 
PROFESSOR OF MATHEMATICS COURANT INSTITUTE 
YALE UNIVERSITY NEW YORK UNIVERSITY 


WITH THE ASSISTANCE OF 


William G. Bade and Robert G. Bartle 


PROFESSOR OF PROFESSOR OF 
MATHEMATICS MATHEMATICS 
UNIVERSITY OF UNIVERSITY OF 
CALIFORNIA, BERKELEY ILLINOIS 
19 1 


WILEY-INTERSCIENCE 


A DIVISION OF JOHN WILEY & SONS, INC. 
NEW YORK - LONDON - SYDNEY - TORONTO 


Copyright © 1971, by John Wiley & Sons, Inc., Nelson Dunford and Jacob Schwartz 


All rights reserved. Published simultaneously in Canada. 

This book or any part thereof must not be reproduced in any form without 
the written permission of the publisher, except for any purpose of the 
United States Government. 


Library of Congress Catalog Card Number: 57-10545 
ISBN 0 471 22639 4 
Printed in the United States of America 


10 9 8 765 43 2 1 


Preface 


As stated in the Preface to Part I of this treatise, our original intention 
was to include the theory of spectral operators in Part II. We thought 
(and still think) that this theory forms an excellent introduction to the 
detailed study of the much more refined and complete theory of self 
adjoint operators in Hilbert space. It soon became evident, however, that 
the natural limitations imposed by size precluded the fulfillment of this 
intention. The exclusion of the theory of spectral operators from Part II 
was not due solely to the growth of the literature in this field, but was 
determined also by our desire to present a number of important applica- 
tions of the general theory of spectral operators, whose discussion re- 
quired several hundred pages. 

In presenting the theory of spectral operators in Part III, we had to 
cope with two independent problems of exposition not encountered in the 
first two parts. We briefly describe these problems here, for such a dis- 
cussion gives the reader a historical perspective of Part ITI, as well as that 
of the treatise as a whole, and shows him where the existing mathematical 
theory, and its close relations to certain profound empirical results of 
contemporary physics, verges on the boundary between the known and 
the unknown. The applications to physics involve not only problems 
emerging from recent theories such as quantum mechanics, scattering 
theory, quantum field theory, and the quantum mechanical version of the 
three body problem, but also nonselfadjoint problems arising from more 
classical problems such as a large variety of diffusion phenomena, and 
particularly electromagnetic wave theory. We present the abstract 
operator theory in the text, and then in the Notes and Remarks, especially 
in Section XX.6, give the physical interpretations as well as a brief 
discussion of past and present related problems. 

The first heretofore unencountered problem of exposition which 
Part III presents is that of the selection of material to be included. To 
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comprehend the nature of this problem, let us briefly recall the corres- 
ponding situation in the spectral theory of Chapter XIII. The spectral 
theory for self adjoint operators had its single seed sown by B. Taylor’s 
discussion of the vibrating string in 1713, just about a quarter of a century 
after the publication of Newton’s Principia, or Philosophiae naturalis 
principia mathematica, to give this great and most influential of treatises its 
full title. The ensuing rapid advance in modern mathematics with a num- 
ber of orthogonal expansions already well known in the eighteenth 
century and the beginning of a very powerful general theory of such 
expansions made by Sturm and Liouville in the early nineteenth century, 
when combined with the publication of Hermann Weyl’s fundamental 
discoveries in 1910 and the beginnings of a most fruitful development of 
abstract linear analysis in the early part of the century by Volterra, F. and 
M. Riesz, David Hilbert and his school at Gottingen, Banach, Mazur, 
Schauder and many others in Poland, and the fructifying advances of 
the last forty years made by Gelfand, Krein, and Naimark in the Soviet 
Union; Kakutani, Kato, Kuroda, and Yosida in Japan (and the United 
States); the Bourbaki group in France; Colojoaraé and Foiag in Romania; 
Hille and Phillips, Friedrichs, von Neumann and Paley* and Wiener in 
the United States; and many others all contribute to over two and a half 
of the most fruitful centuries in the history of mathematics. During this 
period all of the foundations were laid and many of the major problems 
concerning self adjoint operators were solved in a satisfactory form. 
Thus, in presenting the spectral theory of self adjoint operators contained 
in Chapters X, XII, and XIII we had the benefit of not only over two 
hundred. and fifty years of discoveries with the inevitable maturing pro- 
cesses, but also the historical perspective so helpful in deciding what 
is essential to include and what may be excluded or relegated to our 
various Notes and Remarks. 

In contrast to this wealth of knowledge concerning self adjoint 
operators, we have a relatively short history of the corresponding non- 
selfadjoint problems. We are extremely fortunate to have the penetrating 
studies of G. D. Birkhoff [1-7] made at the turn of the century before the 


*The English mathematician R. E. A. C. Paley (1907-1933) was working with 
Norbert Wiener at the Massachusetts Institute of Technology where their im- 
portant discoveries were made before Paley’s skiing accident in the Canadian Rockies 
caused his untimely death. 
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advent of modern operator theory. This work gives such a convincing 
indication that strongly convergent generalized eigenvalue expansions 
for a wide variety of nonselfadjoint boundary value problems exist, that it 
is surprising to have almost a half century pass before such generaliza- 
tions were made. An exposition of Birkhoff’s discoveries presented in 
terms of operator theory and with numerous generalizations, mostly dis- 
covered by J. T. Schwartz and extended by H. P. Kramer, are found in 
Chapter XIX, but a general operator theoretic method of treating the 
spectral theory of nonselfadjoint operators, excluding a few isolated 
results such as F. Riesz’s elegant discussion of the theory of compact 
operators, is not much over a quarter of a century old. Nevertheless, the 
fecundity of the new theories is beyond any reasonable expectations and 
consequently they have proliferated in a variety of directions, presenting 
such an anfractuous path that it is difficult to predict which, if any, of the 
approaches will survive. A glance at the extent of the References which, 
unlike those of Part II, apply only to Part III although the earlier num- 
bering is continued, makes it apparent that any attempt at a moderately 
complete covering of all relevant material would result in a heterogeneous 
jumble, hardly serving the worker in the field and resulting in a volume 
so huge that many interesting results having applications to modern 
physics might have to be omitted. Consequently, we are forced to relegate 
a large amount of interesting material to a brief reference in the Notes and 
Remarks. We want to stress here that such an abrogation of a topic in no 
way represents our opinion of its scientific value. 

Our second heretofore unencountered problem is that of giving the 
reader a complete comprehension of the basic ideas associated with 
spectral operators and some of the more elementary applications to 
problems of mathematical physics involving nonselfadjoint operators, 
and to do this assuming only a minimal knowledge of elementary operator 
theory. Stated otherwise, we wish to make it possible to read a large portion 
of Part III with a knowledge of only a small amount of the contents of 
Parts I and II. Thus, we present in Chapter XV the concept of a spectral 
operator, many of its special properties, and a number of illustrative 
applications of the theory assuming only a little more than the know- 
ledge that is normally acquired by a student in his first year of graduate 
study or earlier. Although the Interdependence Table shows parts of 
Chapter XV to be dependent on Chapter XIV, the only results, with one 
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exception, used from Chapter XIV are elementary self-contained lemmas 
concerning approximation of integrable functions by smooth functions. 
The exception is Sobolev’s theorem, which is used only in the proof of a 
corollary unessential to the main train of ideas. The reader of Chapter XV 
should be familiar with the elementary topics of algebra and point set 
topology found in Chapter I, the three basic principles of Chapter II, and 
the elementary properties of the theory of integration with respect to a 
finitely additive set function as well as with respect to a countably additive 
measure, Thus he need be familiar with only a relatively small part of the 
contents of Chapter III. He should have a good understanding of the 
theory of finite square matrices of complex numbers, preferably in the 
form presented in Section VII.1, as well as an acquaintance with finite 
and infinite dimensional Hilbert spaces as presented in Sections IV.3 and 
TV.4. Besides these topics, the reader should be familiar with the results 
of Section VII.3, Chapter IX on B-algebras, and the first eighteen pages 
of Chapter X that treat the spectral theorem for bounded self adjoint 
operators. This spectral theorem for self adjoint operators is not logically 
essential to the reading of Chapter XV but a familiarity with its meaning 
is helpful, since it is occasionally used for illustrative purposes. The 
material outlined above, with very few other references, should aid the 
reader in most of Part III with the exception of the important Chapter XX, 
where the major and deep results of Chapter XIII are used extensively 
with a view to making applications to some of the profound problems of 
contemporary physics as well as the classical theory of electromagnetic 
waves. One feature of Chapter XV that enables us to present the illus- 
trations found in Sections XV.11 and XV.12 is the elementary develop- 
ment of the Parseval-Plancherel theory of the Fourier transform, thus 
avoiding any reference to Section XI.3 where this theory is developed for 
locally compact groups by using the general spectral theorem which 
involves a more complex treatment than that found in Section XV.11. The 
elementary treatment presented here is possible, since throughout Part III 
we use the Fourier transform only in finite dimensional Euclidean space. 
Thus the reader familiar with the usual elementary topics encountered in 
point set topology, algebra, analytic function theory, and real function 
theory (including Lebesgue integration) needs only a slight knowledge of 
functional analysis, most particularly Chapters II and IX, to read all but 
the last chapter of Part III. 
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In Chapter XV we try to stress most of the basic elementary properties 
of spectral operators that distinguish them from other operators. These 
properties assume a variety of forms not immediately apparent from the 
definition of a spectral operator. For example, the spectral relations, 
largely due to S. Foguel, found in Section XV.8 were not, for the most part, 
foreshadowed by any knowledge concerning the spectra of self adjoint 
or normal operators. One of the most interesting set of properties in the 
theory concerns the resolvent R(A; T ) = (A — T')~? of a spectral operator 
T. Over twenty years ago N. Dunford and Gerhard Neubauer discovered 
independently that for each vector x in the complex B-space in which T 
operates, the analytic function R(A; T )x has only single valued extensions. 
The astute observation of S. Kakutani that this property is not enjoyed 
by all linear operators suggests that the proper domain for the resolution 
of the identity of a spectral operator should consist of the Borel sets in an 
infinitely many sheeted Riemann surface rather than those in the complex 
plane. As far as we know, this avenue of investigation has not as yet been 
pursued. This single valued extension property is the first of three prop- 
erties enjoyed by the resolvent of a spectral operator which are explained 
in Chapter XV. In the following chapter it is shown just how close these 
three properties come to being sufficient to ensure that an operator is a 
spectral operator. 

In order to concentrate our attention on the new concepts and avoid 
unnecessary digressions into unrelated problems, we limit our discussion 
to spectral operators in a complex B-space. However, we do not restrict 
ourselves to bounded operators, because the applications to contemporary 
atomic physics of the boundary value problems of Chapter XX require 
the use of unbounded spectral operators. Also, the Cauchy initial value 
problems solved in Chapter XV are defined in terms of certain nonself- 
adjoint systems of partial differential equations arising (or in some cases 
closely approximating the equations that arise) in a wide variety of diffu- 
sion problems. Such applications as well as the other illustrations of the 
general theory in Chapter XV are purposely chosen to be elementary 
and are usually set in Hilbert space, since the presentation is shorter than 
that for other B-spaces. Another reason for this restriction is that not 
all of the examples are valid in every B-space. We have not investigated 
the domain of validity of our illustrations, a fact that may tempt some 
readers to further investigations. 
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Chapter XV is an elementary introduction to the field which presents 
most of the distinguishing properties of spectral operators, a number 
of examples to illustrate phenomena not appearing in the theory of 
self adjoint or normal operators, and a few examples of Cauchy initial 
value problems represented by nonselfadjoint systems of perturbed 
Laplacian operators (Theorems XV.12.19, XV.12.21, and XV.12.22). In 
sharp contrast with some of the most innocent looking boundary value 
problems associated with perturbed operators such as d?/dt? +q with 
q(t) complex on the infinite real interval 0 < é << co whose solutions can be 
most scabrous, the convolution kernel giving the solution to the Cauchy 
initial value problem of Theorem XV.12.19 and many other similar 
problems may be given as a finite expression involving only elementary 
functions. The explicit details of calculation are in the text. Even the 
much more general problem of Theorem XV.12.21 has the kernel which 
defines its solution given by a fairly rapidly convergent series. 

The Cauchy initial value problem is, in various forms, discussed 
briefly in all three parts of this book, thus providing an excellent oppor- 
tunity to show, in Section XV.13, how it is a part of a long train of ideas 
crossing many borders of intellectual creation from the poetry of Homer 
to the work of some of our modern artists. This type of discussion is not 
customary in a book such as ours, perhaps even unprecedented, but is so 
relevant to our culture that we give a brief summary of these ideas. 

In Section XV.14 there are a number of results only loosely related to 
spectral operators. They are concerned with different versions of the 
Wiener-Hopf and Wiener-Lévy theorems. The chapter ends with a large 
set of exercises in Section 15 and copious Notes and Remarks in Section 16. 
The chapter was written with the idea of forming a complete, comprehen- 
sive, and elementary unit for those who merely want an introduction to 
the subject and provides the essential material for a seminar or course for 
first or second year graduate students. 

In Chapter XVI we discuss the difficult problem of determining, in 
terms of the properties of the resolvent of an operator, which operators 
are spectral operators. The fact that the illustrative examples in Chapter 
XV are spectral operators is proved directly from the definition of a 
spectral operator, whereas the type of operator discussed in Chapter XVI 
requires much more involved analysis, as well as the introduction of a 
number of new concepts. The culminating theorems of this lengthy study 
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(Theorems XVI.4.5., 5.15, and 5.18) we believe have some deep and 
interesting applications still to be discovered. Our original version of 
Theorem XVI.5.19 was presented as a corollary to the preceding theorem, 
but since it is essential for a number of the deep results in Chapter XX 
which have important applications to some of the most difficult problems 
of contemporary atomic physics, we give a proof independent of the earlier 
results of Chapter XVI. This was possible since it concerns a type of 
operator with a number of special properties including first order rate of 
growth of the resolvent near the spectrum. Thus the reader whose pri- 
mary interest is in the applications to such topics as scattering theory, the 
quantum mechanical version of the three body problem, and other con- 
temporary problems of mathematical physics to which the results of 
Chapter XX apply, has a direct short path to these problems; namely, 
Theorem XVI.5.19, its unbounded counterpart found in Theorem 
XVIII.2.34, and then directly to Chapter XX, thereby eliminating the 
involved analysis needed for most of Chapter XVI and all of the material 
in Chapters XVII through XIX. But we remind the reader again that the 
principal results of Chapter XIII are frequently used in Chapter XX. 

Chapter XVII contains a study of algebras of spectral operators 
beginning with uniformly closed algebras, their representations, and 
Wedderburn type decompositions. The second part is an exposition of 
W. G. Bade’s penetrating study of strongly closed algebras of spectral 
operators and complete Boolean algebras of projections. The deep and 
closely related multiplicity theory also due to Bade is postponed until the 
end of Chapter XVIII since it uses the functional calculus for unbounded 
spectral operators developed in the first part of that chapter. 

Chapters XIX and XX contain various applications and extensions 
arising in connection with applications of the general theory developed in 
the first chapters of this volume. In Chapter XIX, operators with discrete 
spectrum are considered; Chapter XX focuses upon operators with con- 
tinuous spectrum. The methods used in Chapter XIX are perturbation- 
theoretic. A spectral operator T with discrete spectrum, the points of 
whose spectrum are separated by sufficiently large gaps, is considered. A 
perturbation P, small compared to T in an appropriate technical sense, is 
added to T; it is then possible to estimate the resolvent of T” = T + Pin 
terms of the resolvent of T, and from this to relate the spectral projections 
of T” to those of T. In some cases, we may then prove that T” is spectral. 
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The results obtained have application to the spectral analysis of nonself- 
adjoint differential operators on a finite closed interval. These applica- 
tions, which go back to Birkhoff and Tamarkin and extend the classical 
self adjoint Sturm-Liouville theory, are derived next. The work required is 
algebraic and establishes the validity, in the cases studied, of the asymp- 
totic hypotheses required by the general perturbation theory. Chapter XIX 
ends with a section which gives results concerning completeness properties 
of the set of eigenvectors of a perturbed operator. These theorems make 
assertions less specific than those obtained in the first sections of Chapter 
XIX, but which can be proved under hypotheses which are considerably 
more general; their proofs rest ultimately on the generalized Carleman 
inequalities of Chapter X. 

Chapter XX is devoted to applications of the general theory to the 
study of perturbations of operators with continuous spectra, and it is 
seen that many such operators either are spectral operators or have 
closely related properties. A number of results, with some recent general- 
izations, due to Naimark, Friedrichs, Kato, and Kuroda, are discussed. 
Many of the results established in Chapter XX are applicable (or, in some 
cases, a more involved but similar analysis is applicable) to some pro- 
found nonselfadjoint problems in contemporary as well as classical 
mechanics. These theorems place some empirical laws of physics, hereto- 
fore established by informal reasoning, on a rigorous mathematical 
foundation. The chapter brings us close to active areas of current research 
in mathematical physics. In the first section of Chapter XX, the general 
spectral theory is applied, essentially in direct fashion, to singular non- 
selfadjoint differential operators of second order on a half axis. These 
operators have the form 


d 2 
T= -(3) + a(t), 


where g may be complex but is asymptotically very small. They are shown 
to be spectral, essentially by a direct asymptotic analysis which verifies 
the hypotheses required. by the general theory of spectral operators. 

The second section of Chapter XX introduces, and the third section 
continues, quite a different line of thought, due originally to Friedrichs 
and developed subsequently by him and his students and collaborators. 
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In this theory, one attempts to demonstrate similarity between an un- 
perturbed operator T and its perturbation T” = T + P, that is, to show 
the existence of an operator U such that 


UTU1=7T". 


This equation may be recast to permit the application of perturbation 
methods; the whole approach has the fundamental advantage of being 
applicable in a very natural way to operators with continuous spectrum 
and of being independent of any assumptions of self adjointness. The ana- 
lytical details necessary for the application of this method of Friedrichs 
are, in fact, simplest when the spectrum of the operator T fills an entire 
region; this case is considered first. Subsequently, the somewhat more 
formidable technical details belonging to the case of an operator with 
continuous spectrum filling an interval of the real axis are developed, and 
applications to Volterra integral operators and to operators derived by 
perturbation from Laplace’s operator V are studied. These latter operators, 
and various generalized operators of the same kind, whose considerably 
more formidable analysis is not given, are important in quantum theory. 
In several interesting subsequent studies, Friedrichs has also extended 
this analytic strategy to the systems of operators which occur in the 
quantum theory of fields. 

Section 3 of Chapter XX adapts Friedrichs’ method to the case of 
operators with discrete spectrum, deriving results which complement 
those given in Chapter XIX. 

In Section 4 another idea, and one which has been of great signifi- 
cance for the application of spectral theory to physics, is discussed. This 
idea is as follows. If an unperturbed operator T and a perturbed operator 
T” derived from it are both self adjoint, then a non-rigorous formal 
argument can be used to buttress the expectation that the Friedrichs 
operator U realizing the similarity UTU~1 = T” should have the form of 
a limit 

U= lim ette- tT, 
t> œ 
This purely formal argument inspires us to study the limit appearing 
above, and indeed it develops that if the difference 7’ — T satisfies 
suitable hypotheses, this limit will exist in the strong topology and will 
have the properties which formal reasoning ascribes to it. The rather 
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ingenious arguments needed to prove these facts are due to Kato and 
Kuroda and have subsequently been generalized by various other authors, 
who have also established relationships between this “ wave operator ” or 
“scattering” method and various versions of the Friedrichs approach 
given in Section XX.2. (The formal line of reasoning underlying the 
rigorous results of Kato-Kuroda has a long history in physics: many 
elaborate calculations have been based upon it, and it has even suggested 
a standpoint which certain physicists have been willing to consider as an 
axiomatic basis for quantum theory.) It may also be mentioned that the 
Kato-Kuroda theory yields some of the most precise results available for 
the spectral analysis of partial differential operators. 

For the research worker we mention that the Notes and Remarks 
contain a wealth of ideas with ample room for further developinent. 
Besides these ideas, the investigation of a countably additive spectral 
theory on a general Riemann surface has been suggested. Also, parts of 
Bade’s multiplicity theory suggest the possibility of a spectral represen- 
tation theory, analogous to the Weyl-Kodaira theory, for boundary value 
problems in L, although the technical details might be difficult. One of 
the most intriguing problems, about which nothing seems to be known, is 
that.of interpreting operators, arising from natural phenomena, whose 
resolvent has greater than first order rate of growth at every point along a 
curve and to which the unbounded versions of the principal theorems of 
Chapter XVI apply. We see no a priori or philosophical reason why such 
phenomena should not be even more numerous than the familiar ones of 
the last three centuries, which involve mostly self adjoint operators. It 
seems possible that the dearth of such examples in the literature stems 
from the lack of any theory to analyze them accurately. It is common 
practice to slightly alter equations arising in a physical problem so as to 
make a rigorous analysis possible. However, such a procedure, which 
would change the rate of growth of the resolvent without substantially 
changing the problem, seems highly improbable. 

We wish to mention here a slight difference in our use of the black 
arrow in the margin. In Parts I and II this arrow is used to call attention 
to ideas particularly important for the subsequent development. In Part 
TII it continues to have this meaning but, in addition, is used to call 
attention to results or concepts that we consider to have special interest 
even though they may not be used in the further development. 
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We also invoke the mathematician’s prerogative by using Q.E.D. in 
a sense slightly different from quod erat demonstrandum. The symbol 
merely signals the end of a proof. This is particularly helpful to the reader 
of a proof involving many pages and containing a number of proofs of 
preliminary statements. 

We are greatly indebted to Miss R. M. Castroll for her competent 
editorial assistance in preparing the manuscript for the printer, checking 
all galley and page proof, and preparing the author index. 

We also thank the staffs of the Air Force Office of Scientific Research 
and the Office of Naval Research for the assistance given on several 
occasions in the past while many of the initial results presented here 
were being discovered. 


Sarasota, Florida NELSON DUNFORD 
New York City JAcoB T. SCHWARTZ 
May 1971 


Contents 


PART III. SPECTRAL OPERATORS 


XV. Spectral Operators 2... 2... .. 2... ee eee 
l. Introduction ©... 1... . 2... ee 
2. Terminology and Preliminary Notions ...... 
3. The Resolvent of a Spectral Operator ....... 
4. The Canonical Reduction of a Spectral Operator 
5. An Operational Calculus for Bounded Spectral 

Operators 2. 2... ee ee ee 
6. Bounded Spectral Operators in Hilbert Space 
7. Relations Between a Spectral Operator and Its Scalar 
Part eraa mon fide ah Atel a SG See BS, oe 
8. The Spectrum of a Spectral Operator TT 
9. The Algebras Wand ÙP ............ 
10. The Spectral Analysis of Operators in W? 
11. Some Examples of Bounded Spectral Operators 
12. Some Examples of Unbounded Juas Operators 
13. Determinism... . 1... wt ee ee ee es 
14. Wiener-Lévy-Hopf Theorems .......... 
15. Exercises o a osos 1 ee ee e ee ahea a 
16. Notes and Remarks ........... 


XVI. Spectral Operators: Sufficient Conditions ......... 


2nogm 


Statement of the Problem ............ 
Consequences of the Condition (A) ....... 
Consequences of the Conditions (A) and (B) 
Consequences of the Conditions (A, B, C): Necessary 
and Sufficient Conditions for Spectral Operators 
Operators Whose Spectra Lie in a Jordan Curve 

Self Adjoint Operators in Hilbert Space ...... 
Exercises ......... ses rt hs 2a pe 


xviii 


XVII. 


XVIII. 


XIX. 


XX. 


CONTENTS 


Algebras of Spectral Operators 


1. Introduction ......... 

2. The Structure of Commutative B- Algebiies of 
Spectral Operators i 

3. Strongly Closed Algebras ad Complete Boolean 
Algebras ......... 

4. Strong Limits of Spectral Operater 
Non-Commutative Case 

5. Exercises ........0.. 

6. Notes and Remarks 


Unbounded Spectral Operators 

1. Introduction ; 

2. Unbounded Spectral Opio 

3. Multiplicity Theory and Spectral Represshiauion: 
4. Notes and Remarks, bs we Puahss 


Perturbations of Spectral Operators with Discrete Spectra . 


l. Introduction ......... ; 
2. The Principal Abstract Perturbation ierat 


3. Separated Boundary Conditions for the Second Order 


Operator ........., 
4. Spectral Pipes of [(1/i)(d]dx) e 
Approximation by Generalized Eigenfunctions 
6. Notes and Remarks 


o 


Spectral Operators with Continuous Spectra: eee 
of the General Theory ...... 


1, Spectral Differential Operators of Second Order 

2. Friedrichs Method of Similar Operators . ; 
3. The Friedrichs’ Method for the Discrete Spectrum 
4. The Wave Operator Method 

5. Exercises ......... 

6. Notes and Remarks ...... 


2177 
2177 


2179 


2194 


2219 
2222 
2225 


2227 


2227 
2228 
2264 
2288 


2290 


2290 
2291 


2307 
2319 
2351 
2371 


2375 


2378 
2400 
2448 
2453 
2480 
2490 


CONTENTS 
References 
Notation Index . 
Author Index 


Subject Index 2... 2.2... 2. a‘ a’ 


xix 


2512 


2577 


2579 


2587 


La pensée west qu’un éclair au milieu de la nuit. 
Mais c’est cet éclair qui est tout. 


HENRI POINCARE 


LINEAR OPERATORS IN THREE PARTS 


PART I 
General Theory 


PART II 
Spectral Theory, Self Adjoint Operators in Hilbert Space 


PART III 
Spectral Operators 


Nelson Dunford and Jacob T. Schwartz 


CHAPTER XV 


Spectral Operators 


1. Introduction 


The far-reaching theory of self adjoint differential boundary value 
problems developed in the preceding chapters illustrates once again the 
power and importance of the spectral reduction theory for bounded and 
unbounded self adjoint (or normal) operators as developed in Chapters X 
and XII. The problem of extending this reduction theory to non-normal 
operators is one of the most important unsolved problems in the theory of 
linear operations. Consider, for instance, the problem of finding a resolution 
of the identity for the formal differential operator T = —d?/dx? + q on 
the infinite internal 0 < x< œ. If q is a real function, then, as we have 
seen in Chapter XIII, the properties of the operator T may be analyzed 
in considerable detail. But if gq assumes some complex values, a situation 
which can easily arise in a concrete example, then the whole spectral 
analysis of T is invalid and it is difficult to make even the most elementary 
statements concerning the spectral reduction of T. 

In order to give an adequate spectral analysis of this and a number 
of other nonselfadjoint operators we are impelled to attempt the extension 
of the spectral reduction theory of Chapters X and XIII to non-normal 
operators in Hilbert space, and to operators in B-spaces other than Hilbert 
space. If guided literally by the properties of normal operators, one might 
at first think that the appropriate operators to study were those which had 
the expression 

T= AH (dA) 
o(T) 
in terms of some projection valued measure defined on e(T). That such a 
restricted class of operators is not of sufficient generality may perhaps 
best be appreciated by considering the case where § is a finite dimensional 
unitary space. If T is an operator in such a space, then an operational 
calculus for analytic functions may be given by the formula (cf. VII.1.8) 
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I ae 2, ees gm ik) 
a T — > e 
= om Qa re FPA) 


If T is a normal operator, then (T — AI)E(à) = 0 and this formula reduces 
to the formula 


AT) a >, JAME), 


which is not valid for an arbitrary T. To see more clearly the difference 
between the calculi given by these two formulas, let us rewrite them by 
introducing the nilpotent N and the resolution of the identity H defined 
by the equations 
N=T— Y AX), E(8) = $ E(A) 
Aea(T) Acò 

In terms of N and £ the operational calculus for an arbitrary operator 
takes the form 


f(T 2 2 Pi a) f(A) 


a(T') 


whereas if T is normal only the first term 
A= | FAEM) 
o(T) 


of this series is needed to express f(T). Since, as this example shows, the 
theory of normal operators is not an infallible guide even to the theory of 
arbitrary operators in finite dimensional spaces, we must revert to more 
general considerations in attempting to construct the desired general 
spectral reduction theory. 

The most general reduction problem for an operator T in a B-space 
X might be stated as follows: decompose X into the directsum X = X, @ X, 
of two proper subspaces in such a way that 7X, S X%,, 7X, S ¥,. If E 
denotes the projection of ¥ onto the space X,, then the two conditions 
TX SX, TX, Sž, are equivalent to the single algebraic condition 
TE = ET. Thus the most general reduction problem for an operator T 
would be: find a projection which commutes with 7’. 

That this formulation is much too general to constitute a suitable 
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formulation of the spectral reduction problem may be seen by considering 
the case T = I. Since J commutes with every projection, the above reduc- 
tion problem stated for J would be: find all projections in X. This problem, 
while interesting in itself, clearly goes much further than a mere spectral 
analysis of the operator J. Indeed, since o(Z) consists of one point only, so 
that its spectrum is geometrically irreducible, we should expect I to be 
irreducible from the point of view of spectral analysis also. 

In order to make a spectral reduction of an operator, we must find a 
projection E commuting with T, such that the spectrum of the restriction 
T| HX is contained in a given closed set. Stated otherwise, we desire to 
find, for a given subset ô of o(7'), two subspaces X,, X, such that TX, S X, 
TX, S X2, X =X, OX, and such that 


o(T] Xi) S 4, o(T | Xs) Sö. 


We recall (cf. X.2.6) that the resolution of the identity E for a normal 
operator T in Hilbert space § has the desired property o(7'| H(8)H) <5 
for every Borel set 5. Similarly, for an arbitrary operator T on a complex 
B-space we have seen (cf. VII.3.20) that for a set ê which is both open and 
closed in o(T) a projection #(5) can be defined which commutes with T 
and for which the spectrum of the restriction T | H(6)X is contained in ô. 

The common property, that is, o(T | H(8)X) S ô, in the examples just 
cited is not an unimportant coincidence: it lies either explicitly or implicitly 
at the very roots of the key results in spectral theory. Thus we are led to 
begin the formulation of the spectral reduction problem by requiring that 
for each set ô in some family 2 of sets in the plane there is a projection 
E(8) which commutes with T and for which o(T | H(8)X) c 5. In the exam- 
ples just mentioned J is a field and H(8) satisfies the algebraic laws 


E(8 ^ o) = E(8)E(o), 
E(8 v o) = E(8) + Ele) — E(8)E(o), 
£(8’) =I — E(6), 
E(o(T)) =I. 
In the case of a normal operator in Hilbert space the set 2’ is the o-field 
of all Borel sets and Æ is countably additive in the strong operator topology. 
It is this property of countable additivity that underlies the powerful 


eigenvalue expansions obtained in the theory of self adjoint boundary 
value problems. 
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In the general formulation of the reduction problem we are going to 
require that 2 be the field of Borel sets, that H(8) satisfy the above alge- 
braic identities, and, in addition, that H be countably additive on in 
the strong operator topology. Although formal definitions will be given in 
the next section, we shall call an operator for which the spectral reduction 
problem has a solution, a spectral operator. It is not the primary purpose 
of the present chapter to determine which operators are spectral operators 
but rather to discover properties of bounded spectral operators. However, 
in Sections 11 and 12 we do give some examples of spectral operators and 
in Section 13 will be found a digression into a few related topics. 

In the following chapter we shall endeavor to find conditions on the 
resolvent of an operator which will insure an affirmative solution to the 
spectral reduction problem. In subsequent chapters we shall attempt to 
find other examples of spectral operators and to see how far the theory may 
be applied to non-symmetric boundary value problems. 


2. Terminology and Preliminary Notions 


The concepts of a Boolean algebra of projections, a spectral measure, 
an integral with respect to a spectral measure, and so on, which have been 
explained in Section X.1, are all fundamental for the present chapter. The 
reader may wish to review these notions in Chapter X, for they will be 
restated here in a concise form. There are, however, a few new concepts 
to be introduced here and these will be explained more fully. 

Throughout the chapter the letter ¥ will be used for a complex B-space 
and T for a bounded linear operator in X. By a projection in ¥ is meant a 
bounded linear operator E in ¥ with E? = E. The intersection A AB and 
the union AVB of two commuting projections A and B in ¥ are the 
projections AB and A + B — AB, respectively. The ranges of the inter- 
section and union of two commuting projections are given by the equa- 
tions 


(A \ B)E= (4X) (BE), (4V BE) = (AX) + (BX) =5p( AR, BR), 
where sp(AX, BX) means the closed linear manifold spanned by the sets 
AX and BX. Thus the natural ordering A < B between two commuting 


projections A and B has the geometrical significance that A < B is equi- 
valent to AX S BX. A Boolean algebra of projections in X is a set of pro- 
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jections in X which is a Boolean algebra (cf. Section I.12) under the opera- 
tions A A B and A V B which has for its zero and unit elements the opera- 
tors 0 and J in ¥. 

1 Durinition. A spectral measure in X is a homomorphic map of a 
Boolean algebra of sets into a Boolean algebra of projection operators in 
Æ which has the additional property that it maps the unit in its domain 
into the identity operator J in its range. A spectral measure is said to be 
bounded if the norms of the projections in its range are bounded. 

We recall that if the domain of a bounded spectral measure Ẹ is a 
field X of subsets of a set S, then the integral {,f(A)H(dA) may be defined 
for every bounded -measurable scalar function f on S. In Section X.1 it 
was shown that this integral is a bounded homomorphism of the B-algebra 
B(S, X) of X-measurable functions on S into the B-algebra B(X) of bounded 
linear operators in X, that is, 


J afls) + Pols)W(ds) =o f f(s\B(ds) + B f g6)Elds 
f fog Bcas) =[f foras ]|| aozas] 
|J 16Eds)| < oE) sup | f(a) 


where v(E) is a constant depending only upon the spectral measure Æ. 
Other properties of the integral which will be used and which were 
explained in Section X.1 are expressed by the equations 


at [ f : f(s\B(as) |x = | f(s} B (ds) 
[| Mo r@(ds) Jo = f fly B(dsye 
[9 [Fe Eds a at) = | g(a fls)B(4s), 


and. 
f AOE- ds) = f f(r(s))E(as), 
where h is a map of S into itself with the property that for each 6 in 2’ the 
set h-1(5) = {s | A(s) e ô} is also in X. 
Jt will be convenient at times to use a notion, somewhat more general 
than that introduced in Section X.1, of the resolution of the identity for 
an operator. 
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-=> 2 Deriition. If X is a Boolean algebra of subsets of the complex 
plane which contains the void set and the whole plane, in short, if 2’ is a 
field of sets in the complex plane, then a spectral measure Z on 2 is called 
a resolution of the identity (or a spectral ee) for the operator T if 


E(8)T=TEH(8), o(T,)S5, eZ. 


Here we have used, and shall continue to use, the symbol T, for the 
restriction T| X, of T to the manifold X, = £(8)X. 


Let us illustrate this definition by recalling (cf. VII.3.17 and VII.3.20) 
that if we define a spectral set for the operator T to be any set 6 for which 
ô ^ o(T) is open and closed in o(T) and if for each ô in the field X of 
spectral sets we define the ee £(8) by the formula 


E(8) -f R(A; T)d 


T Iri 


where C is any rectifiable Jordan curve containing ô ^ o(T) but no other 
points of o(T) in its interior, then the map 6 — (8) on X is a resolution of 
the identity for T. This resolution of the identity, which exists for an 
arbitrary bounded operator T, is not generally defined for all Borel sets 
in the plane, nor is it, in general, bounded or countably additive. However, 
in Corollary X.2.4 we have seen that a bounded normal operator in Hilbert 
space always has a uniquely defined bounded and countably additive 
resolution of the identity defined on the field of all Borel subsets of the 
plane. 

The operators we shall study in the next few chapters will be operators 
which have a resolution of the identity with properties similar to those of 
a normal operator in Hilbert space. We shall, in fact, study resolutions of 
the identity which are countably additive on the field Z of Borel sets in 
the plane. In this connection it should be recalled (cf. [V.10.1) that if E 
is a spectral measure on the o-field Z for which x*E(-)x is countably 
additive for each «* in ¥* and x in X, then Æ is countably additive on Z 
in the strong operator topology. Since every projection #0 has norm 
|E] = 1, a spectral measure E cannot be countably additive in the uniform 
operator topology unless its domain contains at most a finite number of 
disjoint sets. Thus we are led to the following definition and corollary. 


3 DEFINITION. A spectral measure Æ is said to be countably additive 
if for each z* in X* and each x in ¥ the scalar set function x*E(-)zx is 
countably additive on the domain of E. 
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=> 4 COROLLARY. If the domain of a countably additive spectral measure 
E is a o-field, then E is countably additive in the strong operator topology and 
bounded. 


The boundedness of E (c) follows from Corollaries [V.10.2 and 113.21. 


The spectral operators in the complex B-space ¥ which are the subject 
of the present chapter may now be defined as follows. 


=> 5 Derinition. A spectral operator is an operator with a countably 
additive resolution of the identity defined on the Borel sets of the plane. 


Of course it is not clear to begin with that a countably additive 
resolution of the identity defined on the Borel sets of the plane is uniquely 
determined by the spectral operator T. This is the case, but until it is 
proved we refer to any such spectral measure as a resolution of the identity 
for T. After uniqueness has been proved we shall refer to the resolution of 
the identity for T. 

In the discussion of spectral operators we shall encounter a new 
notion, namely, that of an analytic extension of R(é; T)x. Here and else- 
where the symbol R(€; T) is used for the resolvent (ÉZ — T)-1 of T at the 
point é in the resolvent set p(T). If x is a vector in X, then by an analytic 
extension of R(gé; T)x will be meant an X-valued function f defined and 
analytic on an open set D(f) 2 p(T) and such that 


(EI — T(E) =x, Fe Dif). 


It is clear that, for such an extension, 
fE = RE; Tiz, Fe p(T). 


The notion of “analytic extension ” differs from that of “analytic con- 
tinuation,” for the domain D(f) of an extension may contain points which 
cannot be connected with any point in p(T) by a curve in D(f). 


=> 6 Derryition. The function R(é; T)x is said to have the single 
valued extension property provided that for every pair f,g of analytic 
extensions of R(€; T)x we have f(€) = g(€) for every € in D(f) D(g). The 
union of the sets D(f) as f varies over all analytic extensions of R(€; T)x 
is called the resolvent set of x and is denoted by p(x). The spectrum a(x) of 
x is defined to be the complement of p(x). 


It is clear that if R(€; T)x has the single valued extension property, 
then there is a maximal extension 2(-) of R(E; T)x whose domain is p(x). 
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Throughout the rest of this section, x(€) will denote such a maximal extension 
of R(£; T)x in all cases when R(E; T)x has the single valued extension property. 
In this case x(€) is a single valued analytic function with domain p(x) and 
with 


zlé) = RE; Tæ, = Ee p(T). 


It will be shown in the next section that, if T is a spectral operator, 
the function R(é; T)z has, for every x in X, the single valued extension 
property. That this is not the case for an arbitrary operator T is elegantly 
shown by the following example due to S. Kakutani. 

Consider the space X of functions f analytic in the unit circle |z| < 1 
and for which 


fe) = Soe, Y Jel? =f)? < 00. 
In this space define T by 
f) — f0) 


z 


T(f, 2) = 


The spectrum of T is the set of A with JÀ] < 1, and for AEp(7) the 
function R(A; T)(g, z) may be calculated by solving the equation 


(AI — T) f= 9 
for f. An elementary calculation gives 
zg) —f0) 
fe) = va 


Since f(z) is analytic when z = à~ 1, we must have 
f0) =A~*g(A~*), 
so that 
2g(z) — AW *g(A~*) 
A(z —à 71) 


Thus the vector valued analytic function R(A; T)g, À € p(T) will have 
multiple valued extensions if the function g has a multiple valued analytic 
continuation outside the unit circle. 


RA; T)(g, 2) = 
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3. The Resolvent of a Spectral Operator 


The vector valued analytic functions R(é; T)x associated with the 
resolvent of a bounded spectral operator have a number of important 
properties not enjoyed by functions of the form R(é; T)z when T is not 
a spectral operator. In this section we shall discuss several such properties. 
In the following chapter it will be shown just how near three of these 
properties come to being sufficient for the operator T to be a spectral 
operator. 


1 Lemma. Let E be a resolution of the identity for the bounded spec- 
tral operator T. Let o be a closed set of complex numbers with Éo ¢ o. If 
(éo I — T) xp = 0 then 


E(o)xo = 0, E({€o})2o = To, 
where {£o} is the set consisting of the single point é. 


Proor. Let T, be the restriction of T to the space E(c)X, so that since 
Éo E G, £o € p(T.) and 


R(éo; ToXéo I — T)E(c) = E(c). 
But since 
(Eo I — T)E(o)x9 = E(o)(EoL _ T xo =0, 
we have E(e)£zo =9. Now let 


1 
an= ee-e 5 
n 
so that by the above, H(o,)z) = 0, and since £ is countably additive, 
[I — El {éo} )l£o = lim E(0,)£o = 0, 


and thus zo = E( {éo })zo .- Q.E.D. 


Occasionally in what follows we shall use the symbol E( £o) in place of 


E({Eo})- 


2 THEOREM. If T is a bounded spectral operator in X, then for every 
x in X the function R(E; T)x has the single valued extension property. 


Proor. Let f, g be two extensions of R(£; T)x and define 
h(E) =f) — (8), Ee D(f) D(g). 
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We suppose, in order to make an indirect proof, that for some £,¢ D(f) D(g) 
we have (éo) 40. Thus there is a neighborhood N (éo) of éo with N(&) S 
D(f) Dig) and 


(i) h(E) #0, (€1—T)h(E)=0,  & e N(E)). 
Let {€,} be a sequence of points in N(£)) with én, 4 & and &, > éo. Then 
it follows from (i) and Lemma 1 that 

0 = E(Eo)E(En)h(En) = Elo hEn) >E (Eo)h(Eo) = h(Eo); 

which contradicts the fact that (éo) 40. Q.E.D. 

Thus, whenever T is spectral, and x e X, R(E;T)x has a maximal 
analytic extension defined in p(x), which we shall denote as æ(£). 

3 COROLLARY. If T is a bounded spectral operator, the spectrum o(x) 
of x is void if and only if x= 0. 

Proor. Using Theorem 2, we see that if o(x) is void, then 2(€) is 


everywhere defined, single valued, and hence entire. Since, by VII.3.4, 


lim g*z(é) = lim z*R(é; Tæ = 


ğ> o ğ> o 


it is seen that a*xz(£)= 0 for all é and all z* e ¥*. Hence, by Corollary 
T1.3.14, z(£) = 0 and thus æ = (ÉI — T)æ(é) = 0. Q.E.D. 


-> 4 THEOREM. Let T be a bounded spectral operator with resolution of 
the identity E, and let 5 be a closed set of complex numbers. Then 


E(8)X = {x|o(x) S Sô} 
Proor. Let E(ê)x =x, and let T, be the restriction of T to E(8)¥. 
Since o(7';) S 4, it is seen from the relation 
RE; T,)H(8)x = RE; T5)x 
that R(£; 7';)H(8)z is an analytic extension of R(€; T)z to 8’, the comple- 
ment of 5. Thus p(x) 2 6’ and o(x) S ô. 


Conversely, assume that o(xz) S ô and let 8, be a closed subset of the 
complement 8’ of ô. Then if 7, = T | £(61)X, the function R(€; T,,)H(81)x 
is an analytic extension of R(€; T)H(8,)x to ôi. Moreover, E£(5,)x(€) is 
easily seen to be an extension of R(é; T)H(8,)x to p(x). Thus, since 
R(€; T)H(8;)z has an analytic extension to p(x) U 6), that is, the whole 
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complex plane, o(£(5,)z) is void. By the preceding corollary, then (8, )x = 
0. Let ô, be an increasing sequence of closed sets whose union is 6’. Then 
since E(65,)7 = 0 by the above, 


E(x = lim E(8,)x = 0, 
and so E(8)\x = a. Q.E.D. 
5 COROLLARY. If E is a resolution of the identity for the spectral 
operator T, then E(o(T)) = I. 


6 COROLLARY. If T is a spectral operator in ¥, then the set of all 
vectors whose spectrum lies in a given closed set of complex numbers is a 
closed linear manifold in %. 


=> 7 COROLLARY. Let T be a spectral operator and A a bounded linear 
transformation which commutes with T. Then A commutes with every resolu- 
tion of the identity for T. Moreover o(Ax) S a(x) for every x in $. 


Proor. Let ô, ô, be disjoint closed sets of complex numbers and let Æ 
be a resolution of the identity for 7. Since 


(EI — T)Ax(€) = A(EI — T)x(€) = Az, 
we see that Ax(&) is an analytic extension of R(é; T)Ax to p(x). Hence 
p(Az) 2 p(x), so that o(Ax) S a(x). Thus Theorem 4 shows that 
AE(8)X c E(8)X, 
and hence that 
E(8)AE(8) = AE(S), E(8)AE(8,) = £(8)£(8,)AE(8,) = 0. 
Since the complement 8’ of 6 is a denumerable union of closed sets, the 
countable additivity of E shows that #(6)AH(6’) = 0 and hence 
4(8)A = E(6)A[E(8) + £(8’)] = £(8)AE(8) = AE(8). 
Since 6 is an arbitrary closed set, it follows that A commutes with E(c) 
for every Borel set c. Q.E.D. 


=> 8 COROLLARY. Every spectral operator has a uniquely defined countably 
additive resolution of the identity defined on the field of Borel sets. 


Proor. Let E, A be resolutions of the identity for T and let ô be a 
closed set of complex numbers. Then Theorem 4 shows that 


A(8)E(8) = E(8),  E(8)4(8) = 4(8), 
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and thus Corollary 7 shows that (6) = A(8). Since Æ is countably additive, 
E(c) = A (c) for every Borel set o. Q.E.D. 


—> 9 Derinition. The unique countably additive resolution of the 
identity defined on the Borel sets in the plane which is determined by a 
spectral operator T is called the resolution of the identity for T. 


10 Tsrorem. Let I =E, 4'4 E, where E, ..., E, are bounded, 
disjoint projections in X, each commuting with the bounded operator T. Then 
T is a spectral operator if and only if each restriction T| E, X is a spectral 
operator. If T is a spectral operator, then the resolution of the identity for the 
restriction T|E,X is the corresponding restriction of the resolution of the 
identity for T. 


Proor. Let T be a spectral operator. By Corollary 7, E; commutes 
with every projection H(c; T) in the resolution of the identity for T. It 
is clear that H(o; T)|#,X is a countably additive spectral measure in 
£,X. It is also clear that any operator A which commutes with each of 
the projections E,, ..., E, has p(A)=()f.1 p(A| £,%). This observation, 
when applied to the operator T| H(a; T) ¥, shows that 


p(T | E(o; T)¥) = Åe (T| E(o; T)X) |E, £) 


= (oP | E% )| E(o; T)E; 2). 


Thus for A ¢ & we have À in each of the resolvent sets 
p((T | £,)| E(o; T)E,X), 
which shows that 
o((T'| E, ¥)| Elo; T)E,X) S a, 


and proves that the restriction E(o; T) | E, X is a resolution of the identity 
for the restriction T | Z, X. 

Conversely, suppose that for each t= 1, ..., n the restriction T,=- 
T| E, ¥ is a spectral operator and let 


= Ý Eo: T)E,. 
iTi 
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E(o)T = S 3 E(o, T,)E,T,E; 


#=1 f=1 


=> T,E(o; TH, = TE(o). 


It may similarly be verified that Z(-) is a spectral measure and that it is 
countably additive. Now, if A ¢ ē, then 


Ne () P(T: | Elo; 7), X) = p(T | Elo) 


This proves that H(-) is a resolution of the identity for T. Q.E.D. 


4. The Canonical Reduction of a Spectral Operator 


If H(A,), ¿= 1, ..., k, are the projections associated with an operator 
T in a finite dimensional space X as in Section VII.1, then (cf. VII.1.7) 
there are integers v;, i= 1, ..., k, with (T — à, ID) E(à;) = 0. Thus the 
operator 


TE(A,) = A, B(A;) + (T — A, DE (A) 


is the sum of a scalar multiple of the identity operator in the space H(A;)X 
and a nilpotent operator. Since X is the direct sum (cf. VII.1.6) of the 
spaces H(A;)X, the operator T is the sum 


T= N EA)+ Ý (PAD) EC) 


of an operator S = } ¥-1 A, ÆE(à;) which is equivalent to a diagonal matrix 
and a nilpotent operator N = } ¥-, (T — à, J)E(A,). Stated in other terms, 
this classical reduction of Jordan asserts that every finite square matrix of 
complex numbers is equivalent to the sum of a diagonal matrix and a 
nilpotent matrix. 

In the present section we give an analogous canonical reduction for 
a bounded spectral operator in a complex B-space ¥. It will be shown that 
every such operator T is the sum T = S + N of a quasi-nilpotent operator 
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N and an operator S which is of scalar type in accordance with the follow- 
ing definition. 

=> 1 Derinition. A bounded operator S is said to be of scalar type in 
case it is a spectral operator which satisfies the equation 


S= f AE(dÀ), 


where Æ is the resolution of the identity for S. 


Since the spectral measure EH vanishes outside the compact set a(S) 
(cf. Corollary 3.5), f(A) =A is bounded on o(S) and the integral defining S 
exists. 

It should also be observed that if one starts with a spectral measure 
E which is countably additive on the field of Borel sets and which vanishes 
outside a given compact set, then the operator S defined by the equation 


s= f AE(AA) 


is a bounded scalar type spectral operator whose resolution of the identity 
is E. To see this we note first that S commutes with the projections H(8), 
and second that if Ay is not in the closure of a set 5, then (Ap —A)7? is 
bounded on 6 and hence 


E(ad) E(aa) 
pean etre | ae), ey 


= | Ea) = E(8). 


This shows that the spectrum of the restriction of S to E(8)¥ is contained 
in ò and proves that 8 is a scalar type spectral operator with resolution of 
the identity Æ. 

Besides the notion of a scalar type operator the canonical decomposi- 
tion to be proved for spectral operators involves the notion of a quasi- 
nilpotent operator, which we restate here for convenience. 


2 DEFINITION. A bounded linear operator in a B-space is called a 
quasi-nilpotent if lim, | 7"|1/" = 0. 


The following corollary gives a useful spectral criterion which is a 
necessary and sufficient condition for an operator to be a quasi-nilpotent. 
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3 COROLLARY. A bounded operator T is a quasi-nilpotent if and only 
if o( T) = {0}. 
Proor. This follows from Lemma VII.3.4. Q.E.D. 


4 Lemma. If S and N are bounded commuting operators and if N is 
quasi-nilpotent, then a(S + N) = a(S). 


Proor. This is a corollary of Theorem VII.6.10 (or of Lemma IX.2.6 
and Theorem IX.2.9). For the sake of convenience we shall reprove it here. 
Since N is quasi-nilpotent, it follows from Definition 2 that |N]* = o(e*) 
for every e >0 and thus for every A € p(S) the series }?_) N*R(A; 8)* 
converges in the uniform operator topology. Since 


[$ mera sy} — NRO; 8) = I — NRO: 8), È WAR( 8)! 


k=0 
= Ý NERA; S% — È NRO; 8Y = 


the series is (I — N R(à; 8))~1. This shows that the operator 
(AI —S —N)-1= RA; SI — NR(A; 8))- 3 


exists as an everywhere defined and bounded operator. Thus A e p(S + N) 
and o(8) 2 o(S + N). Similarly o(S + N) 2 a(S). Q.E.D. 


Using the notions of a quasi-nilpotent operator and of a scalar type 
operator we may state the following theorem which gives the canonical 
reduction of a spectral operator. 


-> 5 THEOREM. A bounded operator T is a spectral operator if and only 
if it 1s the sum T =S + N of a bounded scalar type operator S and a quasi- 
nilpotent operator N commuting with S. Furthermore this decomposition is 
umque and T and S have the same spectrum and the same resolution of the 
identity. 


Proor. It will first be shown that the sum T = 8S + N of a scalar type 
operator S and a quasi-nilpotent N commuting with S is a spectral operator 
having the same resolution of the identity as S. Let E be the resolution 
of the identity for S so that, by Corollary 3.7, NH(5) = #(8)N and hence 
T=S-+N commutes with £(65). To show that E is the resolution of the 
identity for T it will therefore suffice to show that o(7';) S è for every 
Borel set 5. By Lemma 4, o(7';) = a(S), and since £ is the resolution of 
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the identity for S we have o(S,) S ô and therefore o(7;) S 5. This shows 
that T and S have the same resolution of the identity. Since S = f AH (dA), 
it follows from Corollary 3.8 that S is uniquely determined by T. Hence 
N = T —S is uniquely determined by T. It follows from Lemma 4 that 
T and S have the same spectrum. 

Next it will be shown that every spectral operator T has the desired 
decomposition. The operators S and N are defined by the equations 


S= | dma), N=T-S, 


where Æ is the resolution of the identity for T. It is clear that S is a scalar 
type operator with resolution of the identity Æ. Also, since T commutes 
with £(8) it commutes with S and thus N commutes with S. The desired 
conclusion will therefore be established as soon as it is shown that N is a 
quasi-nilpotent. To prove this we may, in view of Corollary 3, show that 
the spectrum o(N) of N is contained in the circle C, = {A]| JÀ] < £} whose 
radius ¢ is an arbitrary positive number. Now let the spectrum of T be 
decomposed into the union of the disjoint Borel sets c1, - . . , Cy , each having 
diameter less than a positive number « < £ which will be specified presently. 
If À is in the resolvent set of each of the restrictions N, = N | E(o;)X, and 
if Ri = R(d; N,,), then putting R= )¥_, R; E(c;) we have 


AI—N)R=Y (AI—N,,)R; E(o,) = y E(o,;) =I 
= 1 


1 


and 


k k 
RM —W) = ¥ RAI —N)E(o) = X RAT — Ne )Elo,) 


‘21 
k k 
=È ROAI — Ne) H(o)= Y Blo) =I 
Thus A € p(N). Consequently the spectrum of N is contained in the union 


of the spectra o(N,,) of the restrictions N| E(c,)X, so that it will suffice 
to show that o(N,,) SC, for each i= 1,..., k. To show this we write 


Na; = (T — À; D)o + (À I — S)o;; 
where À; is a point in o(7,,). Since o(7',,) S i, we have 


o((T —A;D)q;) = G — À; = Cy SCs. 
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Since (A, J —8),, is the restriction of fe; (A, — A)E(dA) to'o; we have 
(A Z —8),,| < v(Z) max |À —A,| < av(£) 
Aegi 


and thus (AJ —8),, is small in norm if « is small. Thus (cf. VII.6.1) 
o(N,,) SC, for small x. By the above, this shows that o(N) ¢C,, and 
since € > 0 is arbitrary, it follows that o(N) = {0}. It then follows from 
Corollary 3 that N is a quasi-nilpotent. Q.E.D. 


6 Dermo. The decomposition, given in Theorem 5, of a spectral 
operator T =S + N into a sum of a scalar type operator S and a quasi- 
nilpotent N commuting with S is called the canonical decomposition of T. 
The operator S is called the scalar part of T, and N is called the quasi- 
nilpotent part or the radical part of T. 


5. An Operational Calculus for Bounded Spectral Operators 


It should be recalled that (cf. VII.3.8-10) for an arbitrary bounded 
operator T in a complex B-space the formula 


1 
HD) = 5 J SORA 7) dd, 


where C is an admissible contour surrounding the spectrum of T, estab- 
lishes an operational calculus on the class F (T) of scalar functions analytic 
on the spectrum of T. In this section it is shown that if T is a spectral 
operator and if f is in F(T), then the operator f(T) may be calculated in 
terms of the values which f assumes on the spectrum of T. 


=> 1 THEOREM. Let T be a bounded spectral operator, N its radical part, 

and E its resolution of the identity. Then for every scalar function f analytic 

and single valued on the spectrum o(T) we have 

o Nn 

AD = È =r |]  fPOE@, 
n=0 N: o(T) 

the series converging in the uniform topology of operators. 


Proor. The theorem may be derived from Corollary VII.6.12 by 
showing that the scalar part S of T satisfies the equation f(S) = f f(A)E(dA) 
for every f in F(T). However, we give here a proof independent of 
Corollary VII.6.12. It is based on the following lemma. 
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2 Lemma. Let E be the resolution of the identity for the spectral operator 
T, and let N be its radical part. Then 
a E(dà) 
RE; T)= > N |a (É — À) TE \\n+1? 


the series converging in the uniform topology of operators, and uniformly with 
respect to é in any closed set p contained in p(T). 


Proor. For € in p the function (€ — A)~" is bounded on e(T), so that 
the integral exists. Moreover, 


E(dd) 
(é ae A)" +1 


where r = sup |é — A|~1, the supremum being taken over A in o(T), and é 
in p. Since N is a generalized nilpotent, 


¥/|N*| +0, 


< ynt tww(E), 


and hence the series 
5 [N”] pnt 1 
n=0 
converges. Thus the series 
= U= AN" (É— A) n+l 


converges in the uniform operator topology, and uniformly with respect 
to £ in p. If S is the scalar part of T, then 


Eld) -| jl E(ad) | E(ad) 
I—S — à)E (dà ~~ | = 
e-a jg pa |E- aran] [eee] = Sea 


and so 


(él — T)U = (£1 —S— MĚN | m 
E E(dà) (dà) 
= N21 =I 
eea Se 
which proves the lemma. Q.E.D. 


Returning now to the proof of the theorem, let C be an admissible 
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Jordan curve in p(T) containing o(T) in its interior and such that f is 
analytic within and on C. Then we have 


iD) == J FORE: T) dg 


and it follows from Lemma 2 that 


Le E(dà) 
(*) AD= YN [rel] nor" | dé, 


o 


the series converging in the uniform topology of operators. For x* e X* 
and x € ¥ we have, by Fubini’s theorem, 


olo rml 


g 


=fsolf o) ag 


o(T) 


= fall (€ — id ie as 
2a Tf f(A)a* E(dAde. 


a(T) 


Thus 


fK 


E(dà) Bre oe 
K = a a 


a a(T) 


so that, by (*), 


FD) oo "en p a | ae 


aa JPE), 


n= 2 n! a(T) 
the series converging in the uniform topology of operators. Q.E.D. 


=> 3 DEFINITION. An operator T is said to be of type m in case it is a 
spectral operator with resolution of the identity E and 


m N” 
T)=} zy [OOE feFT) 
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4 THEOREM. Let N be the radical part of the bounded spectral operator 
T; then T is of type m if and only if N™*1+=0. 


Proor. If N”+1 = 0 then clearly the formula of Theorem 1 reduces 

to that of Definition 3. Conversely, if T is of type m we see, by placing 
Amtti 
IN =e 
in these two formulas, that 
0O=N™*+1 f E(dà) = N™*}. Q.E.D. 

5 COROLLARY. A spectral operator is of scalar type if and only if it is 
of type 0. 
— 6 THEOREM. If T is a bounded spectral operator and if f is in F(T), 
then f(T) is a spectral operator whose resolution of the identity is given in 
terms of the spectral resolution of T by the equation 


E(8; f(T) = E(f-*(8); T). 
Moreover, if S is the scalar part of T, then f(S) is the scalar part of f(T). 
Proor, By Theorem 1, 


œ N” 
MD) =¥ SZ, 
n=0 n: 
the series converging in the uniform operator topology. Since 


f(S) =| YEA) 


we have, from the change of measure principle, f(S) = J AE (dà) where 
£,(8) = E(f- +(8)). It follows from the remark following Definition 4.1 that 
f(S) is a scalar type operator with resolution of the identity E. Thus if we 
can show that the operator 


© N” 
N, = ts) Ji 


is quasi-nilpotent, the theorem follows from Theorem 4.5. Lemma IX.2.6 
shows that the radical in a commutative B-algebra is an ideal, hence that 
the operator N™ defined by the equation 


m N” 
NM — X fS) = 
nt 


n=1 
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is in the radical of the closed commutative subalgebra of B(X) generated by 
I, S, and N. Lemma IX.1.12(e) shows that this radical is closed. Since 
N™ +N, it follows that N, is also in this radical and is thus a quasi- 
nilpotent. Q.E.D. 


7 COoRoLLARY, Under the hypothesis of the preceding theorem, f(T) is 
of type m if T 18 of type m. 

Proor, It has been shown in the course of the preceding proof that 
the radical part of f(T) is 


©% N” 
N,=¥ OT 
Since N” +1 = 0 we have 
m N” 
N=) S 
n=1 ni 


and thus N7*+1=0, Q.E.D. 


6. Bounded Spectral Operators in Hilbert Space 


What is the relationship between the bounded spectral operators in 
a Hilbert space § and the bounded normal operators in §? The central 
result in this direction is a theorem of Wermer which states that every 
scalar type operator in Hilbert space is equivalent to a normal operator. 
This theorem and other special properties of spectral operators in Hilbert 
space are discussed in this section. 


1 Lemma. Let G be a bounded Abelian group of operators in Hilbert 
space $. Then there is a bounded self adjoint operator B in $ with a bounded 
everywhere defined inverse such that for every T in G the operator BT B=? is 
unitary. 

Proor. Let L be the linear space of all scalar functions on $ X § and 
let P consist of those f in Q which are bilinear, Hermitian symmetric, and 
have f(x, x) = 0 for all x in H. Let 2 be given its weak product topology so 
that, by definition, the sets 


{flfe 2 f(z y) — gz y)| < e} 


where z, y e § and e > 0, form a subbase for the neighborhoods of a point 
g in Q. It is easily seen that $ is a closed set in 2 and that the convex set 
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determined by functions f having the form f(z, y) = (Tx, Ty) with T in G 
is a subset of P. We let KĘ be the closure of this convex set so that K is a 
closed convex subset of H. If M is an upper bound for the norms of the 
operators in G, then |(Tx, Ty)| < M?|z||y|, and so 


(i) [f(z y| SM? |x| ly, fes. 
Also, since |z|? = (T-1Tx, T-1Tx) < M?|Tz|?, we have 
||? 


Since K is closed in P and § is closed in £, it follows from (i) and from 
Tychonoff’s theorem on the compactness of product spaces (1.8.5) that & 
is a compact set. For each T in G we define the continuous linear map Jy 


of 2 into itself by the formula 
Srf\(e y)=f(Tx, Ty), — #, ye. 


Since Jr, Jro =J 7,7, and since G is an Abelian group, the collection {Jr} 
is itself an Abelian group of continuous linear operators in the space 2. 
Moreover, it is easily seen that {Jr} maps K into K. It follows from the 
Markov fixed point theorem (V.10.6) that there is an fọ e R with Jr fo = fo 
for every T in G. 

There is, by Lemma X.2.2, a bounded self adjoint operator A in § 
with fo(x, y) = (Az, y). Therefore 


(Ax, y) =(ATx, Ty) =(T*ATz, y), T eG, 


so that A = T*AT for every T in G. Since fo e P we have (Az, x) = 
folz, x) 2 0 and thus, by Theorem X.4.2, the spectrum of A is positive. If 
E is the resolution of the identity for A, then the operator B = f AY? E(dà) 
is a bounded self adjoint operator with B? = A. In view of (ii) we have 
lz? S (Ax, x) = (Bx, x) = | Bal? 

M?~ l a’ í 

which shows that B has a bounded inverse. Thus, by Lemma XII.1.2, the 
range B§ is closed. To see that B~1 is everywhere defined, it will therefore 
suffice to show that y =Q is the only vector orthogonal to BS. If y is 
orthogonal to BS, then 0 = (By, y) =(By, By) and so By =0. Since B 
has an inverse, y =0. This proves that B is a self adjoint linear homeo- 
morphism of § onto all of $. Now, since T*AT =A we have B?T = 
(T*)-1B2, and so 
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BTB-1 = B-1\(T*)-1B =((BTB-1)*)7}, 
which proves that B7'B~! is a unitary operator. Q.E.D. 


2 LEMMA. Let B,,..., By bea finite collection of commuting bounded 
Boolean algebras of projections in a Hilbert space $. Then there exists a 
bounded self adjoint operator B in H with a bounded everywhere defined inverse 
such that BEB~+ is a self adjoint projection for every E in the Boolean 
algebra determined by the algebras B,,..., By. 


Proor. For E e %,, put F(E) =I — 2E. Then F(E} =I —4E + 
4E? =I, and F(#,)F(£,.) =I — 2E, — 2E, +- 4E, E, = F(E A (I —£,)) 
V(E A (I — E)). Thus the collection G, of all F(E) with E e B, forms 
a bounded Abelian group of operators in Hilbert space. Clearly all the ele- 
ments of G, commute with all the elements of G,. Thus the set G of pro- 
ducts gı, ..., 9, with gie G; is a bounded Abelian group of operators in 
Hilbert space. It follows immediately from the preceding lemma that there 
exists a bounded self adjoint operator B with a bounded everywhere defined 
inverse such that BF(#)B-1= U is unitary for every He B,,1=1,...,&. 
Since F(E)? = I, we have U? =I, so that U* = U-1=U. Thus U is self 
adjoint and therefore the operator 


BEB-1=}B(I+ F(£))B-1=}4(1+ U) 
is also self adjoint for every E in 8,,1=1,..., k. From this the desired 
conclusion follows easily. Q.E.D. 
3 COROLLARY. The smallest Boolean algebra of projections in Hilbert 


space which contains each of a finite collection of commuting bounded Boolean 
algebras of projections is itself bounded. 

4 THEOREM. Let Sı, ..., S, be commuting scalar type operators in 
Hilbert space. Then there is a bounded self adjoint operator B with a bounded 
everywhere defined inverse such that the operators BS,B-1,i=1,..., k are 
all normal. 

Proor. Let E, be the resolution of the identity for 8;. By Lemma 2 
there is a B of the required type such that for every Borel set ô the pro- 
jections P(ô) = BH,(8)B-1, i=1, ..., k, are all self adjoint. Thus the 
operators 


BS, B~! = | ABE) B-, i=l, ..., k, 


are normal. Q.E.D. 


1948 xv. SPECTRAL OPERATORS XV.6.5 


5 COROLLARY. The sum and the product of two commuting bounded 
spectral operators in Hilbert space are also spectral operators. 


The proof of this corollary will use the following lemma. 


6 Lemma. Let A and B be bounded operators in Hilbert space with A 
normal. Then if B commutes with A, it commutes with A*. 


Proor. This is a corollary of Corollary 3.7. Q.E.D. 


Proor oF COROLLARY 5. Let T,, Tobe commuting spectral operators 
in Hilbert space $ and let S, + N1, S2 + N3 be their canonical decomposi- 
tions. It follows from Corollary 3.7 that the operators 8,, S2, N,, and N3 
all commute with each other. Thus the sum and product of T and T, have 
the forms 


Ti+ Ta =S8,+8,+N, T,T,=8,8,+ M, 


where N, M are quasi-nilpotents commuting with S, and S. To see that 
Tı + T, and T T, are spectral operators it therefore suffices, in view of 
Theorem 4.5, to show that S, + S2 and S183 are scalar type operators. By 
Theorem 4 there is a linear homeomorphism B of § onto all of § such that 
BS B-t and BS, B-t are commuting normal operators. Hence their sum 
and product are also normal, from which it is evident that S, + S, and 
SS; are scalar type operators. Q.E.D. 


We shall next endeavor to characterize operators of finite type in terms 
of the rate of growth of the resolvent. 


7 THEOREM. Let T be a bounded spectral operator in Hilbert space $, 
let E be its resolution of the identity, and T, its restriction to the manifold 
E(c)%. Then T is of typem — 1 tf and only if there is a constant K independent 
of the Borel set o such that 


K E 
(x) | RE; PMO) S Fee ay’ éga, él <|7| +1. 


Proor. In view of Theorem 5.4 it is sufficient to prove that the con- 
dition (*) is equivalent to the condition N” = 0. If N” —0 and € ¢ é then, 
by Lemma 5.2, 


E(ad) 


RE; T,)E(o) = Sf oon Batt 
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from which the condition (*) follows. 
The converse will require the following lemma. 


8 Lemma. Let T be a spectral operator in Hilbert space $ and let E 
be tts resolution of the identity. Then there is a constant M such that for any 


finite collection A;, j =1,2,...,n, of bounded operators in $ which commute 
with T, and any collection o,,j = 1, 2, ..., n, of disjoint Borel sets, we have 
X A, Elco) SM sup |A}. 
j=1 1sjsn 


ProoF. According to Lemma 2 there is a linear one-to-one map B 
with BS == H, with B and B-t both continuous and such that for each 
Borel set o the projection 


P(c) = BE(o)B-! 
is self adjoint. If B, = ocd B-* then 


By Corollary 3.7, E commutes with AE and hence B; commutes with 
P(o). Thus 


=È | P(o,)B,x|? 


È B, P(o;)x 
f=1 


ssip IB? | Plo)? 
< sup |B;|? ||’, 


which proves the lemma. 
Let ô be a Borel set of diameter less than s and let € be a point in ô. 
Then 


(T — I"E(8) = (Ts — éL)” E (8) 
1 
= zzi |, O ERA; THEE) A, 


where C is a circle with center € and radius 2e. By hypothesis the integrand 
is bounded by KM,2™ where M= sup, |E(8)|, and so we have 


|(T — é1)"E(8)| < 2eKM,2". 
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Now let o(T) be partitioned into Borel sets o,, j= 1, ..., n(e), each of 
diameter less than £, and let é; € c;. Then by the preceding lemma, 


n(e) 
> (T — €,1)"E(a,) < 2eK MM2". 
i=1 


Using the binomial theorem we have 


nle) m Im n(e) 
YP earn =¥ A E A 


Since A” is uniformly continuous in À as A varies over o(T), V7) EXE (a,) 
tends uniformly to 


f A*E(dA) = S* 
a(T) 


as € —0. Thus, from the last two equations and the inequality preceding 
them, we have 


o7 (; yc (—1)ET™-kg*§ = (7 —S)"=N". QED. 


7. Relations Between a Spectral Operator and Its Scalar Part 


In this section we present the elegant results of Foguel concerning some 
topological and algebraic properties inherited by the scalar part of a spec- 
tral operator. The spectral relations between a spectral operator and its 
scalar part will be discussed in the following section. Throughout this 
section the letter T will stand for a spectral operator, the letters S, N for 
its scalar and radical parts, respectively, and E for its resolution of the 
identity. It should be recalled that T =S + N, that o( T) = o(S), and that 
E is also the resolution of the identity for S. The symbol B/X) will be used 
for the algebra of all bounded linear operators in the complex B-space X. 


1 Lemma. The scalar operator S is in the closed linear manifold in 
B(X) determined by those projections E(c) with 0 ¢ G. 


Proor. According to the definition of the integral as given in Section 
X.1 there is, for each € > 0, a partition op , o,,..., 6, of a(S) into sets with 
the point A = 0 in at most one of the closures 6, and with 


[s =— x A, Elce) <E 
i=0 


XV.7.2 A SPECTRAL OPERATOR AND ITS SCALAR PART 1951 


for any choice of the complex numbers À; in o,;. If 0 is not in o(S) this 
proves the lemma. If A = 0 is in a(S), say 0 € c, then it may be supposed 
that Ay =0 in the above inequality, which proves the lemma in this case 
also. Q.E.D. 


2 THEOREM. Let T belong to the right (left) ideal 3 in B(X). Then every 
projection E(c) with 0 ¢ & belongs to 3. If 3 is closed, then S and N also 
belong to 3. 


Proor. Let 0 ¢ 6 and let T, = TE(c)| E(c)X, the restriction of T to 
the invariant subspace Z(c)X. Since o(T,) S 6G, it follows that 0 € p(T.) 
and hence Tọ 1 exists as a bounded linear operator in the space #,(X). 
Let V, be the bounded linear operator in ¥ defined by the equation 


Vi,2=T;1E(oe)z, rex. 


Then TV, = E(c) = V, T, which proves that H(c) is in 3. It follows from 
Lemma 1 that S, and hence N also, belongs to 3 if 3 is closed. Q.E.D 


3 COROLLARY. If T is compact, then so are S, N, and every projection 
E(c) with 0 € 6. 


Proor. By Corollary V1.5.5 the compact operators form a closed two- 
sided ideal in B(X) and so the present corollary is immediate. Q.E.D. 


4 COROLLARY. If T is weakly compact, then so are S, N, and every 
projection E(c) with 0 ¢ a. 


Proor. By Corollary VI.4.6 the weakly compact operators form a 
closed two-sided ideal in B(X), from which the present statement follows. 
Q.E.D. 


If Y is a closed linear subspace of X, then the set of bounded linear 
operators A in ¥ for which AX S Y is a closed right ideal in B(X). Thus 
the following statement is an immediate corollary of Theorem 2. 


5 COROLLARY. The ranges of S, N, and E(c) with 0 ¢ o are contained 
in the closure of the range of T. 


Let A, be a fixed bounded linear operator in X. Then the set of all 
bounded linear operators A in X for which 4, A =0 (A4, =0) is a closed 
right (left) ideal in B(X). Thus the following statement is a direct conse- 
quence of Theorem 2. 
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6 COROLLARY. If A, T =0 (respectively TA, =0), then ApS =A, N 
=A, Elo) =0 if 0 ¢ & (respectively SAy = NAy = E(c) Ay = 0 if 0 € G). 

7 COROLLARY. A spectral operator is of finite type if and only if it is 
annihilated by some power of its radical part. 


Proor. If T is of finite type, then N” =0 for some positive integer 
n (Theorem 5.4) and so TN” = 0. Conversely, if some power of N annihilates 
T, say TN” =0, then it follows from Corollary 6 that N?*++=0 and so T 
is of finite type. Q.E.D. 


8 COROLLARY. If Tx =0, then Sx = Nx = E(c)x =0 if 0 ¢ G. 


Proor. For a given x in X, the class of bounded linear operators in 
X for which Ax = 0 is a closed left ideal in B(X). Q.E.D. 


9 COROLLARY. Let 0 ¢ & and let {x,} be a sequence in ¥ for which 
{Tx,} is convergent (convergent to zero). Then the sequence {E(c)x,} is con- 
vergent (convergent to zero). If {x,} is bounded, then the sequences {Sx,} and 
{Nx} are also convergent (convergent to zero). 

Proor.. The set of all A in B(X) for which {Az,} is convergent (con- 


vergent to zero) is a left ideal, and this ideal is closed if {x,} is bounded. 
Thus the corollary follows directly from Theorem 2. Q.E.D. 


10 THEOREM. Let A be a bounded linear operator in X. Then AT =0 
if and only if AN =0 and AE({0}') =0. Similarly TA =0 if and only if 
E({0})A=NA=0. 


Proor. If AT =0, then it follows from Corollary 6 that AN =0 and 


4B( [ali > -|) =) 


and so A#({0}') =0 follows from the countable additivity of E. 
Now suppose that AN =0 and AE({0}’)=0. Let 0¢6 so that 
cc {0}' and E(c) = E(c)E({0}’). Then 
AE(c) = AE({0}')E(c) =0. 
Thus £(c) belongs to the closed ideal consisting of all C in BX with AC = 0. 
It follows from Lemma 1 that 4S=0. Since AN =0, we have AT —0 


also. The second part of the theorem may be proved in a similar fashion. 
Q.E.D 
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11 COROLLARY. If H({0})=0, then the operator A =O is the only 
bounded linear operator for which either AT =0 or TA =0. 


Proor. If either AT =0 or TA =O then, by the theorem, either 
A = AE({0}) or A = H({0})A. Thus A =0. Q.E.D. 


12 COROLLARY. If E({A}) =0, then (AI — T)X is dense in X. 


Proor. First suppose that A = 0. If TF is not dense then, by Corollary 
JI.3.13, there is an x* in X* with z* 40 and «*7TX —O0. Let x, 40 and 
define the operator A by the equation Ax = #*(zx)x,, so that A 40. But 
AT =0, which contradicts Corollary 11. Now for an arbitrary A, Theorem 
5.6 shows that AJ — T is a spectral operator whose spectral resolution 
evaluated on the set {0} is the projection Z({A}). Thus it follows by what 
has been proved that (AJ — T)X is dense in X. Q.E.D. 


13 THEOREM. If T has a closed range, so does 8. 


Proor. The proof will be divided into two cases depending on whether 
the projection £({0}) =0 or not. First suppose that £({0}) =0. Then 
since the range of T is closed, it follows from Corollary 12 that TX = X. 
By Lemma 3.1 the operator T is one-to-one. By Theorem 11.2.2, T has a 
bounded inverse and hence 0 € p(T) = p(S) and so S¥ = X. 

Next suppose that E({0}) 40. We note first that for any Borel set « 
the restriction of T to the subspace E(«)¥ is a spectral operator whose 
resolution of the identity F is given by the equation F(f8) = E(«ß), for 
each Borel set 8. This observation follows immediately from Definition 2.5. 
Thus the restriction V of T to the subspace E({0}')X is a spectral operator < 
whose resolution F is given by the equation F(8) = E(B — {0}). Hence 
F({0}) =0 and we may apply to V the result already proved in the first 
part as soon as it is shown that the range of V is closed. Let y be in the 
closure of the range of V. Then for some sequence {z,} in H({0}')¥ we 
have Vz,—y and, since the range of T is closed, there is an xin X with 
Tx = y. Hence 


VE({0}')x = TE({0} Je = B({0}') Px = E({0¥)y =y. 


Thus V satisfies the conditions assumed for T in the first part of the proof, 
and we may therefore conclude that the scalar part of V maps H({0}')X 
into all of itself. It follows from the uniqueness of the canonical decom- 
position of a spectral operator that the scalar part of a restriction is the 
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restriction of the scalar part and thus 

SE({0}')X = E({0}')%. 
But SH({0}) =0 and so SX = E({0}')X, which shows that S has a closed 
range. Q.E.D. 


It was shown in the course of the preceding proof that for an operator 
T with a closed range the point A = 0 is not in the spectrum of the operator 
V = T | £({0}')X. Thus for all sufficiently small complex numbers A Æ 0 the 
operator 


AI — T = AE({0}) — Po, + AE({0}') — Toy 
has a bounded everywhere defined inverse. This means that the point 


à = 0, if it isin the spectrum of T at all, is an isolated point of the spectrum. 


14 THEOREM. The operator T has a closed range if and only if 

(i) the point X=O is either in the resolvent set of T or an isolated 
spectral point of T, and 

(ii) the operator TE({0}) has a closed range. 

Proor. Let T have a closed range. We have already proved (i). To 
prove (ii) let y be in the closure of the range of TE({0}) and let 


TE({0})t_,—y.- 
Since T has a closed range, there is an v in X with Tx = y and hence 
TH ({0})x = H({0}) Tx = E({0})y =y, 


which proves (ii). Conversely we assume (i) and (ii) and let y be in the 
closure of the range of T and suppose that Tz, >y. Then TE({0})z, > 
£({0})y, and since the range of TE({0}) is closed, there is a vector w with 
TH ({0})w = E({0})y. Since the point A =Q is isolated in o(7), it is in 
p( Toy); and for some z in £({0}')X we have Tz = E({0}’)y. Hence 


T(z + E({0})w) = E({0}')y + B({0})y = y, 
which proves (i). Q.E.D. 


8. The Spectrum of a Spectral Operator 


In this section the properties of the spectrum of a spectral operator 
T and their relationships with the corresponding properties of the scalar 
part of T are examined. Most of the results presented here are due to 
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S. R. Foguel. As before, the letter T will be used for a bounded spectral 
operator in the B-space X and the symbols S, N, and Ẹ will be used for its 
scalar part, its radical part, and its resolution of the identity, respectively. 

We shall be concerned with the fine structure of the spectrum, and the 
spectral points of an operator in ¥ will be classified, as they were in Hilbert 
space, according to the following definition. 


=> l DEFINITION. Let A be a bounded linear operator in X. The point 
spectrum of A is the set o,(A) consisting of all complex numbers A for which 
Al — A is not one-to-one. The continuous spectrum of A is the set o,(A) of 
complex numbers A for which AJ — A is one-to-one and has a dense range 
which is not equal to X. The residual spectrum of A is the set o,(A) con- 
sisting of those complex numbers A for which AZ — T is one-to-one and 
has a range not dense in X. The points in the point spectrum of T are 
sometimes called eigenvalues of T, and a vector x ~ 0 for which (AJ — T)x 
= 0 is called an eigenvector for T corresponding to the eigenvalue A. 


It is clear that the sets o,(A), ¢,(A), and o,(A) are disjoint and 
o(A) =a,(A) U c4) U @,(A). 


2 THEOREM. For a vector x in X and a non-negative integer n we have 
(AI — T)"x =0 if and only if E({A})x =x and N*x =0. 


Proor, Let (AJ — T)"x=0 and let o be a closed set of complex 
numbers not containing the number A. Then À is in the resolvent set of 
the restriction T, of T to H(c)X and 


Elo) = RA; Ta (àI — T)"E(o), 
which shows that 
E(o)x = R(A; T,)"E(o)(Al — T)"z = 0. 


z(fele-a 23) »—o. 


and since Ẹ is countably additive it follows that 


E({A}')x = 0, EAE = x. 


Thus 


Hence 


Sx =SE({\})x = f pP = AE({A})\x = Àz, 
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which shows that 
(AI — T)x = —Nz, 
and thus that 


0 = (Al — T)"x =(—1)"N*z, 
This proves the necessity of the conditions. 
Now suppose that H({A})7=a and N"x=0. It follows as above 
that (AI—S)ze=0 and hence that (AJ —T)"*=(—1)"N"x. Thus 
(AI — T)"x =0. Q.E.D. 


3 THEOREM. If T is of finite type, its residual spectrum is void and a 
point A is in its point spectrum if and only if E({A}) £0. 


Proor. Let A be a spectral point of T. If H({A}) 40 then E({A})a =a 
for some z 40 and N” =Q for some n. It follows from Theorem 2 that A 
is in the point spectrum of T. If H({A}) =0 then it follows from Theorem 2 
that AJ — T is one-to-one. By Corollary 7.12 the set (AZ — T)X is dense in 
£ and hence À is in the continuous spectrum of T. Q.E.D. 


4 COROLLARY. The spectrum of the scalar part S of T satisfies the 
relations 


a(8)= 2,(S) U @,(8), 
a(S) S ecT), 
o (T) U œ(T) S c8). 


Proor. Since S is of finite type, o,(S)=¢ and the first statement 
follows from the theorem. Next let A be in o,(S). Then since the resolution 
of the identity for S is the same as that for T, it follows from the theorem 
that £({A}) =0. From this fact and Theorem 2 it follows that À is not in 
o,(T). The final argument of the theorem shows that (AI — T)X is dense 
in ¥ and hence, since A is in o(T), it must be in o,(7). This proves the 
second inclusion, and the final assertion follows from this by taking comple- 
ments and using the fact that o,(S) = ¢. Q.E.D. 


5 COROLLARY. Let the complex number À be in the complement of the 
Borel set o and let T be a spectral operator. Then À is either in the resolvent 
set of the restriction T, of T to E(c)X or tt is in the continuous spectrum of 
this restriction. 
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Proor. It is clear that T, =S, + N., and since the restriction of a 
generalized nilpotent is also a generalized nilpotent and the restriction of 
a scalar operator is also a scalar operator, it follows from Theorem 4.5 
that S, is the scalar part of T,. Thus, by the preceding corollary, we have 
a(S.) S o,(f,), and so to prove the present corollary, it suffices to prove 
that A is in the continuous spectrum of S,. Let (S — AZ)z =0, where z is 
in E(c)X. Since S and T have the same resolution of the identity, we have, 
by Theorem 2, E({A})z=2, and: since {A} and c are disjoint we have 
x = E(e)x =0. Thus S — ÀI is one-to-one on E(c)X, and so A is either in 
the resolvent set of S,, and hence of 7,, or else in the continuous spectrum 
of S, since, according to Theorem 3, S, , being of finite type, has no residual 
spectrum. Q.E.D. 


In Theorem 3 the requirement that the spectral operator be of finite 
type is quite essential. The following elementary example shows that there 
are spectral operators with residual spectrum. Consider the operator Tf =g, 
defined in C([0, 1]) by the equation 


att) = | f(e) de. 


Observe first that if g =0 then f=0 so that T is one-to-one. Also, since 
every function in the range of T vanishes at the origin, this range is not 
dense and so the point A = 0 is in the residual spectrum of T. We shall now 
show that T is a spectral operator. Indeed, it will follow from Theorem 4.5 
that T is a spectral operator with scalar part S = 0 if it is shown that T is 
a quasi-nilpotent operator. To see that this is the case, observe that 


lg(t)| Sell. 


and, inductively, 
t” 
(Pyneol ssf, 
which shows that 
1 
[P| <—. 
n! 


It follows from Definition 4.2 that T is a quasi-nilpotent operator. 
The preceding example takes on more significance in the light of 
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the following theorem, which shows how the existence of points in the 
residual spectrum of a spectral operator may be determined by the proper- 
ties of its radical part. 


6 THEOREM. Let À be a spectral point of the spectral operator T. If 
E({A}) =0 then À is in the continuous spectrum of T. If E({A}) 40 let N, 
be the restriction of N to E({A})X. Then 

(a) àcea (T) if and only if O€o,(N,); 

(b) Aeo,(T) ifand only if Oec {N}; 

(c) AE aT) if and only if OE ¢,(N,). 

Proor. If #({A}) =0 it follows from Theorem 2 that A is not in the 
point spectrum of T, and it is seen from Corollary 7.12 that A is indeed in 


the continuous spectrum of T. Now suppose that H({A}) 40. Since 
SE({X}) = AEH({A}) we have 


(i) (T — ADEA) = NE({2}). 
Now 
(ii) (T —ADTX =(T — ADE ({A})X A(T — ADE ({A})X. 


Since Corollary 5 shows that (T — AI)E({A}’)X¥ is dense in E({A}’)X, it 
follows from (ii) that (T — AZ)X is dense in X if and only if (T — AD) E({A})X 
is dense in E({A})X. Since, by Theorem 2, any eigenvector for T corres- 
ponding to A must be in the space H({A})X, the three statements (a), (b), 
(c) now follow from (i). Q.E.D. 


7 THEOREM. If the space X is separable, then the point and residual 
spectra of a spectral operator are countable. 


Proor. Let T be a spectral operator with scalar part S and resolution 
of the identity Æ. It follows from Theorem 6 that 


0,(T) U o,(T) S {A| EGA) #0}. 


Now if M is a bound for the resolution # and if x, is a vector 
with |z,| =1 and E£({A})x, =a,, then for two distinct such points A and u 
we have 

EA! or! 


1 
|e, — z| 2 ii [EGAP (2, — 2%) = uH 


Since the set on the right side of the above inclusion relation is separable, 
the preceding inequality shows that it is countable. Q.E.D. 


XV.9 THE ALGEBRAS YW? anv S? 1959 


8 THEOREM. The spectrum of a spectral operator T consists of those 
complex numbers À for which there is a sequence {x,} of vectors with 


(i) [en] =1, (T — AL) tty +0. 


Proor. It is clear that such a point A belongs to the spectrum of T. 
Conversely, let A be in the spectrum of T. If A is an eigenvalue, then we 
may take x, =x, where v is an eigenvector for T corresponding to A and 
normalized so that |x| = 1. Thus we may and shall suppose that T — AI 
is one-to-one, First suppose that Z({A}) =0. It follows from Corollary 7.12 
that A is in the continuous spectrum and thus that the inverse (AJ — T)~? 
is discontinuous. Thus the existence of a sequence satisfying (i) is assured. 
Finally, suppose that H({A}) 40. Since SE({A}) = AE({A}) we have 


(i) (T —AD*E({A}) = N*E(QA}), n20. 
Now let x 4 0 be an arbitrary vector in E({A})X. Since À is not in the point 
spectrum of T, it follows from (ii) that N"x 40, for n = 0, and we define 


£a = (N"x)/|N”"x| . It will now be shown that, for some subsequence {£p}, 
Nz, 0. If this is not the case, then for some positive 6, 


|W" + tz] 


ô < ——, 20, 
i |N"z]| nE 
and hence 
p De A n A n. 
ae ry oy 
Thus 


lim sup |N"|*/" = lim sup |N"|*/" |æ” 
= lim sup |N"a|?" 
= lim sup ô |z|**=6 > 0, 
which is impossible since N is a generalized nilpotent. Thus a subsequence 
{£n} has Nz, —>0 and, since z, = H({A})2,,, it follows from (ii) that 
(T —Al)x,, > 0. Q.E.D. 


9. The Algebras A” and Ñ? 


In this section a certain elementary type of non-commutative B*- 
algebra of operators on a direct sum of Hilbert spaces is introduced. 
Stated briefly, the algebra QI” is the algebra of all operators A in the direct 
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sum $” of a Hilbert space $ with itself p times whose matrix representation 
(ay) has, for its elements, the operators a; which all belong to a commuta- 
tive B*-algebra YW of operators on $. Only a few basic properties of the 
algebra QI? and its elements are discussed here. In the following section 
the problem of determining all spectral operators in W? will be solved, and 
these results are illustrated in Section 11. 

We begin with a brief discussion of operators on a direct sum 


(1) §?=HO OH 


of a Hilbert space $ with itself p times. Here p is a positive integer and 
§ is assumed to have positive dimension. The elements of $?” are, by 
definition, the finite ordered sets x =[x,,..., £p] of p elements in $, and 
addition, scalar multiplication, and scalar products are defined in $” in 
terms of the corresponding operations in § by the equations 


[zi -o £p] + Y1, ---, Yp] =[%1 + Y1, s., Zp F Yo, 


(2) alzi, ..., £p] = [X81 ..., £pl, 
(Beas teh Ways Uo =D, as Wd 


With these definitions the space §” is indeed a Hilbert space (IV.4.19) 
with norm 


(3) læn -++ zll = ( È le) 


It is clear that if a;;, 7,7 =1, ..., p, is any set of p? bounded linear 
operators in §, the equations 


p 
(4) Y= 2 yty, a=1,..., P, 
j= 


define a bounded linear map A : [x1, ...,%,] >[41, - - -> Yp] of H? into itself. 
If we use the symbols v and y for the vectors [z,,..., 2] and [y1, .-., Yp] 
respectively, the equations (4) then may be stated simply as y= Az. 
Conversely, if one starts with an arbitrary bounded linear map A: x —>y 
of H?” into itself, it is easy to define a set a;, of p? bounded linear maps in 
§ such that the equation y = Az is equivalent to the system (4). To see 
this, let A be a bounded linear map in §” and let $; be the set of vectors 
[z1,...,%,]in H? with x, = 0 for j 47. Thus the map H, defined on $; by the 
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equation H, x = z, is clearly a linear isometric map of $; onto all of $, and 
the map 


(5) Pilz ...,%) =H; tr 
is the orthogonal projection of H” onto §,. Thus, for vectors x =[,,..., £p] 
and Av =y =[Yy1,.-., Yp], we have 

x, =H, P,x, 


p p 
g= X Px = X Hj 'z,, 
{Z =i 
and so 
p 
yı = H, Piy = H, P, Ax = X H, P,AH;12;. 
j=1 


Therefore if we let a,, = H, P, AH; | then these elements a;,, i,j =1,...,p 
are bounded linear operators in § and the equations (4) state the same 
relationship between the vectors v and y as does the equation y = Az. 
This representation of A by means of the matrix (a,,) is unique, for if there 
were another set b,; of p? operators in § which so represented A, the differ- 
ence Ci; = dy — biy would have the property that )'?.1 C£; =0 for each 
t=1,...,p and each x =[z,..., 2,] in H”. If one replaces x by P,, x, it 
follows that c,,=0 for i, k=1,..., p. Thus the mapping 4A (a,,) just 
established is a one-to-one correspondence between the algebra B(§”) of 
bounded linear operators in H?” and the matrix algebra M,(B(H)) of order 
p over the algebra B($) of bounded linear maps in $. This algebra 
M,(B(H)) is, by definition, the set of p x p matrices (a,,) of elements a,, 
in B($), and addition, multiplication, and scalar multiplication are defined 
by the equations 


(diz) + (Bis) = (Giz + biz), 
(6) (abu) = ( Yan bu), 
k=1 
(445) = (xaz). 
The unit in M,(B(H)) is the matrix (e,,) defined as 


ey =9, t Æj, 
=e FS 


(7) 


where e is the unit in B(§), that is, the identity operator in $. 
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The symbol Z will be used for the unit in B(*), that is, the identity 
operator in $”. Thus I< (e,;), which is an exception to the general nota- 
tional practice of using corresponding upper and lower case letters for 
corresponding elements. It is clear that the mapping Ae (a;;) is linear. It 
is, in fact, an algebraic isomorphism between the algebras B(§”) and 
M,(B(H)), for if A (a,,) and Be (b,,) and y = ABz, then 


p p p p 
n=) a( D bes) X ( Y ar bas) 
k=1 j=1 1 \k=1 


j= 
which shows that AB +> (a,;)(b,;). 
The algebra M,(B(H)) is normed by defining 


(8) Kaal =|Al, 

where A and (a,,) are corresponding elements so that the mapping 4 (a;;) 
is an isometric isomorphism between the B-algebras B(H”) and M,(B(H)). 
It should be noted that convergence in the topology defined by (8) is 
equivalent to convergence defined by the norm 


[(@i)lo= sup Jay]. 
Igi jap 


To see this, note first that since |H,| = | P;| = |E 7 +| = 1, we have |a,,| < |4] 
and so |(@i;)lo < |(@y)|. On the other hand, if |x| < 1, then |x| <1 and 
equation (4) shows that |y,| < p|(ais)lo, 1l? < P? apl, lul? < p° anla, 
and |y| =|Az| < p*/?|(a,,)lo. Thus 


[lalo Ss [a)l sp’? [(@i)lo - 


We next examine the nature of the conjugate space (§”)*. A linear 
functional z* on §? determines p linear functionals zt, ..., z* on $ accor- 
ding to the relations 


(9) re, SS tr, zE, 


and, conversely, any set zf,..., as of p linear functionals uniquely deter- 
mines a point x* in (§”)* related to them by the equation (9). This func- 
tional «* may be defined by the equation 


(10) a*[ay,...,%] = ate, +++ + RE, [21,.--, tp] E HP. 
It is clear that this correspondence 2*<>[z7, ..., 23] is a one-to-one linear 


map between the two spaces (§”)* and (§*)?. We next point out that it is 
also an isometric map, that is, 
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(11) cup [zte = ( È fat?) 
HESI i=1 

provided the functionals z* are related to x* by equation (9). Since §? is 
a Hilbert space, there is (IV.4.5) a uniquely defined point y =[y,, ..-, Yp] 
in H? such that «*x = (x, y) for every x in $”, and this unique y also has 
the property that |z*| = |y|. Since (x, y) = (£1, Y1) +'+' + (£p , Yp) for every 
x in H”, equation (10) shows that x*zx, = (x,, y,) for every x, in $. Thus 
this same theorem (IV.4.5) shows that |y,| = |x*| and hence, since |z*| = |y| 
that |x*| = |[xž, . .. ,£ž]| . This last equation is merely a restatement of (11), 
which is thus established. The correspondence x*«>[z7, ..., x*] given by 
equation (9) is therefore an isometric isomorphism between the spaces 
(H?)*, and (§*)? and we may, when it appears that no confusion should 
arise, write §*? = (§*)? = (H”)* and 2* =[z%, ..., £5]. 

Let A be a bounded linear operator in §? and let A* be its Hilbert space 
adjoint so that 


(12) (Ax, y) = (x, A*y), x, YEH”. 


Let (a,;) and (b;;) be the matrices in M,(B(H)) corresponding to A and A* 
respectively. Then (12) gives 


p 


(13) » (Sau, n) =f (x. Sou n); 


i=1 


which is an identity in the 2p elements z;, y,, i =1,..., p in §. Fix two 
elements x, y in H and two integers u, v with 1S p, v S p. Let x, =x, 
Y, =Y, anda; = y, =Q if i + p and j Æ v. Then (13) reduces to the equation 
(a,,%, yY) = (xz, by Y), which, since « and y are arbitrary, shows that 
by, =a. Since B(9?”) is a B*-algebra (IX.3.2) under the involution 
A— A*, it follows that the map (a,;) — (b;;) is an involution in the algebra 
M,(B(H)) and that, with this involution, Mt,(B(H)) is a B*-algebra. The 
mapping A4<>(a,;) between the B*-algebras B(H”) and M,(B(H)) is then 
an isometric *-isomorphism, and these algebras are *-equivalent. We shall 
henceforth identify them and simply write A = (a) instead of A« (a,,). 

The operators which we shall be discussing belong to a certain non- 
commutative B*-subalgebra QW? of B(§”) for which all of the corresponding 
matrix elements a,; belong to a commutative B*-subalgebra of B(§). The 
algebra A?” will now be defined explicitly in terms of the notion of a spectral 
measure space. Let G be an arbitrary set and X a o-field of sets in G with 
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Sin J. Let e(-) be a countably additive spectral measure on X whose values 
are self adjoint projections in §. Corollary 2.4 shows that e(-) is bounded 
and countably additive in the strong operator topology. We shall assume 
that Z is complete in the sense that it contains all subsets of any set o in 
Z for which e(c) = 0. Thus the triple (S, X, e) constitutes what we shall 
call a complete and countably additive self adjoint measure space of projec- 
tions in $. 

Associated with the spectral measure space (G, X, e) is the B*-algebra 
e B(G, X) ofe-essentially bounded -measurable complex valued functions 
â on ©. The norm in eB(G, X) is its e-essential supremum, which is defined 
by the equation 
(14) e-ess sup |4(s)| = inf sup |a(s)|, 

seS e(d)=e sed 

and the involution é — 4* is the complex conjugate 4*(s) = a(s). Although 
we speak of the elements ofe B(G, X) as functions, they are, more accurate- 
ly, equivalence classes of functions where the two functions â and 6 on S 
are equivalent if d(s) =6(s) for e-almost all s in G. The space eB(G, 2), 
with the natural algebraic operations, is clearly a commutative B*-algebra 
with unit é(s) = 1 for all s in ©. 

The symbol Ñ will be used for a B*-subalgebra of eB(S, X) with the 
same unit é. The integral 


(15) a =f a(sje(ds), de G, 
S 


maps the algebra Ñ into a commutative B*-subalgebra W of B(H), and 
this mapping â—>a is an isometric *-isomorphism between Ù and A 
(X.2.9). The symbols Ù and Q will be used throughout our discussion for 
the B*-algebras introduced here which are *-equivalent under the isomor- 
phism given by the equation (15). Usually we have in mind the case where 
Ñ =eB(S, X), but we prefer to formulate the development for the case 
of an arbitrary B*-subalgebra Ñ whose unit is also é. Since eB(S, X) and 
Ñ have the same unit, Corollary 1X.3.10 shows that an element in Ñ has 
an inverse in Ñ if and only if it has an inverse in e B(G, X). We shall need 
this fact also for non-commutative B*-algebras, and it is proved in the 
following Lemma 2. 

In case © is a topological space, we shall assume that X contains the 
Borel subsets of © and that e(c) 40 if c is a non-void set open; that is, 
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© is the support of the spectral measure e(-). This enables us to consider 
the B*-algebra C(G) of all bounded continuous complex functions on © 
as a B*-subalgebra of eB(S, 2), for if e(5) =e, then ô is dense in © and 
hence 


(16) sup |d(s)| = e-ess sup |4(s)| , â e O(S). 
seS ses 


Thus any B*-subalgebra € of C(S) whose unit is the same as that of C(G) 
is a permissible choice for the algebra Ñ. In case Ñ is such an algebra of 
continuous functions, we shall sometimes write € instead of W for the 
equivalent algebra of operators. In this case we may also write Ê? and ©? 
for the two algebras Ñ” and QI? defined below. 

An arbitrary commutative B*-subalgebra QW of B(S) may be repre- 
sented in the manner described by formula (15). In fact, according to the 
general spectral theorem for commutative B*-algebras of operators (X.2.1), 
every such algebra Q determines a compact Hausdorff space ©, a regular 
countably additive self adjoint spectral measure e(-) defined on the Borel 
sets of © such that the equation (15) gives a *-equivalence between W 
and the B*-algebra € =C(G) of all continuous complex valued functions 
on G. This spectral measure e(:), whose existence is asserted. by the spectral 
theorem, has the property just mentioned; that is, e(¢) 40 if o is non-void 
and open. To see this we note that, since © is a normal space (1.5.9), 
Urysohn’s theorem (1.5.2) assures the existence of a non-zero real con- 
tinuous function â on © which vanishes on the complement of ø. Thus, by 
the general spectral theorem (X.2.1) the operator a of equation (15) is not 
zero. However, since @ vanishes on o’, we have d(s) = d(s)y,(s), which, 
because of the homomorphic nature of the map (15), shows that a = ae(c) 
and thus that e(¢) 40. 

We associate with W and % the two algebras A? and Ñ”? as follows. 
The algebra QI? is that B*-subalgebra of B(”) consisting of all operators 
A = (ay) with ay in A. The algebra Ñ? is the matrix algebra of order p 
over Ñ, that is, the algebra of all matrices A = (4,;) whose elements 4; are 
in Ñ. The elements 4 in Ñ” are to be regarded as e-essentially bounded. 
maps s > A(s) = (d;,(s)) of S into B(Z”), the B*-algebra of linear operators 
in p-dimensional unitary space Æ”, and are normed as such. Thus, for é 
in Æ”, 


|A(s)| = sup Atel, 
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and 


(17) |Â] = e-ess sup | A(s)|. 
seS 


The algebraic operations, the involution, and the unit Î in Ñ? are defined 
by the equations 


(A*)(s) = A(s)*, L(s) = E,,(s)), 
where, for all s in G, é,,(s) = 1 if i = j and é,,(s) = 0 if i 4). It is clear that, 
under these definitions, the algebra YW? is a B-algebra with involution. It 
is also a B*-algebra for 


|A*4| =e-ess sup |A*(s)A(s)| =e-ess sup | A(s)|? =| A|?, 
seS seS 


where here, when we write |A*(s) A(s)| = |A(s)|?, we use the fact that 
B(E*) is a B*-algebra (IX.3.2). Just as was the case with eB(S, 2) the 
elements of the algebra Ñ? are equivalence classes where two matrices A 
and B are equivalent if A(s) =(s) Ê for e-almost all s in G. 

For a given matrix A = (d,,) in Ñ? we shall use the symbol {54(s)e(ds) 
for the matrix A = (a,;) whose elements are a,; = {gd@,(s)e(ds). Thus the 
matrix form of equation (15) is 


(18) A = [ Aes. 


We shall see presently that this equation establishes an isometric *-isomor- 
phism between the two algebras W? and fr. 

Since the algebras AW? and Ñ? are non-commutative (if p > 1), we now 
give two elementary lemmas concerning B*-algebras which are not 
necessarily commutative. The first of these will be used to see that equation 
(18) establishes an isometric *-isomorphism between the algebras Y” and 
Àr. 


1 Lemma. Every *-isomorphism between B* -algebras is an isometry. 


Proor. Let x and y be corresponding elements in the *-isomorphic 
B*-algebras ¥ and 9). Since |z*|2 = |x*z] it suffices to prove that the corres- 
ponding self adjoint elements u = x*z, v = y*y have the same norm. Since 
the algebras are isomorphic, the spectra o(u) and o(v) are the same, and 
this shows that u and v have the same spectral radius. Thus ([X.1.8) we 
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have lim, |u"|1/" = lim, |v"|1/". But, since u and v are self adjoint, they 
generate commutative B*-subalgebras in ¥ and Y respectively; and so 
(IX.3.3) we have |u| = |u|" and |v"| = |v|" if n is a power of 2. Hence 


|u| = lim |u" t” = lim |v" = [o]. Q.E.D. 


2 LEMMA. If a B*-subalgebra X of a B*-algebra Y has the same unit 
e as Y, then an element in X with an inverse in Y has this inverse also in X. 


Proor. We first show that e = e*. Since e is the unit, e* = ee*, and so 
e = ee* = (ee*)* —e**e* — ee* —e*, Now let x in ¥ have the inverse x7? 
in Y. Then (w~1)*x* = (xx~1)* = e* =e so that x* also has an inverse in 
Y. Since X is a B*-subalgebra of Y, we have x* in ¥ and hence the element 
z =xg* ig in ¥. If z~1 is in ¥, then e = zzx*z-! and so x has its inverse 
x*z~1in Æ, This reduces the problem to showing that a self adjoint element 
zin ¥ with an inverse z~1 in Y has z~t in ¥. Since z = z*, the resolvent sets 
of z when considered as an element of ¥ and of Y both contain the imagi- 
nary axis with the possible exception of the point A =0. Thus for a purely 
imaginary A + 0 the element Ae — z has inverses in both ¥ and %9. Since e 
is the unit for both of these algebras, these inverses are the same element, 
which we shall call (Ae — z)~+. Now since z~+ exists in 2) and the resolvent 
is a continuous function of A, we have 


—z-1t= lim (Ae —z)7}, 
a0 


which, since ¥ is closed, shows that z~1 is in X. Q.E.D. 


This lemma shows that if an operator A = (a,,) in UW? has an inverse 
A-t in the algebra B(§”) of all bounded linear operators on $”, then this 
inverse A-t is also in Q?. 


-> 3 THEOREM. The algebras A? and Ù? are isometrically *-isomorphic 
under the correspondence A +> A given by the equation 


AX f Alejas). 


Proor. The correspondence is one-to-one, for if f Â(s)e(ds) = 0 then 
f 4,,(s)e(ds) = 0, and since equation (15) gives a *-equivalence between A 
and Ñ we see that d,, = 0; which means that Â = 0. Thus W’ and Ñ? are 
* isomorphic B*-algebras, and the desired conclusion follows from Lemma 
1. Q.E.D. 


1968 xv. SPECTRAL OPERATORS XV.9.4 


4 COROLLARY. If N is a generalized nilpotent in W’, then N? =0. 


Proor. If |N*|1"-+0 then, for e-almost all s in S, |M(s)"|1"—0, 
which shows that for these s the p xX p matrix N(s) of complex numbers 
is a generalized nilpotent in B(H?). Hence N(s) =0 for e-almost all s in 
© and therefore VN? = 0. Q.E.D. 

5 COROLLARY. For every A in W’, 

sup |Az| = e-ess sup |A(s)| . 
[zt] =1 seS 


Proor. This is just a restatement of the isometric property of the 
map AŒ Â. Q.E.D. 


For an operator A = (a,,) in W? the notion of the determinant, det (a;;), 
may be defined in the usual manner (1.13), since the elements of the matrix 
belong to the commutative algebra A. The determinant 6 = det (a,,) is an 
element of A also, and since the map â —>a given by (15) is a homomor- 
phism, it follows that (with the notation of 1.13) 


p p 
ô= X as X Ôi +66 ip Ĝi *** dinp = det(d;,), 
i[=1 p1 
and thus that 
(19) det(a,,) = $ det(d,,(s))e(ds). 


The following corollary enables us to determine the spectrum of an operator 
in Y? in terms of the spectra o(A(s)) of the finite p x p matrices A(s) of 
complex numbers. 


=> 6 COROLLARY. For an operator A in Q? the following statements are 
equivalent. 
(i) A has an inverse in B(S?); 
(ii) A has an inverse in W’; 
(iii) det(a,,) has an inverse in W; 
(iv) e-ess sup |det(d,,(s))|~1< œ. 


Proor. The equivalence of (i) and (ii) is a consequence of Lemma 2. 
It follows from the theorem that (ii) is equivalent to the existence of 4-1 
in Ñ”, which in turn is equivalent to the e-essential boundedness of the 
numerical function det(A~1(s)) =[det(4,,(s))]~1. This proves the equiva- 
lence of (i), (ii), and (iv). Equation (19), together with the fact that the 
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map a<>d given by equation (15) is an isomorphism between the algebras 
A and Ñ, shows that (iii) and (iv) are equivalent. Q.E.D. 


7 COROLLARY. If © is a compact space and Ù =, then the condition 
(iv) of the preceding corollary may be replaced by the 


det A(s) 40, seG. 
8 COROLLARY. Under the hypothesis of the preceding corollary the 
spectrum of an operator A in ©? is 


o(A) =|] o(A(s)). 


seS 


In general, without any topology in ©, the spectrum of an operator A 
in W? is determined as follows. 


=> 9 COROLLARY. The spectrum of an operator A in YU? is given by the 
formula 
o(4)= N U aå). 
e(ġ)=e seò 
Proor., Let ô be an arbitrary set in X with e(5) =e and let A, be a 
complex number with 


do tU o(A(s)). 


Then (A f(s) — A(s))~1 exists and, by Cramer’s rule, is bounded on ô since 
the elements of A, [(s) — A(s) are bounded on 8, This shows that (Aj Î — A) ~t 
exists as an element of Ñ”. It follows from Corollary 6 that A, is in the 
resolvent set p(A). This shows that if e(6) =e, then 

3(A) = |J o( A(s)) 


sed 


and so 


(x) o(A)S me) i U a(A(s)). 


Now let à be an arbitrary point in p(A). By Corollary 6, A is in p(A), 
and (Aj f — Â) ~ t(s) = (Aj f — A(s))~! exists for e-almost all s in G and is 
e-essentially bounded on ©. Thus, for some ô in Z with e(8) =e, Ao is in 
p(A(s)) for every s in § and 


sup [Ao f — Â(8)) -t =K < œ. 
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This inequality shows not only that à is in the set R = (ses p(A(s)), but 
also that it is in its interior R°. For if not, there is a sequence {s,,} of points 
in ô and a sequence {A,} with A, in o(A(s,)) and A, —> Ào. We may choose 
the sequence {é} in Æ? such that A(s)é,=A,é, and |é] = 1. Thus the 
vectors 


Qn = (Ao Î — A(sn))En = (ào = An)En > 9, 
and 
1 = |Eq| = (Ao Ê — A(s,))-*9a] S K [ma] +0, 
a contradiction which shows that A, is in R°. 
Since A, is an arbitrary number in (A), this proves that 


pAs U (Q PAn)’, 


e(ò)=e \sed 


and, upon taking complements, that 


o(A)2 () U eldis), 
e(d)=e sed 
which, when combined with the inequality (*), gives the desired expression 
for the spectrum o(A). Q.E.D. 


10. The Spectral Analysis of Operators in 2° 


Throughout this section the algebra Ñ will be eB(S, £). We study 
the individual operators in W” with a view to discovering their spectral 
properties and, in particular, we give a method for determining whether 
or not a given operator in Q? has a countably additive resolution of the 
identity. We begin the study of this problem by examining some relations 
between the roots and the coefficients of a polynomial. 


1 Lemma. There is a Borel measurable map >[A,(I), ..., A (D) 
of B(E®) into E? with oll) = {À (DI), ..., A,(T)}. 


Proor. Let the complex number system be ordered by defining 
U < Uz to mean that |u| < |u| and if |w,| = |uo], then arg u, < arg us. 
By arg u is understood the smallest non-negative real number for which 
u = |u| exp(t arg u). In terms of this ordering, let A,(I”) be the smallest root 
of the polynomial d(A; I’) = det(AZ — I’). It will first be shown that |A,(I)| 
is a continuous function of I’. Let TaT», and since |A,(I°)|< |T 
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(V11.3.4), we may choose a subsequence {I}, } for which A,(I°,,) converges 
to a complex number u. Since 0 = d(À (I); Ta) > d(u; Pp), it follows that 
either À (Do) <u or À (Ilo) =u. Thus if |A,(I,)| does not converge to 
|A,(I',)|, there is a subsequence {I} for which 


AE > JAT] + e 


for some positive e. Thus the number A, = à; (To) has distance of at least 
é from each of the spectra c(l), and so the sequence {R(A,; Tm)} of 
resolyents is bounded. We may and shall assume that it has been replaced 
by a convergent subsequence, and thus that R(A,; Tm) > B. Hence 


T= (Al — TARA Pn) = BA Pn) at — Pr), 
and, by passing to the limit, it is seen that B is an inverse to the singular 
matrix A,(I"))I — lo, which is impossible. This proves that |A,(I°)| is a 
continuous function of I’. Now let the sequence {Im} approaching I’, be 
chosen so that 
arg A(T m) => bo , 
where o = lim inf;_,-, arg Ai(I"). Thus, since |A,(I°,)| > |Ai(Io)|, we have 


lim A, (I) = JÀ (L 0)] €t. 


It follows, as was shown above, that either A,(I¥9) < |Ai(Po)| exp(i) or 
arg À (To) = 99. In either case, 
arg à (To) < lim inf arg à (T). 
rT>ro 


Now, for non-negative real numbers r and 6, let 
S(r, 0) = {u| |u] < r, arg u < 0}. 


It follows from the properties of |À, (T`)] and arg A,(I") which have just been 
established, that the set Aj 1(S(r, @)) is closed. Since the sets S(r, 0) generate 
the Borel field of complex numbers, the function A, is a Borel measurable 
function of I. The proof may be completed by choosing A,(I°) to be the 
smallest root of the polynomial d(A; I)(A—A,(I))~1 and repeating this 
process to define all the roots A,(I), ..., A (T`). Q.E.D. 


2 COROLLARY. Let s—>TI (s) be a X-measurable map from © into 
B(E?). Then there are Z-measurable scalar functions Îi, ..., Âp on © for 
which 

o(T(8)) = {Ax(s),..., Ap(s)}, seS. 


1972 Xv. SPECTRAL OPERATORS XV.10.3 
Proor. Let A,(s) = A,(I'(s)), where À; is the function of Lemma 1, and 
let G be an open set of complex numbers. Then 
Âr 1G) =A), 
which shows that A, is X-measurable, Q.E.D. 


3 Lemma. Let s—>I(s) be a X-measurable map from © into B(E?). 
Then there are disjoint sets S,,..., S, in X, whose union is S, such that 


(i) det(A — Dl) = Tf A—Aylsyru®, seS, 
j=1 


where Â, j= 1, ..., i are Z-measurable functions on S, and, for 1 Si < p, 
we have 
(ii) Au(s) < Au(s) << Aus), seS. 


The resolution of the identity for T (s) is given by the formula 
i 
Git) Blo; T) = X LÅDA Pe), seS oeg. 


The projection E(Ay(s); I'(s)) corresponding to the single eigenvalue Ay(s) of 
T (s) ts a X-measurable function of s and has the form 


: i = Riy 
(iv) Bue PON = Fe apg? FE Se 
where R, is a polynomial in T(s) and Ajy(s), 
[]i-1 (A= Ay.(s)) 
(À — Ax(s))*s 


and v, is any set of non-negative integers with 


(v) my(à) = 


(vi) sup vy(s) S vi. 
sEeSj 


Proor. Let ©; be the set of all s in S for which the spectrum o(I(s)) 
has ù points. Then, clearly, the sets G, are disjoint and their union is ©. 
Corollary 2 and the equations 


S, = {s| Ay(s) = Ap(s) = +: =A,(8)}, 

Ši =J t POE EA E a (6)}, 

S= U {slå (s) = = Ax(s) A Aga 1(8) = = Âl) Æ Âj 18) 
1SkSj<p 
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and so on, show that the sets S,,..., G, are in 2. For each s in GS, we let 
A,,(s); j =1,.-., i be the distinct characteristic numbers of I"(s) arranged 
in the same increasing order as they were in Corollary 2, so that the func- 
tions Nis are S-measurable functions on ©, satisfying the inequalities (ii). 
Thus the determinant det(AZ — I(s)) has the form stated in (i). The 
remaining conclusions concern the form of the projections in the resolution 
of the identity for a finite matrix. 
Let us recall that, for a p x p matrix I’ of complex numbers with 


det(Al — I) = FI A — Ae)", 


k=1 
and À, -.., A; distinct, the projection Æ(à;; T) associated with the single 
eigenvalue A, is the matrix e,(I’) where e,(A) is an analytic function which 
is identically 1 in a neighborhood of A, and identically 0 in a neighborhood 
of every spectral point A, with k j. It follows (VII.1.5) that the projection 
H(A,; T) is a polynomial PI’) in I and that any polynomial P, with the 
properties 

PPA) =0, OSv<y%,, kA), 


P,(A;) =1, P(A) =0, O<v<y;, 


where the numbers v, are arbitrary integers with v, Z mp, k=1,..., 4, 
will have the property that P;(I) = £(A;;I°). To construct such an inter- 
polating polynomial we let 


: m(A) : 
A) = A—A,)°*, (A) =————, 1SjSi, 
MASI A-A mA =n LSI Ss 
and note that, for an arbitrary choice of the scalars ¢y,..., ¢,;-1, the poly- 


nomial 
vg-1 
P(A) = m,(A) io €,(A — À)" 


and its first v, — 1 derivatives vanish at the point 4,, provided that k 4). 
We wish to choose the v, constants co, ..., Cy,_ 50 that P, satisfies the v; 
conditions required at the point A;. Using the Leibniz rule for the deriva- 
tive of a product, it is seen that these v; conditions are 

P,Aj) = mj(Aj)eo = 1, 


i v 
PPA)=Y G) mPOA) =0, Ory. 


r=0 
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These equations may be solved recursively, and it is found that their 


unique solution co, ..., ¢,-; has the form 
Q; 
Sat Pe 
where Q, is a polynomial in the roots A,, ..., A,;- Thus the polynomial P, 


has the form 


where R, is a polynomial in A and the roots A;,..., A;, and the elementary 
projections are given by the equation H(A, ; I’) = P(T). Thus, for an arbi- 
trary Borel set c of complex numbers, 


E(o; T) = Ex ABO D). 


The preceding remarks, when applied to the matrix I(s), complete the 
proof. Q.E.D. 


REMARK. In applying this lemma as well as other theorems involving 
the functions A,;, it is not essential that they be ordered as in (ii). The 
numbering of these functions was merely defined by this ordering to insure 
their measurability. What is essential is that for each 1=1,..., p and 
j=l, ..., ithe functions Â; be defined and Z-measurable on ©, and for each 
s in GS, the numbers A;;(s), ..., Ay(s) be the eigenvalues of the matrix I(s). 


=> 4 Lemma. Let s—>T(s) be a X-measurable map from © into B(H®). 
Then the following statements are equivalent: 


(i) sup e-ess soap |£(a; P'(s))| < 0; 
oeg se 
(ii) e-ess sup |E(A,;(s); I(8)) < 00, l<jStsp; 
seSi 
(iii) e-ess sup sup |H(a; I'(s)| < œ. 
seS oeg 


Proor. The formula (iii) of Lemma 3 shows that (ii) implies (iii). It is 
clear that (iii) implies (i), and so to prove the lemma it will suffice to prove 
that (i) implies (ii). Let 

(a) sup e- e p |El; I'(s))| = K < œ, 


cEeB 
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and suppose that for some 1 = 1, ..., p, some j=1, ..., ù, and some set 
G c GS, with e(G) 40 we have 
(b) |E(A,(s); I'(s))|>K, sed. 


Let ô(s) be defined on GS, by the equation 
8(s) = inf |A,,(s) —Ay(s)], seS. 
kes 
It follows from Lemma 3(ii) that 5(s) >0. We may therefore choose an 


€ >0 so that the set G(e) = {s | s e G, 5(s) > 2e} has e-measure e(G(e)) 40. 
Now choose A, so that 


Ais) — Ao] < £, 
for every s in a set : 1(€) S Ge) with e(Gy(e)) 40. Leto = all E — ào] < e} 


so that if s e zt (0) A Âz (o) for some k +j, we have |Ai,(s) Ax (s)| < 2e, 
and therefore s is not in G(e). Hence for every k 4j we have 
(c) Âz lo) n AGM) o Ge) =, 


the void set. From Lemma 3(iii), 
i 

(D xal Elo; T18) = X xelAiels)) # Ans); Ps) )xec0s(8) 
Now, if s is in G,(e) then ,,(s) € c and s e G(e) and thus (c) shows that 
Nx(S) ¢ o fork +j. Thus, for s in G,(e), the equation (d) gives 

(e) Elo; T(s)) = H(A,,(s); T(s)), $ € Gy(e), 
and since G',(e) S G(e), equations (b) and (e) show that 

|H(o; T(s))| =|B(Ay(s); T) >K, se Gy(e). 

Since e(G,(e)) 40, this contradicts the equation (a). Q.E.D. 


We now return our attention to the B*-algebras A” and Ñ” which, 
according to Theorem 9.3, are *-equivalent under the map A +> A given by 
the formula 


(1) A= f Aod) Ae fr. 


We first focus our attention on the problem of determining those operators 
in A” which are spectral operators. To this end the following Fubini type 
theorem is fundamental. 


1976 XV., SPECTRAL OPERATORS XV.10.5 


5 THEOREM. Let the operator A in W? have the property 


(i) sup e-ess up |El; A(s))| < œ. 
cEB sé 


Then for every bounded Borel scalar function œ defined on the spectrum o(A), 
the integral 


(i) f PEA; Ai) 
a(A) 
is an e-essentially bounded X'-measurable function of s. The integral 
(iii) f Elo; A(s))e(ds), ceg, 
S 


is a bounded, countably additive spectral measure in H? and 


(iv) [, Il. Lo? E(dà; ât] e(ds) = 1,9) [Blan Atapetas). 


PRoor. For s in ©; the integral (ii) is 
z i . 
J POBAN Al) = ¥ oul) BAY); A), seS 


and Lemma 3 shows that this is a -measurable function of s. The inequality 
(ii) of Lemma 4 shows that it is an e-essentially bounded function of s. This 
proves the first conclusion. Now let e;;(c; A(s)) be the element in the ith 
row and jth column of E(c; A(s)) and let x and y be arbitrary vectors in 
H. Then the countable additivity of the integral (iii) is equivalent to that 
of the integral 


f eos Aleie(ds)e, 9). 


If {om} is an increasing sequence of Borel sets with union g, it follows from 
Lemma 4(iii) that the functions e;,,(¢,; A(s)) are uniformly bounded in m 
and s except for s in an e-null set. Thus, since the measure (e(-)z, y) is 
bounded, 


lim l e:j(Om; A(s))(e(ds)x, y) = f: e(o; Â(s))(elds}z, y). 


This proves the countable additivity of the integral (iii). The fact that this 
integral is a spectral measure in $? follows from Theorem 9.3, and its 
boundedness follows from Corollary 2.4. This proves the second conclusion. 
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Since the integral (iii) is bounded in ø, the integral on the right side of (iv) 
is a continuous function of » regarded as an element of the B-space of 
bounded Borel functions on o(A). From equation (y) and Lemma 3 it 
follows that the left side of (iv) is also continuous in ø. Since both sides 
are linear in g, to prove their equality it will suffice to prove equality for 
every p in some fundamental set. Such a set consists of the characteristic 
functions of Borel sets. If p is the characteristic function of the Borel set 
c, then both sides of this equation reduce to the integral (iii). Q.E.D. 


6 THEOREM. An operator A in UW? is æ spectral operator if and only if 


(i) sup e-ess sup |H(c; A(s))| < 00. 
cEB seS 

When this condition is satisfied, A is @ spectral operator of type p—1 whose 

resolution of the identity is given by the formula 


(ii) E(o; A) = [Bes A(s)e(ds), ceg. 


Proor. The preceding theorem shows that the operator valued 
measure H(c; A) given by equation (ii) is a countably additive spectral 
measure in $” defined on the Borel sets Z in the complex plane. Since 
E(c; A(s)) and A(s) commute for each s in ©, and since equation (1) repre- 
sents a *-isomorphism between A?” and W?, the operators Ea; A) and A 
also commute. We now apply the preceding theorem with g(A) = A so that 
the scalar part of the matrix A(s), that is, the matrix 


S(s) = AE(dd; A(s)),  8eEG, 
a(A) 


defines a point 8 in Ñ”. Hence, if Ñ (s) is the radical part of A(s), the func- 
tion Ñ is in Ñ?” and Ñ? =0. Thus if 


S= f Seas), N= ib M(s)e(ds), 


we have A =S + N, SN = NS, N’ =Q, and, by equation (iv) of the pre- 
ceding theorem, 
S= AE(dA; A). 
a(A) 


This shows that A is a spectral operator of type p — 1 whose scalar part 
is S and whose radical part is N. 
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Now, conversely, suppose that for some A in Ñ? the operator A on 
H? which is given by equation (1) is a spectral operator. For every positive 
integer k let 


St = {s | 2p |E(A,,(s); A(s))| < k}. 


Let Æ, be the projection in $? defined by the matrix E, = Ie(G*) with 
e(S*) on the principal diagonal and zeros elsewhere, so that E, A = AF, . 
Theorem 3.10 shows that the restriction A |E, §” is a spectral operator 
whose resolution of the identity is H(a; A)| Ey $”. Since E(a; A) is bounded 
in g, 
|H(c; A) E,,$"| <|E(e; A) SK, ceg, 

for some constant K. The restriction A | E, H” satisfies the condition (i) on 
the set G*, and so it follows from what has already been proved that 


E(o; A)| Be 9" = | E(o; A(s))e(ds) | E; 9”. 


Thus, since the map (1) is isometric, we have 
e-ess sup|H(c; A(s))| = |Elo; A)| Ep 9?| < K. 
seSk 


Since {G*} is an increasing sequence with union G, it follows that 


oe sap E(es A(s))| < K. 


The desired inequality (i) follows, since the constant K is independent of 
the arbitrary Borel set o. Q.E.D. 


REMARK. Toillustrate more clearly the relationship between Theorem 6 
and the well known result for self adjoint operators, we observe that a 
self adjoint operator or, more generally, @ normal operator in UW? is a 
spectral operator. For if A is a normal operator in Q?, it follows from 
Theorem 9.3 that for e-almost all s in © the p x p matrix A(s) is normal. 
Since, for a Borel set ø, the projection E = E(a; A(s)) is a polynomial in 
A(s), it follows that, for e-almost all s in ©, Æ is normal. Thus 


|B]? = |#?]? = |(H2)*H2) = |(E*E)*E*E] = |E* E]? = |#*, 


which shows that |Æ] is either 0 or 1. This proves that, for e-almost all s 
in G, |E(e; A(s)| < 1 and shows that the condition of the theorem is satis- 


fied. 
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7 COROLLARY. Let A bein W’. For some constant K and e-almost all s 
in © let 


ee Ae (4 
Jà — y] 
for every pair of distinct eigenvalues of A(s). Then A is @ spectral operator 
of type p— 1. 
Proor. It follows from equations (iv) and (v) of Lemma 3 that 


E(A;;(8); A(s)) is e-essentially bounded on G. Lemma 4 then shows that 
condition (i) of the theorem is satisfied. Q.E.D. 


8 COROLLARY. Every operator A tn W? is the strong limit of a sequence 
of spectral operators. 


Proor. Let G" and E, be as in the proof of the theorem and let 
A,(s)=A(s), se ©, 
=0, sé G, 
so that Â, is in Ñ”. The corresponding operator A, = fe A;,(s)e(ds) has its 
restrictions A, | E9? =A |E, 9”, and A, | (I — E)? =0, both spectral 
operators. Hence Theorem 3.10 shows that A, is a spectral operator. Now 
since G* > © it follows that e(S")x —>x for every x in § and thus that 
E„x— x for every x in H”. This shows that A,x = AH, «— Az for every 
xin H’. Q.E.D. 
9 COROLLARY. Let A be a spectral operator in U?. Then the scalar and 
radical parts S and N of A are also in W”. If Â, 8, Ñ are the elements in Ñ? 
corresponding to A, S, N under the isomorphism (1) then, for e-almost all s 


in ©, the matrices 8(s) and N(s) are the scalar and radical parts of A(s). If 
y is a bounded Borel scalar function on o(A), then (S) is in W? and 


oN 
(S)(s) = p(S(s)), 
for e-almost all s in G. 


Proor. In the proof of the theorem it was shown that the scalar and 
radical parts of A are obtained by integrating, over © with respect to e(-), 
the scalar and radical parts of A(s). This shows that S and N are in YW? 
and, since the equation (1) establishes an isomorphism between QI? and 
Ñ”, it also shows that the scalar and radical parts of A(s) are functions in 


1980 Xv. SPECTRAL OPERATORS XV.10.10 


the equivalence classes in Ñ” corresponding to S and N respectively. Now 
equation (iv) of Theorem 5 shows that 


f pSoelds) =f PAd; A), 
S a(A) 


and so 
OX 
f PSis)e(ds) = (8) = | AS) eds), 
S S 


N 
from which it follows that p(S(s)) = @(S)(s) for e-almost all s in S. Q.E.D. 


It will at times be convenient to consider A as a subalgebra of W”. 
This mapping of Y into Y” is done as follows. 


10 Dertyrrion. For each operator b on § and vector  =[z,..., £p] 
in H?” we define 


bx =[bz;, ..., bap]. 


Under this mapping the algebra Q is clearly *-isomorphic to the 
B*-subalgebra of A? consisting of all operators having the diagonal form 


Ges 0 
A={.- : 
Ov 282. g 


with all diagonal elements the same element in A. It is also clear (without 
necessarily referring to Lemma 9.1) that this mapping of W into WY? is an 
isometry. When no confusion seems likely we shall use the same symbol 
@ for an element in X as well as for its correspondent in W°. It is in this 
sense that we interpret expressions such as 4A and Aa with a in YW and 
A in Q’. If A = (œ) and if @ is in W, then aA = (aa,,), aA = Aa, and 


A^“ ~ 
Aa = Aå, that is, 


( f asjas) )( f A(eye(as)) = f áls) A(s)e(ds). 
S S S 


11 COROLLARY. Let S and N be the scalar and radical parts, respectively, 
of the spectral operator A in U?. For each i=1,..., p let ©, be the set of 
all s in S where A(s) has i distinct eigenvalues. For those i for which ©; is 
not void, let A,1(s), ..., Au(s) be the i distinct eigenvalues of A(s) chosen in 
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such a way that the functions Ay; are Z-measurable on ©, (see the remark after 
Lemma 3). For other values of i let X,,(s) =0. Let the operators Ay and Ey, 
be defined, for 1 <j <i < p, by the equations 


O Ay= f Aulyelds), By= f BAO; Âld. 


Then 6 A, E e WP, E}, =H, and Ey En, = 0 unless i =m and j =n. 
Furthermore, these operators À; and E, commute with A, S, N, and the 
resolution of the identity E(o; A). For every bounded Borel function p on o(A) 
we have 


(ii) (8) = y: (Ais) Ey. 


1 j=1 
If y is analytic and single valued in @ neighborhood of the spectrum, then 


p-1 NY 
(iii) (4) = X “r 3 2 RP (Ay) Hi; - 


vai vl f= 


Proor. We observe first that for e-almost all s in G, |A;,(s)| < |A(s)| < 
|4| —|A], so that the functions 4,, are bounded e-almost everywhere on 
©. Lemma 3 shows that they are X-measurable and thus A, is in QW. Since 
A is a spectral operator, Theorem 6 and Lemma 4 show that H(A,,(s); A(s)) 
is e-essentially bounded and Lemma 3 shows that it is 2-measurable. Thus 
the operator Æ; is in W”. Now Theorem 6(ii) and Lemma 3(iii) show that 


Ho; A) = | Elo; Als)elde) = È, f. Elo; Ats)etds 

=F JY xethulennZAy lors Aeyetds 

Di [f x Aunen] i — 
Si 

a È, Azo) f. BA; Âls)elds) 

Po E(o; Ay) Hy» 


where, in arriving at this last equation, we have used Corollary X.2.10. 
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Thus we have 


eS) =| PEBE; A) 


= $, df PORIE ey 


i=1 j=1 


p i 
=}_} pàÀEy. 
t=1j=1 


By Corollary 9, 8(s) and Ñ(s) are, for e-almost all s in ©, the scalar and 
radical parts of A(s), and so E(Ay(s); A(s)) commutes with A(s), 8(s), Ñ (8), 
and E(c; A(s)). Thus Æ, commutes with A, S, N, Elo; A). The element 
Aiz also commutes with these operators, since it is in W. Now, using the 
homomorphic property of the map 4< A, it is seen that 


EyEm=f BAO); ÂE Ans); Âe), 


which shows that E, Ems =0 if i 4m, that Ep Ei =0 if j £k, and that 
Ey = Hy. 

Theorem 6 shows that N? = 0, and thus the final conclusion follows 
from Theorem 5.1 and equation (ii) of the present corollary. Q.E.D. 


12 COROLLARY. Every spectral operator A in W? determines a decom- 
position of H? into æ finite number of subspaces, each invariant under A, 
and such that the restriction of A to each subspace consists of multiplication 
by an element of W plus a nilpotent operator of order at most p. 


Proor. Using the notations and results of the preceding corollary, it 
is seen, by taking (A) = 1 in (ii), that 9? is the direct sum of its subspaces 
E, H” and that each of these subspaces is invariant under A. On Li, §? 
we see, by taking (à) = à in (ii), that 

Ax =d,,2-+ Nea, xe Hy, H?, 
where N? = 0 by Theorem 6. Q.E.D. 

13 COROLLARY. Let G be a compact space and, in the notation of 
Corollary 11, let the sets S; be closed and the roots A,,(s), j =1,..., i, be con- 
tinuous on S,. Then A is a spectral operator of type p — 1. 

Proor. If ©, is not void, the function |A,,(s) — A;,(s)|71 is, for 
1 <j Sk <i, defined and continuous on G,. Since G, is closed, it is com- 
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pact and this function is also bounded on ©, by some constant K which 
we take to be independent of the integer 1 = 1,..., p. Since every s belongs 
to one of the sets G,, we have |À — u| ~t < K for every pair A, u of distinct 
eigenvalues of A(s), and Corollary 7 shows that A is a spectral operator of 
type p — 1. Q.E.D. 

14 COROLLARY. Let A be in W? and let S be a compact space. Suppose 
that, for each s in ©, there are p distinct eigenvalues Â (s), .--, Agls) of the 
matrix and that these functions A,(s) are continuous. Then A is æ spectral 
operator of scalar type. 


Proor. The argument of the preceding corollary shows that A is a 
spectral operator. Since A(s) has distinct eigenvalues, it is a scalar operator, 
that is, its radical part is zero. Thus Corollary 9 shows that A is also a 
scalar type operator. Q.E.D. 


11. Some Examples of Bounded Spectral Operators 


In this section some of the preceding results will be illustrated by 
considering the algebra Q of all convolution operators in § = Z,(R*), the 
Hilbert space of square integrable functions on real Euclidean space R” 
of N dimensions. We shall show that this algebra of all convolutions 
defined on § regardless of whether they be defined in terms of bounded 
additive set functions, countably additive set functions, ordinary Lebesgue 
integrals, proper value integrals or any other improper integral, is a 
B*-algebra which is *-equivalent to the B*-algebra Ñ == L..(R%, X, ds) 
where Z is the o-field of Lebesgue measurable sets and ds is Lebesgue 
measure. The operators in the non-commutative B*-algebra W” are then 
the operators A in H? = L,(R%) + ++- + La( R”) whose matrix representa- 
tion A = (a,,) consists of convolution operators @,;, in $. We sometimes 
find it convenient to consider the basic space © of the preceding section 
as the one point compactification of RY by the addition of the single 
point oo. Lebesgue measure is extended to © by letting the set {00} have 
measure zero so that the measure spaces (RY, X, ds) and (G, 2, ds) are the 
same. The algebra Ê consists of all á which are continuous on ©, that is, 
all continuous complex functions on RY for which the limit 4(co) = 
lim)s)- o @(s) exists. The set Ê, is the subalgebra (without unit) of Ê for 
which (œ) = 0. 


1984. Xv. SPECTRAL OPERATORS XV.11 


The examples to be discussed here and in the following section are 
of two types: bounded spectral operators in A? and a closely related 
type of unbounded spectral operator associated with certain linear 
systems of partial differential equations. A few properties ot the Fourier 
transform will be essential in the discussion of both types of problems, and 
we begin by developing these properties. The discussion will be independent 
of the theory of the Fourier transform in locally compact groups as 
developed in XI1.3, for in the case of N-dimensional Euclidean space, a 
more elementary approach and one better suited to our present needs is 
possible. 

For an ordered set w=[«,, ..., ay] of N non-negative integers, 
points s=[s,, ..., Sy] and t =[f,, ..., ty]in RY, a polynomial P(s,, ..., sy) 
in N variables, and a function g in C® = C®(R¥), we use the notation 


Joly =o ee + oy, Js] = (ley? + ++ + ls2]2)12, 
8% = sitet? ... SN, P(s) = P(S; ---, SN), 


st = (s, t) = sit +t + Syty, 


g” = p= 2)o=(Z) E) e $) =e 
j ôs ôsı sy i as; i 


Pe) = Pla) = P=) = (= L). 


as as,” O8y 


The symbol @ will be used for the set of those functions in C” which, 
together with all derivatives of all orders, approach zero, as |s|— œ, 
faster than any power of 1/|s|. The functions in ® are called rapidly 
decreasing functions on RY. The set ® is clearly a linear subset of all the 
Lebesgue spaces L, = L (RY), 1 Sp <œ, and, for p in ®, the symbol 
|p|, is used for the norm of @ as an element of L,. Besides having topol- 
ogies as a subset of various B-spaces, the set ® will be given a topology 
of its own by prescribing a set of basic neighborhoods of the origin as 
follows: for every pair p, q of positive integers and every real >Q, let 
U(p, q, €) consist of all p in ® for which 


(1) (1 +]s|?)?|p@(s)| < e, se RY, 


for every « with |«|, <q. Elementary considerations show that ® is 
locally convex and complete in the sense that a sequence {pm} for which 
Pp — Pg > 0 as P+ co, q— œ has a limit in Ø. Besides being a linear space, 
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@ clearly has the property that it contains every derivative of every one 
of its elements. Also, if f is a complex C” function on R” which is slowly 


increasing in the sense that every «= [o,, ..., xy] determines an integer 
m > 0 and a constant C such that 
(2) [f(s)| $C + ls], seR”, 


then for every yọ in ® we have also fọ in ®. Thus, in particular, ® con- 
tains, together with y, every product Pm where P is a polynomial in 
S1 ..., Sy- It is clear that convergence pm —> g in @ is equivalent to the 
assertion that for every pair P, Q of polynomials in N variables we have 


ô fa] 
(3) P(8)0(= als) > PeR i)o, 


uniformly for s in R”. 
The Fourier transform Fo of a function g in @ is given by the integral 


1 
f e~ *sto(t) dt, se R”. 


(2Qar)¥/? RN 


(4) (Fep)(s) = 
The basic inversion formula for this integral is due to Fourier and is 
contained in the following theorem. 


=> 1 THEoREM. The Fourier transform is a homeomorphic isomorphism 
of ® onto all of itself whose inverse is 


1 
(5) p(s) = Oar [i ett( Fo)(t) dt, se R”. 


Proor. Since ọ is rapidly decreasing, the integral (4) may be differ- 
entiated under the integral sign to give 


l 
(Fp = in f ipn dt, 


which shows that Fy is in C®. Thus, for any polynomial P in N variables, 


(6) (P(8)Fp)(s) e~ t P(—it)p(t) dt. 


1 
=ar la 


If we use the fact that p(s ) > 0 as |s | > œ, then an integration by parts 
of the Fourier transform of p® gives 


F(p)(8) = (is)*(Fe)(s), 
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and thus, for a general polynomial Q, 
(7) F(Q(2)p)(8) = Qis) F(p)(s). 


If P and Q are two polynomials, then (6) and (7) may be combined and 
written as 


(8) avin P(=) rove = =. [ie "9(=) eine) at. 

Since Q(0/ét){ P( —it)p(t)} is Lebesgue integrable on R”, equation (8) shows 
that Fo is rapidly decreasing and thus that F maps ® into ®. Equation (8) 
also shows that F is a continuous map of ® into ®, for if p, > 0 in @ 
then the sequence Q(@/0t){ P(—it)p,(t)} also approaches zero in ®, and for 
every e >0 


< te RY, 


Ê?) peinp a 
o(a) Pe | < aR 


for all sufficiently large integers n. It thus follows from (8) that 
Q(is) P(3/3s) F (pn)(s) approaches zero uniformly on RY, which proves that 
Fo(,)—> 0 in ©. Hence, F is a continuous map of ® into ®. 

We next establish the inversion formula (5). Once this is done, it 
will follow that F is one-to-one on ® and that g(s) = (F?°g)(—s), which 
proves that F ® = ® and thus that the inverse (F~ 1@)(s) = (F?q)(—s) is 
everywhere defined and continuous on ®. Hence, to complete the proof 
of the theorem it suffices to establish the inversion formula (5). 

By considering the integral as an iterated integral, it is seen that it 
suffices to establish (5) in the case N = 1. In this case the right side of 
(5) is 


1 © 
(Fp)(—s) = = | 


lim =f 


aso a7 


elf e~ Hep(u) ana 


eu" e~ ttugp(u) ant 


ioe) 
. 1 œ sin a(s —u) 

= lim = n 

aco Teo F= 


y(u) du 


sin ot 


dt, 
t 


1 a) 
= lim — g(s —t) 


aso WY 
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and so equation (5) may be established by proving the following lemma. 


2 Lemma. Let y be a complex valued function in L,(—o, 00), 
continuous at a point s, and of bounded variation in some neighborhood of s. 
Then 


sin at a 


(9) p(s) = lim = =f pls —t) 


ProoF. To prove the lemma we first observe that for every 6 >0 the 
function g(s —#)/t is integrable on the infinite intervals [—oo, —8], [8, 00] 
and so 


mö t in ot 
lim f pls —t) aii dt =0 = lim f o (s —t) == dt. 


a> o~“ — 0 a—> co 


It is therefore sufficient to show that, for some ô >0, 


sin ot 


(10) g(s) = lim : p(s —t) 


ao T J—ò 


dt, 


and, by using the real and imaginary parts of » separately, we may 
assume that o is real valued. Now, by assumption, (u) is continuous at 
s and of bounded variation for u in some closed interval s -8<u<s-+58 
about s, and we may choose ô > 0 so small that 


(11) lps —t) —g(s)|<e, ltl <8, 


where e is an arbitrary positive number. Since o is of bounded variation. 
it is the difference of two non-decreasing functions, and so it suffices to 
prove (10) under further restriction that o is non-decreasing. We have, by 
the second theorem of the mean for Riemann integrals, a number 8 in 
[—ò, ô] with 


n gt 


dt 


l aò 
12) - a 
a2) zf e »* 


xt 


1 ð singat 
=e — d — — P 
pl) = fs =f tpe) — 98-0} = 


sin ot 


dt 


1 2 sinu 
= g(s) - du — = 
ols) =f du tele) — pls —3)} nf 


ô sin “a 


1 32 sinu 
= — — — —ô 
vs) [| du e) —9(s — 8) i 
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Now 

] ôa i 
(13) Tire ù Z" 7 | 

aro Työ U 

and 

aa 
a4) { sin u | <0, 

ap u 
where the constant C is independent of « and 8. Thus (11), ..., (14) show 
that 


sin at 
t 


lim sup dt 


a—> oc 


< eC, 


1 ô 
a) =f ols 1 


which, since ¢ >0 is arbitrary, proves (10) and completes the proof of 
Lemma 2 as well as Theorem 1. Q.E.D. 


=> 3 COROLLARY (Parseval- Plancherel). The set ® of rapidly decreasing 
functions is dense in the Hilbert space H = La( R”), and the Fourier transform 
as defined on ® by the equation (4) has a unique extension to a unitary 
operator F in $ with the properties 


(i) (Fg, W) = (p F-t), Q, y% E 8; 


(ii) IFel=|9], ped; 
sie ; 1 a : 
(iii) (F¢)(s) = lim; oars (ee e~ q(t) dt, pe; 


1 
(iv) (F74q)(s) =Li.m aan |, Ome dt, peg; 


T—> o : (27)? 


where the notation l.i.m. is used for the limit in the mean of order 2, that is, 
the limit in the norm of $. 


Proor. The density of ® in § is a corollary of XIV.2.3. It follows 
from Theorem 1 and the Fubini theorem that, for y and y in @, 


1 2 c 
(Fo, $) = Qn)" I (i e-"to(t) a) p(s) ds 


Sarah o poaa 
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and, by placing = Fo, that |Fọ|= |p], which proves that F is con- 
tinuous in the $ topology of ®. Since @ is dense in H, F has a continuous 
extension to § which clearly satisfies (i) and (ii) and is thus a unitary 
operator. To prove (iii) we let g,(t)= q(t) for |t| <r and p,(t)= 0 for 
jt] >r. Then, since @ is dense in § and convergence in the mean of order 2 
on the set of t with |t| < r implies convergence in L; on this set, we see 
that Fg, is given by equation (4), that is, 


(Fo,)(s) e~ a(t) dt. 


1 
(2m) ™'? ne 
Since p, > as 700, equation (iii) follows from the continuity of F and 
(iv) is proved similarly. Q.E.D. 


— Remark. As the proof shows, we also have 


1 
Fo =lim. anal e~ tto(t) dt, 
n—> Kn 


= (2Qar)¥/2 


where {K,} is any increasing sequence of sets of finite measure whose 
union differs from © by a set of measure zero. 


The basic spectral measure e on 2 which is used to define the algebras 
QW and A? is defined in terms of the Fourier transform F on § by the 
equation 


(15) eo) = F-tp(o)F, oe S, 
where (0) is the multiplication projection defined as 


(16) (u(2)p)(s) = p(s), seo, 
=0, so. 


It is clear that u is a countably additive self adjoint spectral measure in 
$, and thus, since F is unitary, the measure e(c), c e X, is a spectral 
measure with these same properties. We also have e(c) = 0 if and only if 
c has Lebesgue measure zero so that the notions of e-almost everywhere, 
e-essential boundedness, and so on, are the same as the corresponding 
notions referring to Lebesgue measure. We shall therefore usually omit 
the reference to e in such expressions. Thus the algebra QI consists of all 
operators a in B(§) which have the form 


(17) a= | âlsje(ds), 
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for some X-measurable and essentially bounded complex valued function 
don R”. 

Before illustrating the results of the preceding section, we shall 
examine the structure of these operators in Q and in particular show 
that many of the convolution and singular convolution operators, which 
are of frequent occurrence in analysis, belong to W. Convolutions have, in 
recent years, enjoyed a renewed interest largely because the distribution 
theory of L. Schwartz [5] has shown their increased usefulness in the 
theory of partial differential equations. Here, we shall first be concerned 
with certain special examples of convolutions which map § into §, which 
belong to the algebra A, and which have an integral representation in one 
of the two forms 


(18) (fe p=| pe—ofOd, ped. 

or 

(19) (A * p)(s) = Í pls —t)Àldi) pes, 
RN 


determined by a complex valued function f on R” or a complex valued 
set function À defined on a family X(À) of sets in RY. The representation 
(18) or (19) of a given convolution operator depends upon the interpreta- 
tion of the integral, that is, whether the integral is an ordinary Lebesgue 
integral defined for almost all s, a Cauchy type principal value integral 
defined as a certain limit of Lebesgue integrals, an integral of a vector 
valued function, or a principal value integral of a vector valued function. 
For a given p in § and a point ¢ in R” the translate q, in §, defined as 
p(s) = p(s —t), when regarded as a map t >, of R” into $, is everywhere 
continuous (X1.3.1(f)) and, since |p;| = |p], bounded on R”. This elemen- 
tary observation suggests that it might be easier to give certain convolu- 
tions an integral representation if we use the integral of vector valued 
functions, and this we shall do. 

We begin by defining the convolution integral (19) determined by a 
complex valued finitely additive and bounded set function A defined on a 
field (A) which contains the open sets in R”. Since such a function A has 
bounded variation, the integral 


(20) f „SONG 
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exists for every vector valued function f on RY which is bounded and 
A-measurable. In particular, if f is continuous and has its values in a 
compact set, it is A-measurable and thus integrable. For, in this case, the 
range of f may be covered with a finite number of open sets G,,..., Gh, 
each having diameter less than a given positive number e and, if we let 


j-1 
A=, A,=G6,-U G, j=2,...,%, 
k=1 


then the sets B,==f~1(A,) are in 2(A). Thus the finitely valued function 


fe= È Xer 


j= 


where x, is any point of A, if A, is not void, and otherwise z,= 0, is 
A-measurable and 


|fe(s) —f(s)|<e, sen, 


which proves much more than the A-measurability of f. In particular, a 
bounded continuous complex valued function on RY is A-integrable. This 
observation enables us to define the integral 


(21) Xs) = Í e~*t\(dt), se RY, 
RN 


which will be used presently. The translation œ;,, however, is not compact 
valued, and we proceed as follows. For an § valued function f, bounded 
and continuous on RY, and a functional z* in §*, the preceding remarks 
show that x*f is A-integrable and since 


If FOAD] < la*] sup] f Ol 0A; R”), 
RN t 


the integral f x*f (t)A(dt) is continuous in «*. Since $ is reflexive, there is a 

unique point in H, which we designate by the symbol i f (HA(dt), such 
RN 

that 


(22) ot L JOA = f x*f(t)A(dt). 


The integral (20) is thus defined for bounded continuous § valued functions 
on R” and, in particular, if f (t) = p,, for some » in $. The integral in 
(19) is defined to be the integral (20). It is clear that if for almost all s 
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the function g(s — t) is -integrable in t, then the two meanings assigned 
to the integral in (19) coincide almost everywhere and thus define the same 
point in §. Thus every bounded finitely additive complex valued set 
function A defined on a field containing the open sets in R” defines a con- 
volution operator in § by means of equation (19). 

Let T be any continuous linear map in §, let f be a bounded con- 
tinuous § valued function on RY, and let x* be in §*. Then (22) shows that 


op f fd = f x* Tf (t)A(dt) 
RN RN 
=o TPAC 
ot | TA ONAL) 
and thus that 


(23) T is f (OA(dt) = A Tf (t)A(dt 


If we let 7 = (27)*/2F, where F is the Fourier transform in $, and set 
Tp = Q, then (23) gives 


7(A* 9) = ie 1 A(dt), 


and, for almost all s in RY, this function has the value 


(24) T(À * m)( =f f i.m. e~ ip(u —t) aul nat 
T+ jujar 
“fats i.m. e7- Dey —t) alexa 
T>o “jujar 


where in this last a we have used the remark following the proof of 
Corollary 3. Since 7(A x p) and @ are both Lebesgue measurable functions 
and ® is an arbitrary function in §, this equation (24) shows that À is 
Lebesgue measurable also. If we write À for the operation in § of multi- 
plication by À, that is, (A)(s) = X(s)p(s), then (24) may be written as 


(25) Ae p=T rp, peEsH. 


We shall sometimes write this operation of convolution in still a different 
form. Note that the operation p —âg of multiplication by a function å 
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in Ñ may be written in terms of the measure u of equation (16) as 


(26) âp= | auld, eS. 


This is clear if â is the characteristic function of a set in X and, since linear 
combinations of such functions are dense in Ñ, it holds for all â in Ñ. Thus 
in view of (26) the equation (24) may also be written as 


T(A* p) = ROO 


By the Plancherel theorem (Corollary 3) the operator r~! exists and is 
continuous on §, and since e(o) = F ~+y(c)F = 77 tu(o)r, the preceding 
equation gives 


(27) Ax p= f Aedo, ped. 


This equation shows that the integral f p, A(dt) of the vector valued function 
p: with respect to the finitely additive set function À is the same as the 
integral of the numerical function À with respect to the countably additive 
vector valued measure e(c)p. To summarize, we have the following. 


4 THEOREM. Every bounded additive complex valued set function À 
defined on a field containing the open sets in R” determines a convolution 
integral 


Ang = [pero ped, 


where p(s) = p(s —t), and the map A: p>Ax gp maps H into H, belongs 
to N, and has 


A= Í À(s)e(ds), |A| = ess sup |À(8)], 
S ses 


where À is given by (21). Stated otherwise, we have A = F-1\F where À is the 

operation of multiplication by A and F is the Fourier transform in $. 
Many convolution operators occur as a limit 

(28) Ap=limA,*p, ped, 


of a sequence of convolutions determined by bounded finitely additive 
set functions. The Cauchy principal value integrals used in defining the 
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Hilbert transform and the singular convolutions of Calderén-Zygmund 
type are of this variety. The following theorem gives a useful criterion for 
the existence of the limit (28). 


=> 5 THEOREM. Let {À} be a sequence of bounded finitely additive 
complex valued set functions defined on the field determined by the open sets 
in RY. Then the convolution operator A given by equation (28) is everywhere 
defined on H if and only if 


(29) sup [Xploo < œ, 


and the limit 


(30) À(s) = lim X,(s) 


exists in measure on every bounded measurable set in RY. When it exists, A 
is in A and 


(31) A= fA oea), |A| = sup |A(s)|. 


Stated otherwise, A= F-1\F where F is the Fourier transform in $ and 
À is the operation of multiplication by the function À. 


Proor. Let A, converge for each œ in H. Theorem 4 shows that 
Anl = |Aq|o, and Theorem 11.3.6 proves (29). Let p= F-ty, where y is 
the characteristic function of the bounded measurable set c. Then, by 
Theorem 4, A,p = F “1, x, and since Anp converges, we see from the 
continuity of F that 


lim f JÄn(8) — Am (8)|? ds =0, 


which implies (I11.3.6) that \,, converges in measure on a. Conversely, if 
(29) and (30) hold, then, since the norms |A,| = |An| 0 are bounded, to prove 
the convergence of A, for every g in § it suffices to prove convergence for 
each g in a fundamental sct. Since F is a homeomorphism in §, such a 
fundamental set consists of all p = F~1% where ẹ vanishes outside a 
bounded measurable set œ. For this p we see from Theorem 4 that 
Anp = F-1}, Y and hence àno converges in § provided that 


lim f |Xq(8) — An(s)/? |y(s)]? ds = 0. 


m.N—- oa 
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This equation follows from (29), (30), and Theorem I11.3.6 and proves that 
the limit (28) exists for every ọ in §. 

Now let (29) and (30) hold, let % be an arbitrary vector in §, and let 
e >0. Then there is a bounded measurable set o with 


2 sup [Ala f |46)? ds <e, 
and so 
f AO APO ds < f Ante) — AO e)? ds + e, 


and (30) proves that Xn > Ày in H. Thus, for every in §, 
Ap = lim à p = lim F-1), Fo = Fo Fo, 


from which the equations (31) follow. Thus, when it exists as an everywhere 
defined operator, A belongs to QW. Q.E.D. 


The reader will observe that the argument used in proving Theorem 5 
may likewise be used to prove the following. 


6 THEOREM. The algebra Q is complete in the strong topology of 
operators in the sense that if a, is in N for each n=1, 2, ..., and if 
anp —>apy for each y in §, then a is in A. 

We next observe that every operator a in A is a convolution operator 
of the type described in Theorem 5 and that the approximating set func- 
tions may be taken as countably additive and absolutely continuous with 
respect to Lebesgue measure. To see this we use the lemma. 

7 Lemma. For each % in Le there is a sequence {pn} of C” functions 
with pals) =0 for |s| >n, with |@alo < 2|, and such that p, >y in 
measure on every bounded measurable set in R”. 

Proor. We first suppose that % is real, measurable, and bounded on 
R”. Let 0<e,+0 and S, = {se R*||s| <n}. Since % is measurable, 
there is a closed set 5, c ©, such that the restriction of % to 6, is con- 


tinuous on 6, and 
(i) meas 6, > meas ©, — En- 


Let &,(s) = h(s) on 6, and %,(s) = 0 on the complement of S,. Then it 
is seen from the Tietze extension theorem (1.5.3) that there is a function 
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YF, continuous on R” with ¥,,(s) = pals) = pls) for sin §,, ¥,(s) = pals) = 0 
for |s| 2 n, and 


(ii) Paleo = sup len(s)| = sup MOESUPE 


Since ¥,„ is uniformly continuous, there is an ņ„,>0 such that 
| ¥7,(s) — Pall <e, if |s —s’| <7,. Now choose disjoint closed subsets 
dk, k=1,..., m= m(n), of 6, each having diameter less than y, and 
such that 


m 
(iii) meas( U a) > meas 8, — &; 
k=1 


and disjoint open subsets w% of S, with w* > ôk and diam wk <y,. From 
Lemma XIV.2.1 it is seen that there are functions mf on R” with the 
properties 

(iv) pk EOP; 05 pts) < l; g(s) =1, s e 8%; pH(s) = 0, sé wk. 
Let ok = YW, (sk) where sk is some point in 5* and let 


Gls) = È okepk(s). 
k=l 


If s belongs to one of the sets w* then 
|n(8)| = lon pn(s)| < lon] S sop PERO) S | Palo» 
seok 
and thus (iii) shows that 
sup [En(8)l S [P| «0 « 


seu 
kZw 


If s is not in | )t_, wk then ¢,(s) = 0 which, together with the preceding 
inequality, proves 


(v) [fnlo < llo - 


The statements (iv) show that ¢, is in C” and vanishes outside G,. Thus 
in view of (v) all that remains to prove is that ¢, > in measure on every 
bounded set. For s in ôk we have ¢,,(s) = «œk , and since ô% has diameter less 
than y,, |C,(8) — (s)| = |fn(s) — %,(s)| < En which shows that 


(vi) IL,(s) — H(s)| < En, se U 8. 


XV.11.8 EXAMPLES OF BOUNDED SPECTRAL OPERATORS 1997 
Now let B be any bounded measurable set and e > 0. Choose n so large 
that B c ©, and ¢, <€. Then from (i), (iii) and (vi) it is seen that 
meas{s e B| |Z,(s) — (s)| > e} < meas{s e S, | |Z,(s) — (s)| > en} 
< 2e, —>0, 


which proves that ¢, > in measure on B. For a complex valued function 
y in Lo(RY) the stated conclusions may be obtained by applying the 
results just proved to the real and imaginary parts of . Q.E.D. 


8 THEOREM. Every operator a in Y is a convolution 
ap = lim A, * p, pe, 
n 


with the set functions A, defined and absolutely continuous on the field of 
Lebesgue measurable sets in R”. 


Proor. According to Lemma 7 there is a sequence {pn} in ® with 


lonl <2 |4| and p, —>â in measure on every bounded measurable set in 
R”. Theorem 1 shows that the functions %, = T~ 1p, are in ® and thus 
in L,. If we let 


Alo) = f pals) ds, ced, 
then A, is an absolutely continuous measure defined on X and 
r,(8) = f e~ isth (dt) = f e~ ty, (t) dt = Pnl8) = ~x(8). 
RN RN 
Thus, by Theorem 5, for every o in §, 


lim A, x pọ = lim Í _patsde(ds)y 
n n R 


= f G(s)e(ds)p = ap. Q.E.D. 
S 


9 COROLLARY. An operator a in the Hilbert space § belongs to N 
if and only if it has the form 


(ap)(s) = Li.m. k fals —tjplt) dt, peg, 


with fa in L,(R%). For each m in § the integral exists in the sense of 
Lebesgue for almost all s in R”. 
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Proor. Since 


f peAeldty =f pfl ae, 


it follows from ITI.11.17 that 


wsp = f peN d= f fals Dpt) at, 


and that the integral exists in the sense of Lebesgue for almost all s in R”. 
The corollary thus follows from Theorems 5 and 8. Q.E.D. 


10 COROLLARY. The convolution operators which are defined every- 
where on $ by equation (28) form a commutative B*-algebra of operators 
in H which is *-equivalent to the B*-algebra L..(R™). 


The following examples are among the most familiar convolutions 


in QW. 


11 Exame e (Translation). Let A,(¢) = 1 if tis in ø; otherwise let 
àla ) = 0. Then (A; * p)(s) = p(s —t). 


12 EXAMPLE (Convolution by an L, function). Let f be in L, and 
Ao) = Í f(t)dt, ced. 
Then 


Axpls)= f ols Hs at 


=f f-t d, ped, 
RN 


and the integral exists as a Lebesgue integral for almost all s in R”. This 
convolution is also written as f x p. We shall sometimes use the symbol f 
for the operator in § which maps g into f » p. Thus, for f in L,, we have 


f= f Jods), lf] = fla - 


13 EXAMPLE (Convolution by an L, function). An L, function 
f whose Fourier transform fisin Le determines a convolution operator f 
in W. To see this we note that for any pair f, » in L the convolution 
integral 
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(32) Sro =f fede at 


exists, as a Lebesgue integral, for each s in R”. Consider first the case 
where g isin L, ^ La. The preceding example shows that 


frp=p*f= | povelds)f 


is in L, and thus 


rfp) = | gredaf = | Holdo 


=fọ= | Floyuayg 
g 
which shows that 


f* p= | Feld. 


By using a sequence {p} in Lı N La to approach an arbitrary in Lg, this 
equation, together with (32), shows that the operator 


f= E (s)e(ds) 


in A maps g into f x o. 

14 Exameze (Principal value convolutions). A point sọ in © is 
called a singular point for the measurable function f defined almost 
everywhere on © if f is not integrable in the sense of Lebesgue on any 
neighborhood of sọ. The singular points clearly form a closed set in © 
which we assume to have measure zero. Let the € neighborhood of oo 
be the set of all s with |s| >1/e and the ¢ neighborhood of a point so in 
RY consist of s with |s — so| < €. Let f,(s) = f (s) if s is not in the e neigh- 
borhood of any singular point, and otherwise let f,(s) = 0. Then for each 
e > 0 the function f, is in Z, and, according to Theorem 5, the convolution 


(33) fep=limf,xp, peg, 
670 


exists for every ọ in $ if and only if |zf,|., is bounded on the interval 
0<e<1 and the limit, limo fs, exists in measure on every bounded 
measurable set. If f is not in L,, the convolution (33) is often called a 
singular convolution. The following two examples illustrate this concept. 
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15 ExamPte (The Hilbert transform). Here N = 1 and f(s) = 1/s so 
that s = 0 and s = œ are the only singular points of f. Let r = 1/e so that 


—ist 


hos +f] a 


7 sin st 
= —2i Í — dt 


E 


Isir sin t 
= 2isons — dt, 
x Ji: t 
which shows that |f,|.. is bounded and that f,(s) > —7i sgn s for every 
s #0. Thus the Hilbert transform 


(34) (h)(s) = Lim. a) 


630 js-ti>eS—l 


dt, pe 9, 
is in W and has 
(35) = —ri f sgn s e(ds), |h| = 7. 

S 


16 EXAMPLE (Calderón and Zygmund), An analogue of the Hilbert 
transform in case the dimension N is greater than 1 is given by an odd 
kernel of Calderén-Zygmund type. Let f be a measurable function on R” 
which is odd and homogeneous of degree —N, that is, 


(36) f(—s)=—f(s), f(s) =r-*f(s),  r>0, O4~seE R*, 
and for which 
(37) Í | f (w)| mdo) < 00, 

WM 


where m is the measure on the hypersurface M of the unit sphere in R”. 
Then, by changing to spherical polar coordinates (r, w) where s = rw with 
r >20, |w|= 1, we have, for 0 <e <r, 


la | f(s)| ds = i (J, 1o pre dp 


=| a f, Io mide} <o, 


which shows that f has no singular points other than perhaps 0 and oo. 
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Since m(c) = m(—a), we have, upon setting r= lje, 


J= f RD at 


= =f flw) (po eae dp| (de) 


= a o|- if e ap \m (dw) 


= =f. fí w){ —sen Sw fi. om =e) m(dw), 


sole 
and since the function in the braces is bounded in all variables, the condi- 
tion (37) shows that |f,|.. is bounded in e. Also, if s 4 0, the set of w in M 


for which sw =0 has hypersurface measure zero, which shows that 
lim, .o f-(8) exists if s 4 0 and is 


(38) Joa === f rosen swm(dw), 8 £0. 


Thus the singular convolution operator 


(39) fp =f * p=lim. f(s —t)olt) dt, pe, 


6-0 |s-t]>e 


is in Q and has the representation 


—ri 
(40) f= DE I. (f osen sw (ded 
and norm 
(41) |f| = Ž ess sup Í f (w)sgn sw m(dw) | . 
2 ses M 


Having seen some examples of the operators in A, we now give some 
examples of spectral operators in W”. In view of Lemma 10.4 and Theorem 
10.6, the central result for determining such operators is as follows. 


17 THEOREM. An operator A in QU? is a spectral operator if and only if 


(42) ess sup|E(A,,(s); A(s))| < 00, l1<j<sisp. 


se&i 
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In applying this criterion, one does not have to calculate the norms 
of the projections E(A,;(s); A(s)) for, since they are finite matrices, their 
norms are essentially bounded if and only if their elements are essentially 
bounded. One does need to know the eigenvalues A,,;(s) of the matrix A(s) 
which makes it difficult to state any general rule, other than (42), for 
determining the spectral operators in W”. In the case p = 2, however, the 
condition (42) may be restated in a more applicable form. For s in G, the 
spectrum o(A(s)) has only one point and so E(A,,(s); A(s)) = I; conse- 
quently, we need only consider the case where s is in G,. For brevity we 
let 4,,=4;,(s) and A,=A,,(s) so that det(AZ — A(s)) = (A —A,)(A — AQ) 
with 

A, oa (411 + dos + 5), 
(43) 
Ag = 3(441 + dog — ô), 
where § is chosen as any Z-measurable square root of 
(44) 5? = (G41 — doe)? + 4 y2 dar. 
The sets S, and ©, may be expressed in terms of § and are 
(45) S, ={s|d(s)=0}, GS, = {s| ls) 4 0}. 


Since the polynomial P(A) = (A, — Âa)“ (À ~ Ag) has the properties that 
P(A,) = 1 and P(Ag) = 0, it is seen that 


A 1 À z 
(46)  E(Ag,(s); A(s)) = Tox (A) A) 
1 = 482 
G11 — dag 210 
er $ 
2 2dor 1 G41 — dog 
ô ô 


and that this matrix is essentially bounded on G, if and only if each of the 
three functions 


di, — doo dye doy 

_ nd 5 
is essentially bounded on G,. Thus the projections E(A,,(s); A(s)) and 
E(Aga(s); A(s)) = I — E(Aai(s); A(s)) are both essentially bounded on G,, 
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that is, the condition (42) is satisfied, if and only if 


(47) Sse bp OH Salt Maal? laa 


<0 
sEeSo |82] i 


and we have proved the following corollary to Theorem 17. 


=> 18 THEOREM. An operator A = (a) in W? has a resolution of the 
identity if and only if the inequality (47) is satisfied. 

19 COROLLARY. An operator A = (a) in W? is a spectral operator 
if Š, has measure zero. 


20 COROLLARY. An operator A in ©? is a spectral operator if G, = S. 


The operational calculus of Corollary 10.11 for a spectral operator A 
in A? requires the calculation of the projection H,,, and this we proceed 
to do. It will be convenient to introduce an operator 5~1, in general 
unbounded, which is defined by the equations 


p(s) |2 
48 D(8-1)= ,{ |Z) as< |, 
(48) -= folees, | K2] a< 
and 
(49) Spa r ($) rp, pe D(d-?). 
Let » be an arbitrary point of $ and let 
1 
S,=6 Se, Sn}. 
Lue baer wa 8"1 


Then the function 7~1y¢,,9 is in D(5~*) and since 7~'ye, p —>ọp, we see 
that D(6~+) is dense so that the operator 6~* is densely defined. It is also 
closed, for suppose that y,¢D(5~"), p,>¢, and 8~1p, >. Then by 
using subsequences, we may suppose that tp, —>rTtp and 7d~1p, > TY 
almost everywhere as well as in §. Then we have, for almost all s, 


trpe) = lim(78~*ey,)(8) = lim (e) (rp,)(2) 
n n (s) 


= (Fy) 0 
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which shows that is in D (6~*) and that ẹ = 61m. Thus ~! is a closed 
densely defined operator. If a is in Y and |d(s)5~1(s)| is bounded on G2, 
then it is clear that the range of a is in the domain of -+ and that 6~1a is 
a bounded operator and in A. Hence for a spectral operator A in QI? we 
see from Theorem 18 that the operators 8~1(a11 — 422), ÒT a1, 57 +a49, 
and 6~16 = e(Gz,) are all operators in the algebra A. It follows from (46) 
that the projections H,, and Ezg have the matrix representations 


8-1 (5 + (a11 — Goa) 2019 
(50) En = > e (S3), 
2a ô — (441 — G29) 
8-1 (5 — (a11 — 422) —2a;2 
E= EJ ( e (So), 
—2da1 ô + (a1 — G22) 


and that the right sides of these equations represent bounded everywhere 
defined operators on $? and, in fact, operators in W?. As observed earlier 
E(A,,(s); A(s)) = I on ©, so that (50), (51), and 


(52) Bu=(5 9) e6 


give the projections needed for the operational calculus. For example, a 
bounded Borel function o of the scalar part S of A is 


(53) xS) = PAr1) Fit + (Aa) £2 ea plàz2)E 22 , 
and the resolution of the identity H(c; A )= E(o; S) may be obtained 


from (53) by placing g=y,, the characteristic function of o. Since 
XolAiy) = Blo; Az) = e(ÂG (0)), we have 
(54) B(o; A) = e(Ag(o)) Bir + e(Ag(o)) Hai + e(Agd(o)) E22 - 

It should be mentioned that this development of the operational 
calculus for a spectral operator A in W? may be carried out quite analo- 
gously for an operator A in W? with p > 2. This is seen from equation (iv) 
of Lemma 10.3, which shows that the general matrix element of the 
bounded projection Z,, may be written as the product ôR, where R,, 
is a polynomial in the roots and the matrix elements a,;, and 67; is a 
closed densely defined operator. 


21 EXAMPLE. Let N = 1. The operator 


a h 
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where h is Hilbert’s singular integral (34), is an operator in W? which is 
not self adjoint, and not normal unless i(a — b) is self adjoint but is, for 
many choices of a and b, a spectral operator. To see this, equation (35) 
shows that the condition (47) is satisfied if and only if 


(56) ess sup |(4(s) — 6(s))? — 4r?| 71 < 00, 
seS2 


which is certainly true, for example, ifa and b both have norms less than r. 


Other examples that are clearly spectral operators are those operators 
whose matrix representation has one of the forms 


h+a 0 eta 0 
Po" oh ("a 
while the operator 
e—a 0 
(58) ( 7 J 
does not have a resolution of the identity unless 
(59) |6(s)| £ M |1 — 24(8)], 


for some constant M and almost all s in &,, which, in this case, is the set 
where d(s) 4 4. 

As the following theorem shows, the nilpotent part of a spectral 
operator in W? is 


3 (411 — 429) G12 
aes ( Gar $(A22 — T : 
from which it follows that a spectral operator A in W?, not of the form 
A=AI with A in Y, has a non-zero radical part if e(S,) 40. By Theo- 
rem 6.4 the spectral operators with non-zero radical parts are the only 
ones not similar to normal operators. Thus both of the operators in (57) 
are scalar type operators, and for any a and b in X, they are similar to 
normal operators. In the case of the operators (55) and (58) the situation 
is somewhat different. If, in (55), the norms |a| and |b| are both less than 
a, it follows that ©; is void and thus that N = 0, but since â and 6 are 
arbitrary functions in Le, the sets ©, and ©, may both have positive 
measure, in which case the operator (55) is not similar to a normal operator. 
If á and 6 are both continuous, as they would be if a and b are convolutions 
by L, functions, then the inequality (56) cannot hold unless either ©, or 
GS, is void and in either of these cases the operator (55) is a scalar type 
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operator. It is different with the operator in (58), where ©, and ©, may 
both have positive measure, in which case the operator is not similar to a 
normal operator, even though a and b are convolutions by L, functions. 

Every operator A in W? has a decomposition similar to the canonical 
decomposition of a spectral operator. This decomposition, which is given 
in the following theorem, will enable us to establish an operational calculus 
for A even though it may not have a resolution of the identity. 


22 THEOREM. Every operator A in Q? uniquely determines two 
operators S and N in W? with the following properties: 


(i) A=S8+N, SN = NS; 
(ii) N?=0; 
(iii) for almost all s in ©, the minimal polynomial of the matrix 8(s) 
of complex numbers has only simple roots. 


Proor. Let 
(60) S= (m + Ge2)e(S1) + @11€(&2) 12 €(Se) 
1¢(Se) $ (411 + Go2)e(S1) + doe e( Se) 
and 
= (411 — G2) a 
(61) v=aSy(* "ies S ee PR 


where ©, and ©, are given by (45). The equations (i) follow from an 
elementary calculation, and if 


(62) §= f 8ed, 


then (45) shows that e(S,)6 = 0 and a direct multiplication gives N? — 0, 
proving (ii). It follows from (60) that, for s in S,, 8(s) = Aui(s)I and hence 
its minimal polynomial is A — A,,(s) whereas, for s in G., S(s) = A(s) and, 
for such s, S(s) has two distinct roots. Hence for every s in © the minimal 
polynomial of the matrix §(s) has only simple roots. It remains to be 
shown that this decomposition is unique. This becomes clear when one 
observes that a p x p matrix of complex numbers whose minimal poly- 
nomial has only simple roots is a scalar type spectral operator in p-dimen- 
sional unitary space and conversely. Thus if S,, N, is another pair of 
operators in W? satisfying (i), (ii), (iii), then for almost all s in © we have 
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N3(s) = 0, and A(s) =8,(s) + N,(s) is therefore the canonical reduction 
of the spectral operator A(s) in B(Z?). Since such a reduction is unique, 
we must have (s) = S(s) and N,(s) = Ñ (s), which proves that S, =S 
and N =N. Q.E.D. 


The next corollary follows from Corollary 9.9 and equation (61). 


23 COROLLARY. The operators A and S have the same spectrum 
and the operator N =0 if and only if, for some A in Ù, A(s) = Â(s)I for 
almost all s in ©. 


It is clear that if A is a spectral operator, the decomposition of 
Theorem 22 is its canonical decomposition. The important fact for our 
present purposes is that the decomposition exists for every A in W? even 
though A, and therefore S, may have no resolution of the identity. In 
what follows S and N will be the operators of Theorem 22 determined by 
the operator A in W?. 

Let A be an arbitrary element of W? and let y be a complex valued 
function analytic and single valued on the spectrum o(A) so that the 
operator g(A) is defined as 


1 
(63) P(A) = 5 PAA — A) dà, 


Qa 


where C consists of a finite number of positively oriented rectifiable 
Jordan curves forming the boundary of an open set containing o(A) and 
upon whose closure » is analytic and single valued. By Corollary 9.6(ii), 
(AI — A)~+ is in Q?, and it follows from (63) that (A) is also in Q?. It 


ao A 
will now be shown that ø(4)(s) = p(A(s)). By Corollary 9.9, œ is analytic 
on A(s) for almost all s, and since, by Theorem 9.3, 


(AI — A) = f (A — A(s))~*e(ds), 
S 
we have 


1 P 
pA = | ooff ar- aen- rao] aà 


=Í | — { PWAL — Ata) aes, 
S c 


Qari 
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where the change in the order of integration is justified since it is valid 
if the measure e(c) is replaced by (e(c)z, y) for an arbitrary pair v, y in 
§. This proves that 


(64) H(A) = | o(Aleyve(ds), 


a formula with some advantages over (63) but one which can be improved 
for the purpose of calculation. The derivation of equation (64) made no 
use of the assumption that p= 2, and thus this equation holds for an 
operator A in YW? for any p21, a fact that will be used later. Since 
o(A) = a(S), it follows from VII.3.10 that 


KS 
ga = È wef (à 9 
and thus, since NV? = 0, 

(65) pA) = pS) + Ng'(S), 


where g'(S ) is the operator (63) or (64) with A replaced by S and (A) by 
(A). Now it follows from (60) that 8(s) = Ay1(s)Z for s in © and so 


PSS = |f, aneao] = pad 
(66) S1 
p (S je(&) = Uf, oP dislanelds)|r = p'(Àn M. 


On the other hand, for s in ©,, it is seen from (46) that 


(67) gA(s)) = g(Kails)) ae Talat O 
_ PÎzl8)) — plåaa(s)) 
Âa1(8) — Aza(s) 
From (64) and (65) we have 
pA) = p(4)e(S:) + plA)el(S:) 


(A(s) — Agi (s))Z + plåa1(8))Z. 


= glS )e(S:) + Ne'(S)e(E) + f oAspelds), 


and thus (66) and (67) give 
(68) yA) = plà) + (Aid + pAar)L + (Ap)(A —Aail), 
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where Aq is the operator in Y given by 


pAar(s)) — Pla) 94 
Aor (8) — Agals) 

For computational purposes equation (68) has an advantage over (64), 

for it expresses (4) as a linear function of A and N with coefficients from 

A. We summarize by stating 


(69) 4p=f 


24 THEOREM. For every operator A in W? and every complex function 
g, analytic and single valued on its spectrum, the operators p(A) of equations 
(63) and (68) are the same. 


Equation (67) suggests that for operators A in WP? with e(S,)=0, 
there is an operational calculus on an algebra larger than that consisting 
of analytic functions. To see that this is indeed the case, let A be in QI? 
and have e(S,) = 0 and let 2(A) be the algebra of all complex functions 
p on o(A) which satisfy the Lipschitz condition 

(A) — plu) 
(70) lol, sup 2 — Pl — 6, 
atu |A~ pl 
It is readily proved that, with the natural operations of addition, multi- 
plication, multiplication by scalars, and norm 


(71) lol=l¢la+lelo, pe XA), 


the set 2(A) is a B-algebra whose unit is the constant function 1. Now, 
by Corollary 9.9, A,;(s) and X,(s) are in o(A) for almost all s. Thus, 
equation (67) shows that y(A(s)) is essentially bounded on ©, and hence 
for p in L(A) the operator 


(72) HA) = f oAlopelds), pe MA), 


exists as an element of W2. We have 


25 THEOREM. If the operator A in W? has e(S,) = 0, then the map 
p->g(A) given by (72) is a continuous operational calculus for A which 
maps 2(A) into W. 


Proor. The conclusion of the theorem means that 


(73) g(A)e W, peA); 
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that the map y->g(A) is an algebraic homomorphism, that is, 
(74) (cep + BPA) = «p(4) + PHA), (p)(A) = (AJA), p, fe LUA), 


which is also an isomorphism, that is, 

(75) g(A) = 0 implies ọ= 0, 
and continuous, that is, 

(76) IWA) £ Klp], peL), 


for some constant K independent of p; and finally that the map p> ¢(A) 
is consistent with the meaning assigned to y(A) for analytic functions g, 
that is, the operators (63) and (72) are the same if » is analytic and single 
valued. on o(A). 

This last statement was already established in (64). Also, we have 
already observed that ¢(A) is in W? if p is in Q(A). Statement (74) follows 
at once from the corresponding identities for the finite matrices g(A(s)) 
and 7(A(s)). 

To prove (75), let p be in 2(A) and ¢(A) = 0. It follows from Theorem 
9.3 that 9((A(s)) = 0 almost everywhere on ©. Thus, for almost all s, œ 
vanishes on the spectrum o(A(s)). So, for some set og in X with e(o9) =€, 
the function o vanishes on ew o(A(s)), and since ọ is continuous, it also 
vanishes on the closure of this set. Thus Corollary 9.9 shows that ọ 
vanishes on o(A), which means that pọ = 0. 

To prove (76) it is seen from Theorem 9.3 and equation (67) that 


|p(4)l = ess sup | (A (s)) 


S 2|pla |A| + lelo SA lol, 
where K is the larger of 2 |A| and 1. Q.E.D. 


12. Some Examples of Unbounded Spectral Operators 


Although the topic of unbounded spectral operators will be treated in 
some detail in Chapter XVIII and many illustrations of such operators 
will be found in Chapters XIX and XX, we introduce the subject here 
briefly in order to show how some of the criteria for the determination of 
the spectral operators in the algebra A? may be carried over the case of 
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certain related unbounded operators arising in the study of linear systems 
of partial differential equations with constant coefficients. 

The notation will be that of the preceding section, but we shall now 
be concerned with p xp matrices A(s) = (4;,(8)) whose elements are 
measurable complex valued functions defined almost everywhere on © but 
not necessarily bounded. For every set o in X and every such matrix 
A(s) we define the matrix 


(1) A,(s)=A(s), seo, 
=0, séa, 


and the operator Â, in $” according to the equations 


D(A) =| pe g, |Ik)? ds < w}, 


(2) 
(A, p(s) = A ,(s)(s), pe D(A,). 

Throughout the present discussion the matrix A(s) will be fixed, and hence 
notations for various concepts dependent upon A(s) may not show such 
dependence. For example, we shall use the symbol 2 for the family of all 
sets o in X upon which A(s) is essentially bounded. It is clear that for such 
sets ø the operator A, is a bounded everywhere defined operator. In 
general, however, Â, need not be bounded but it is always a closed and 
densely defined operator. To see this let pm E D(A,), Ym >, and A, tn op. 
We may, by using subsequences, assume that Â, im and Ọm both converge 
almost everywhere as well as in §?. But then it follows that A o(S)e(s) = (8) 
almost everywhere, which proves that ẹ is in D(A,), that å, Y = p, and 
thus that 4, is closed. To see that it is densely defined we choose a sequence 
{o,,} with 
(3) Om E Do; Om |= Oma meas{({ ) Gm) } = 9, 
an arbitrary vector % in $”, and let ¥%,,(s) = (s) for s in om and x,,(s) = 0 
elsewhere. Then, since op is in Zo, Ọm is in D(A,) and, in view of (3), 
bm > in $”, which shows that A, is densely defined. 

The Fourier transform F in $” is defined as Fiya, ..., bp] = 
[Fh ..., Fp]. The matrix A(s) and an arbitrary set o in 2 determine 
an operator A, in H”, which is defined by the equations 


(4) D(4,)=FD(A,), A,p=F 1A, Fp, ypeDdD(A,). 
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Since F is a homeomorphism in $?” and A, is closed and densely defined, it 
follows that A, is also closed and densely defined. Similarly, it is seen that 
A, is bounded and everywhere defined for each c in Xo. For an arbitrary 
c in 2 the operator A, of equation (4) is determined by the bounded 
operators A, with c in Žo, as is evident from the following lemma. 


1 Lemma. Let A, be the operator (4) and let {o,,} be a sequence satisfy- 
ing (3). Then 


(i) D(A,) ={| lim Asom p exists}, 
(ii) Ap = lim Asom P ype D(A,). 


Proor. Let p = F-144€D(A,) so that p isin D (4,) and hence 
FA gam p = Agom > Âo t. 
This shows that 
Ason > F714, Fo = Aco. 


Now, conversely, let p be an arbitrary vector in H? for which Asom p 
converges in §? to some vector € Then, upon letting ~= Fo and 
tin(S) = Xom(s)¥(s), we have, in the norm of $”, 


Âs thm = A cam = FA cam p> FE, 


as well as Ọm —> y. Since A, is closed and %m isin D (4,), it follows that the 
vector W is in D(A,) and that Â, y = FE. Thus F-14 = pisin D(A,) and 


lim A gam? = é= F-14, Fo= Ago, 


which completes the proof of the lemma. Q.E.D. 


It is clear that, for every pair o}, oz in Z we have p(o1) D(A,,) E 
D (Âs), and thus it follows that 


(5) e(a) DAs) = D(A,.), 01, C2 € 2. 


If the set o differs from © by a null set, we shall usually write A and A 
for A, and A,, respectively, so that from (5) we have 


(6) e(o) D(A) S D(A), aed. 


Thus we may speak of the restrictions of A and A to the subspaces e(c) D(A) 
and (o) D(A), respectively. It follows that the restriction of A, to 
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e(a) D(A) coincides with the restriction of A to e(c) D(A), that is, 
(7) A,e(c)p = Ae(a)g, aed, pe D(A). 


For o in Xo, A, is in Ñ and thus A, is in Y so that, as in the preceding 
section, 


(8) AS f A(s)e(ds), oe žo- 
If {om} is a sequence of sets in X satisfying (3), then 
(9) Ag =lim f A(sje(ds)p, pe D(A), 


by Lemma 1, and so the operator A is a type of unbounded convolution. 
The preceding discussion may be summarized as follows. 


2 THEOREM. For each measurable p xp matrix A(s) of complex 
functions defined almost everywhere on © and each measurable set o in © 
the operators A, and A, defined in (2) and (4) are closed and densely defined 
in H”. For any set o in X we have the relations (6) and (7) and, for o in 
Z'o, A, is in U and (8) holds. For a sequence {om} satisfying (3), A is given 
by (9) and the domain of A consists precisely of those œ for which the limit 
in (9) exists. 


Our next concern will be with the question of the existence of a 
resolution of the identity for A. This leads us to formulate the definition 
of an unbounded spectral operator in terms of the previously defined 
notion of a bounded spectral operator. 


=> 3 Dermition. The operator A given in (4) will be called a spectral 
operator if for each o in Xo the bounded operator A, is a spectral operator 
and if, in addition, the resolutions of the identity E(8; A,) are uniformly 
bounded, that is, 

(10) sup sup |E(8; A,)| < œ. 

sero 6E€B 

The operator A is called a scalar type operator if it is a spectral operator 
for which each of the operators A, with o in 4) is a scalar type operator. 


The existence of a resolution of the identity for such unbounded 
spectral operators is given in the following theorem. 
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=> 4 THEOREM. The closed operator A given in (4) ts a spectral operator 
if and only if 
(i) ess sup |E(A,,(s); A(s))| < œ, l<k<j<p. 
sEeSj 


When this condition ts satisfied, the set function 
(ii) E(8; A) = f E(8; A(s))e(ds), 8e&, 
S 


is a bounded countably additive spectral measure defined on the Borel sets 
in the complex plane and whose values are projection operators in $?. Further- 
more, for every set o in Xo, we have 


(iii) E(8; A)A, =A, H(8; 4), Se, 
and 
(iv) E(8; A)e(c) = (5; Aele), bE RB. 
This last property uniquely determines the spectral measure E(8; A). 


Proor. The first statement is a corollary of Lemma 10.4 and Theorem 
10.6 and the second follows from Theorem 10.5 by observing that its proof 
does not use the boundedness of A(s). Since H(5; A(s)) and A(s) commute 
for each s in ©, the equation (iii) follows from Theorem 9.3. To prove (iv) 
we see from (1) that 


E(8; A)e(c) = f E(8; A(s))e(ds) 
= E(8; A,(s))e(ds) 


= [[ z6; A,(s)e(ds) eo) 
= H(6; A,)e(o). 


The final assertion is clear since Z(5; A,) is uniquely determined by A, 
o € Žo, and din &. Q.E.D. 


A scalar type operator may be expressed in terms of its resolution of 
the identity, as is shown in the following general type eigenvalue expansion 
theorem. 
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5 THEOREM. If A ts a scalar type operator, then 
Ag =lim AE (dA; A), y € D(A). 
T> æ “jAlsr 
Proor. Let {o} be a sequence satisfying (3) and let 6, be the set of 
complex numbers À with |A| < r. Then, for p in D(A), elom)g is in D(A) 
by (6). Also it follows from (7) and (iv) of Theorem 4 that 
E(8,; A)Ae€(om)p = E (8r; A) Ay, elm) p 
= E(ô,; Asm) Aom €(Om)P 
= AE (AA; A gn, )e(Om) DP 


Jalsr 
= NE(AA; A)e(on)Q 

lajar 

It is seen from (9) that Ae(om)p — Ag, so that 
E(6,; A)Ag = AE (dA; A)p, 
lal sr 

and the desired conclusion follows, from the countable additivity of E, by 
letting r— oo. Q.E.D. 


As a corollary to Theorem 4 we see from Theorem 11.18 and Corollary 
11.23 that in case p = 2, the criteria may be stated as follows. 

6 TuEorEM. Let p=2, 5? = (44, — gq)? + 4412401, and define the 
sets S, = {s | 5(s)= 0}, and S, = {s| (s) 40}. Then the operator A of 
equation (4) ts a spectral operator if and only if 

(i) ess sup 1411(8) — â22(8)|? + |4ar(s)|? + |412(8)|? Z0: 
sEeSQ |5?(s)| 


It ts a scalar type spectral operator if and only if in addition to (i) we have 
(ii) A(s) = X(s)I 
for some measurable function Aon RY and almost all s in ©. 


The preceding results may be readily applied to a formal differential 
operator A = (4,,,) where @,, is a polynomial a,,( 0/081, ..., @/@sy), with con- 
stant coefficients, in the partial derivatives 6/0s,,..., 6/@sy. We let 
r= PA-P be the dense linear subspace of H? determined by the 
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set Ø of rapidly decreasing functions on RY. For mp = {q1, ..-, pp} in Ø”, let 
Ag be that vector in H? whose jth component is 


(11) (Aq); = Yule > pe D. 


Using the inversion formula 


wel) = ow | et Fo) at 
we have 
Gy,( 8s) =Í eista „(it)(Fo)(t) dt 
jk\Os)Pk = re i jk Pk 


= (Fo *ay,(t-) Fp;)(s). 
Here we have used the symbol a,,(2-) for the operation of multiplication 
by the function a,,(it). Thus if A =(é,,(s)), where 4,,(s) = aplis), the 
equations (11) have the form 


(12) Ap=F1AF(q), pe®?. 


This equation, together with Theorem 2, shows that the differential 
operator of (11) has a closed extension given by equation (4) with c = G. 
We shall call this closed densely defined operator Ag the natural closed 
extension of A. 

The presence of the constant i=/~1 in the formal differential 
operator 


e Ee? 
2o ye 
és? 081 08. 
(13) 
02 02? 
a8, 88, as2 


prevents its natural closed extension to D(Ag) from being self adjoint, but 
nevertheless it has a resolution of the identity, for we have 
4Q= E =) 


—S18, —s2 


5°(s) = (s? — 83)? + 4is}s3, 
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and the fraction in the inequality (i) of Theorem 6 is 
|s? — sl? + 2 |s182|? 
{(8i — 83)* + 16st sg}? 
which is bounded on all of R”. Thus Ag has a resolution of the identity. 
Furthermore, the set ©, is the null set {s | sı = s2 = 0}, so that Ag is a 


scalar type operator to which Theorem 5 applies. 
As another example, consider the formal differential operator 


0? 
as? — aL 
(14) f 
, 
i Lat 
B ðs? 


where «, 8 are positive real numbers. If « 48, the corresponding closed 
operator Ag cannot be self adjoint, but it always has a resolution of the 


identity for 
zn [—S8i —ai 
e aa 
5°(s) = (s? — 82)? + 4o8, 
so that the inequality (i) of Theorem 6 holds. Here the set ©, is void so 
that Ag is a scalar type spectral operator to which Theorem 5 applies. 
Another type of differential operator whose extension is a spectral 


operator which is not a scalar operator is illustrated by the formal differ- 
ential operator: 


82 82 
a is 
081 8Sa 085 
(15) 
82 
i — 0 
és? 


1 


Here we have ©, = R” and Gy is void, so that inequality (i) of Theorem 6 
is satisfied but equation (ii) is not. Thus the natural closed extension Ag 
of the formal operator (15) is a spectral operator which is neither a scalar 
type operator nor a nilpotent operator. 

Occasionally in what follows we shall simply write A for the operator 
Ag, since no confusion should arise. This simplification will not be made 
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in the notation for the natural closed extension Ag, for in this case the 
symbol A is used for the restriction Ag to ®, that is, the formal differential 
operator which defines Ag. 

The spectra of the unbounded operators we have been discussing in 
this section are not always as readily obtained as they were for the bounded 
operators in WP”. The expression given in Corollary 9.9 for the spectrum 
of an operator A in W? is not necessarily correct when the elements of A 
are unbounded functions of s. For a closed operator Ag the resolvent set 
p(Ag) has been defined (see Section VII.9) as the set of all complex 
numbers A for which (AI — Ag)? exists as a bounded everywhere defined 
operator. The spectrum o(Ag) of Ag is defined to be the complement 
p(Ag). It is clear from the equation (4) that p(Ag) = p(Ag) and thus 
o(Ag) =o(Ag). It follows that p(Ag) consists of those A for which 
(AI — A(s))-1 exists for almost all s in © and is essentially bounded 
on ©. The last part of the proof of Corollary 9.9 does not use the bounded- 
ness of the elements of the matrix A(s) and shows that even for the 
unbounded. operators Ag considered in this section the spectrum o(Ag) 
contains the set o9(A¢) defined by the equation 
(16) o(4e)=(\_ U o(A()). 

e(6) =e sed 


In general, all we can say here is contained in the following theorem. 


-> 7 THEOREM. Let Ag, Ag be the closed densely defined operators 
defined in equations (2) and (4) respectively. Then o(Ag) =o(Ag), 

ple) = p(Ag) and o(Ag) 2 o((Ag). If Ag is a scalar type spectral operator, 
then o(Ag) = cole). For any Ag, not necessarily a spectral operator, the 
spectrum o( Ag) consists of o9(A) and all complex numbers À in its complement 
for which 


(i) ess sup |(AZ — A(s))~+| = 00. 
seG 


The resolvent set consists of all complex numbers À ¢ cole) for which 


(ii) ess sup |(AZ — A(s))~ 1] < 00. 
seG 


Proor. It should be noted that from the definition of o9(Ag) it 
follows that (AI — A(s))~1 exists for almost all s in © provided that A 
is not in cọ(4) and so the expressions occurring in (i) and (ii) are well 
defined. In view of the observations made preceding the statement of the 
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theorem, the last two conclusions of the theorem are clear and we shall 
only show that o(Ag) =o (Ag) for scalar type spectral operators Ag. If 
Ag is such an operator then it follows from Definition 3 and Corollary 
10.9 that Ag is a scalar type spectral operator and we see from Theorem 
VII.1.8 that for A ¢ o9(Ag) 

B(A,s(s); A(s)) 

aa Ais(8) 

Since A ¢ co(4e) the functions (A — 4,,(s))71 are essentially bounded on 
©, and since Ag is a spectral operator it follows from Theorem 4 that the 
functions |E(A,,(s); A(s))| are essentially bounded on ©,, k= 1,..., p. 
Thus (ii) holds and À is therefore in the resolvent set p(Ag) = p(A ny This 
proves that o9(Ag) = o(Ag) if Ag is a scalar type spectral operator. Q.E.D. 


k 
(AI — Ag(s))= 1 = X ; seG,,k=1,...,p. 
j=l 


The equation oo(Ag) = o(Ag) is sometimes true for spectral operators 
other than those of scalar type. Also the spectrum of certain nilpotent 
operators can be the whole complex plane. Some illustrative examples 
will be illuminating. Let p = 2 and consider the formal differential operator 


_ (0 fas, 
(17) A= F 0 ) 
Then (A) = {0}, A(s)?=0, and for every A ¢ a9(Ag), that is for every 
A %0, we have 


ts 0 is 
1 1 
QA = 45 k a: 
which is not essentially bounded. Hence the spectrum o(Ag) is the whole 
plane. In fact, if p and N are arbitrary positive integers and the formal 
differential operator 


(18) A= (x), Ay, = Ay,(0/081, ..., Of O8y), 

where a,, is a polynomial in sı, ...,8y with constant coefficients, is nil- 
potent on ®?, that is, A”®? = 0 for some positive integer n, then o(Ag) 
is the whole complex plane unless all the polynomials a, 1<j, k £p 
are constants (that is, independent of s1, ..., sy), in which case (Ag) = {0}. 
For, since N*(s) =0 almost everywhere, we have o,(Ag) = {0} and for 
any À 40 


i A(s) ; A*-(s) 
Qt — Ai =5 + me 
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which shows that the elements of (AI — A(s))~! are polynomials in 
S1,..., Sy and so |(AL — A(s))7}| cannot be essentially bounded unless all 
these polynomials are constants. If this is the case, then AZ — A(s) = 
{(AI — A(s))~4}~1 has constant elements and so does A(s). We may there- 
fore conclude from Theorem 7 that the natural closed extension Ag of 
the formal differential operator (18) with A"S? = 0 has its spectrum o(Ag) 
the whole complex plane unless A is of order zero, that is, none of its 
elements a,, contain any derivatives, in which case o(Ag) = {0}. 

Another illuminating example, with p = 2, is the perturbed Laplacian 


V2 a 82 82 
A= Ben pee at ee 
(19) (; = V as? Hotz 
and a = a(0/0s,, ..., 6/@sy) where a is a polynomial of degree at most 4. 
Here 
jisy (Hs? — 4) 


and so a9(Ag) = (— œ, 0]. If d(s) =0 then Theorem 6 shows that A is a 
scalar type operator and the preceding theorem shows that o(Ag) = 
(— œ, 0]. So we shall suppose that d(s) is not identically zero. We have, for 


A ¢(— ©, 0] 


ee ee oe oe E 
(AI — A(s)) =p tare (0 o)” 


and since |A + |s|?|~+ and |é(s)| |À + |s|?|~? are bounded on RY we have 
A in p(Ag). Thus o(Ag) = (— œ, 0] = a9(Ag) even though Ag is not a 
scalar type spectral operator. 

Other examples are afforded by the formal differential operators (13), 
(14), and (15) and the spectra of their natural closed extensions are readily 
obtained. 

An amusing example which has features not seen in the preceding 
examples is given by the formal differential operator 


ə a 
O81 08. 
(21) A= 
f] ô 


és, as, 
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Here we have 


(22) A(s) = +i P E. 8 = (81, 8) € R2. 
For each s in R? this matrix is normal and 

(23) A(s)A*(s) = |s|2I = A*(s)A(s), se R?, 
so that 


(24) £() (= 


Is] \ Isl 


Equation (24) shows that |s|~14(s) is unitary for s 40. Thus 


* 
) =I, Ose R?. 


pei ON By Sa j 
(25) A ozal, 2), 08e R?, 
and 
(26) | A(s)b(s)| = |s| |%(s)], se, yeg. 


The equation Ag =Q, being equivalent to the Cauchy-Riemann 
equation for the real and imaginary parts of a holomorphic function, has 
no non-zero solution ọ in ®?. For, by classical function theory, any 
solution p = (pı; p2) in ©? of the equation Ap =0 would define an 
everywhere analytic function f(z)=@,(s)+igo(s) of the variable 
z= 8,-+is,, and since f vanishes at infinity, it is identically zero. 

Equation (26) shows more, for it shows that the only in D(4,) with 
A, =0 is =0 and thus the only g in D(Ag) with Agg = 0 is p= 0. 

The set © for the operator (21) is a null set and 


(27) Aor (s) = 82+ ts, Aga(s) = —82 + isı, 
and the corresponding projections Ês) = E(Aq,(s); A(s)), j= 1, 2, which 
may be obtained from equation (46) in Section 11, are 

1 1 iż 1/1 —i 
(28) Bal) =3 (5 a Bal) = 5 (l: i) 
and thus seen to be independent of s. It is clear from Theorem 7 and 
equations (27) that the spectrum o(Ag) is the whole complex plane and 


elementary considerations show that every spectral point is in the con- 
tinuous spectrum. The fact that the projections #,,, are independent of s 
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simplifies the operational calculus for Ag. To understand what we mean 
by this statement the reader need not be familiar with Section VII.9 
which develops an operational calculus for unbounded closed operators, 
nor does he have to know the contents of Chapter XVIII which contain the 
development of an operational calculus for unbounded spectral operators. 
For here we are dealing with a type of operator Ag with special properties 
which make the definition of functions f (Ag) of Ag very easy, as we shall 
now show. 

Suppose that the formal differential operator A on ®? has the property 
that for almost all s in R” all eigenvalues of the matrices A(s) are simple 
roots of the minimal polynomial for A(s). This is the case if Ag is a scalar 
type operator. Let f be any measurable function defined on the spec- 
trum o(4g)=o(A). We simply define the p x p matrix f(A)(s) whose 
elements are measurable functions on RY by the equation f(A)(s) = 
f (A(s)). (If the roots of the minimal polynomials of A(s) are not all simple, f 
would have to have derivatives at certain points of the spectrum and in 
general if we have no special information about A, then this equation still 
defines f(A)(s) provided f has p—1 derivatives on o(Ag).) Thus the 
operator f (A) is defined by equation (2) and f (Ag) by equation (4). These 
operators are, as we have observed, bounded if f is essentially bounded on 
the spectrum. For example, if f (A) = exp tA and if the spectrum o(Ag) lies 
in a left half plane, then exp ¢Ag is a bounded operator for t = 0. This is the 
function one forms to solve the Cauchy problem g'(t) = Ag y(t), p(0) = po; 
which we shall briefly illustrate in Theorems 19 and 21 that follow. But 
now let us return to elucidate our earlier statement: the fact that the 
projections Ê,, given in (28) are independent of s simplifies the operational 
calculus for the natural closed extension Ag of the operator (21). Suppose f 
is a bounded measurable function on the complex plane (which is the 
spectrum of Ag) and is in L,(R?). Then, using (27) and setting 


fals) =f (sat+isi), foals) =f(—s2 + ts) 
we have 
f (A(s)) = Bar far(s) + Boo f22(8) 
and equation (4) which defines f (Ag) gives, since Ê, is independent of s, 


f(As) = Bo F-a F + Bog F foo F, 


XV.12.7 EXAMPLES OF UNBOUNDED SPECTRAL OPERATORS 2023 


where f,; is the operation of multiplication by f,;. Thus it follows that 


i 


1 i Mi = 
i) (77 *fa1) * PTs ( (77 foo) * p, ge’. 


—i 


f=; 


That the convolution (7~1f;,) * p exists for every p in $? is readily seen 
from Theorem 11.5 by using the sequence 


dla) = J Sil) Xo(8) ds 


There are two more illustrative examples we should like to discuss. 
They are both perturbed Laplacian operators, the first being (here again 
we take p = N = 2) 


V2 a 
(29) 4=( > Se): 
where 
2 2 
(30) r 42 


a= aoto ag , b= Bo + Bi 5 Ba 


We have 

3ra —_ (—Isl? å(s) 
(31) A(s) = i bee aah 
and §°(s) == 44(s)6(s). Thus Theorem 6 shows that if either a or b is zero, 
the natural closed extension Ag of A is a spectral operator (since in this 
case ©, = R?) which is of scalar type if and only if both a and b are zero. 
In case 4(s)b(s) is not identically zero, the set ©, consists of the two lines 


defined by the equation 4(s)6(s) = 0 and is thus a null set. In this case the 
fraction appearing in (i) of Theorem 6 is 


[4(s)|? + [8(s)/? 

4|4(s)b(s)| 
which is clearly essentially bounded on G, if and only if for some constant 
æ £0, 6 = wd and hence the expression (32) is the constant (1 + |«|?)/4 | |. 
We therefore conclude from Theorem 6 that if áb 40, the operator Ag is a 
spectral operator if and only if â and 6 are proportional, in which case 
Ag is a scalar type spectral operator. 


(32) s € ©, 
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It may therefore be concluded that the natural closed extension of the 
formal differential operator (29) is a spectral operator if and only if it has 
the form 

V? Ba 
(33) A= la V2 ) 
where «, 8 are any complex constants. The natural closed extension Ag of 
the operator (33) is of scalar type if and only if either «Ba Æ 0 or a = 0. Let 
us consider the case where «fa + 0. Then ©; is a null set and we may take 


(34) Aar(s) = —|s|? + oBa(s), Aga(8) = —|s|? — «Ba(s), se Go. 


Since d(s) is linear in s,, $2, Theorem 7 shows that the spectrum o(A.g) lies 
in some left half plane (à) < w. This suggests the possibility that As 
may be the infinitesimal generator of a strongly continuous semi-group 
T(t), t = 0 of bounded linear operators in H? and that we may be able to 
solve the abstract Cauchy problem, gy’ = Asọ, (0) = po, which will be 
precisely formulated presently. As the following theorem shows, the 
Hille-Yosida-Phillips theorem (VIII.1.13) is readily applied to this 
operator. 


8 THEOREM. If the natural closed extension Ag of the formal differ- 
ential operator A = (aj,), where œ; = 4;;(0/08,, ..., 6/Osy), 1S i, j < p, are 
polynomials with constant coefficients, is æ scalar type spectral operator, then 
it ts the infinitesimal generator of œ strongly continuous semi-group (defined 
on [0, 00)) of bounded linear operators in $? if and only if its spectrum lies 
in some left half plane. 


Proor. Suppose that Ag is a scalar type operator whose spectral 
points satisfy the inequality (à) < w. Then it follows from Corollary 
10.9 that for almost all s in R”, A(s) is a scalar type operator in Æ”. Thus 
there is a set RY in R” whose complement is a null set such that for every 
s in RY we have v(A(s)) = 1 for every eigenvalue \(s) of the matrix A(s), 
where, as usual, the number v(A(s)) is the multiplicity of \(s) as a root of 
the minimal polynomial for A(s). Then for every real à >w and every 
positive integer n it follows from Theorem VII.1.8 that 


i Eo Bu 
(35) RO A= È T aria 


where Ê,;(8) = E(A,;(s); A(s)). Since A—w <|A— A,,(s)|, Theorem 4 and 
equation (35) show that 


seS, rn Ri, 
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(36) ess sup | R(A; A(s))"| < x ; WSN ices 
seS (À — w)” 


It follows from Corollaries 9.5 and 10.9 that 
(37) | R(A; Ag)"| = ess sup | R(A; Ag)"(s)| = ess sup | R(A; Â(8))”] 
seS seS 


and we thus conclude that 


M 
(38) |R(A; Ag)"| $< ———,, A>wo, n=1,2,.... 
(A — w)" 

It follows from the Hile-Yosida-Phillips theorem (VIII.1.13) that Ag is 
the infinitesimal generator of a strongly continuous semi-group (defined 
on [0, o0)) of bounded linear operators in §?. This theorem shows also that 
if, conversely, Ag is such an infinitesimal generator then (38) holds for 
some real constants M and w. To complete the proof it thus suffices to 
show that (38) implies that every spectral point A of Ag has @(A) < w 
Now (37) and (38) show that there is a set ©, whose complement in © 
is a null set and for which 


(39) | RA; 4(8))"| < A>w, sep. 


M 
(A—w)”” 
According to Theorem 7 it suffices to prove that for every s in Gy the real 
parts of all the eigenvalues of A(s) are at most equal to w. If this is not 
true, there are integers j, k with R(Az3(8)) > w for some s in S, N Sy. Since 
L,,,(8) + 0 there is a vector p(s) in E? with |:b(s)| = 1 and p(s) = B,,,(s)xh(s). 
Thus, since £,,(s) and £,,,(s) are disjoint projections if q Æ j, it follows from 
(35) that R(A; Â(8)) p(s) = p(s )(À — Îx;(8))7” and (39) gives 


[A = As)" 


(40) I= =, 


Ds 
Since A(A,,,(s)) >w we may fix Aso large that |À — 4,,(s)| < À — w and thus 
the fraction appearing in (40) approaches zero as n —> œ. Q.E.D. 


It would be erroneous to conjecture that the only spectral operators 
which are infinitesimal generators of strongly continuous semi-groups 
(on [0, o0)) are of scalar type. 

To see this we consider another perturbed Laplacian operator for 
arbitrary positive integers p and N. The unperturbed operator is one that 
gives rise to a set p;(t) = «? V’p,(t), j= 1, ..., p, of diffusion equations 
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which occur in the theory of heat flow and in other similar problems such 
as the diffusion of light or the theory of neutron diffusion. Actually these 
diffusion equations are only approximations to the true equations in 
the case of light or neutron diffusion. In these cases the true equations 
correspond to a perturbed Laplacian operator. What we shall endeavor 
to see here is how much our theory so far developed will allow us to perturb 
the operator «?V?I and still permit us to solve the Cauchy problem for the 
perturbed diffusion equations. The perturbation will be made in two 
steps. We first use a nilpotent perturbation consisting of differential 
operators of orders at most 2. After that we perturb further by allowing 
the addition of any bounded operator in §?. Similar examples of higher 
order, some having unbounded perturbations, will be found in Exercises 
65, ..., 69, inclusive, of Section 14. 
We begin here by considering the operator 


oP V?, Aios... By 
0, a? V? 
(41) A = 2V7I + (Ax) = 
b @p-1)p 
0, 0,..., o?V? 


where «0 is a constant either real or purely imaginary, 
z 0 e? 
(42) V =a t æy = y,(0/08,, -.., 0/O8y), 


and a,, is a polynomial in s,,..., Sy with constant coefficients, of degree 
at most 2, and with a,,=—0 for 72k. In this example ©, = RY, 
fils) = — o? |s|? = —a?(s2 + +++ + 82), o (Mg) =(—00, 0], if œ is real, 
Go(Ag) =[0, œ) if « is purely imaginary, and the matrix M(s)= 
A(s) — 41(s)I is a nilpotent; N*(s)=0 for every s in RY. We shall 
from here on assume that œ? >0. The case where «* <0 is entirely 
analogous and the reader will have no difficulty in supplying the changes 
necessary for that case. An alternate way of treating the case «* <0 is to 
apply the results obtained for the case «* >0 to the operator —A. 
We fix w >0 which makes the constant 
ENG] 


43 K = sup ——~— 
( ) sN w F Ê |al? 
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finite since the elements of Ñ(s) are polynomials in sı, ..., Sy of degree 
at most 2. For n = 1, 2, ..., and every real A > w it follows from Theorem 
VII.1.8 that 
(44) (A — w)" RA; A(s))" 
rinn + 1)sss(ntv—1) (A—w)" r 
= È COS 2D) 2\n + Ns), 
v=0 v! (A+ a |s| ) 


where the term corresponding to v = Qin this sum is (A — w)” (À + a? |s|?) 7" 
and thus has norm at most 1 for all à >w, se RY and n= 1, 2,.... If 
v >0 the function of A given by the expression (À — w)"(A + «? |s|2)7”7” 
on the interval w < À< œ has its maximum value when À= w -+ 
n(w + æ? |s|2)v7 t from which it follows that 


(À — w)" , n 1 
u = y 1a O_O 
pees (A+ a? |s|?)"+¥ y (n+ v)"*” (w+ æ? |s|?) 


and from (43) that 


n(n + l)e (n+yvy—1l) (A—w)? wy 

v! (A + a? |s|?)" +” (8) 
eel | n o 
~ yt n” n+v 


which is bounded in n since, as n —> oo, it converges to e~’y’K”/v!. Thus 
equations (44) and (37) establish the inequality (38) and the Hille- Yosida- 
Phillips theorem (VIII.1.13) shows that the natural closed extension Ag 
of the formal partial differential operator (41) is the infinitesimal generator 
of a semi-group (on [0, 00)) of bounded linear operators in §?. 

We shall next show that the spectrum o(Ag) = (— œ, 0]. To do this 
we appeal to Theorem 7 and fix any A ¢ o9(A¢) = (— œ, 0]. The matrix 
(AI — A(s))~1 is given by equation (44) with n = 1 and so 


re le N%(s) 
(45) (AI — A(s)) eo A+ Aj 
Since A ¢ (— œ, 0] and the elements of N(s) are polynomials in s1, ..., sy 
of degree at most 2, both |A+ «?|s|?|-1 and | M(s)(A-+ «?|s|?)-1] are 
bounded on RY and so equation (45) shows that the condition (ii) of 
Theorem 7 is satisfied, which proves that A is in p(Ag) and thus that 
a(Ag) = (—o, 0]. 
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Since G, = RY we have E(A,;(s); A(s)) = I for every s in RY and so it 
is clear from Theorem 4 that Ag is a spectral operator. 

The fact that Ag is a spectral operator is, as the argument shows, 
independent of any restrictions on the order of the operators a,j, . 

We next give characterizations of the domains D(Ag) and D(Ag) 
which are more convenient than those used in (2) and (4) which define 
them. From (2) we have 


DA) =H eH"|] AOs)? ds <0}. 


If pis in D(Ag) and £= Ad then 


P 


(46) £,(8) = —a lsh) X Sa(s)yx(s), g=l,--..p. 


k=j+1 
The requirement that a given y in H? be in D(Âe) is the same as requiring 
|(s)|? to be integrable on ©, which in turn is equivalent to the requirement 
that each |¢,(s)|*, j= 1, ..., p be integrable on SG. We suppose ¢ to be 
such a vector. For j =p equation (46) is ¢,(s) = —a?|s|?x,(s) so that 
|Z,(s)|? is integrable on © if and only if |s|* |,(s)|? is integrable on &. For 
j=p —1 equation (46) becomes 


En- 1(8) = — 2? |s|" -1(8) + Bep-19(8)H0(8), 

and since Ĝp-1»(8) is a polynomial of degree at most 2 in s4, ..., Sy we 
have |4.)_ 1)p(8)| = O(|s|?) as |s| > œ, and since |¢p-1(8)|? is integrable on 
© it follows that |s|*|,-1(s)|? is integrable on ©. Thus, by downward 
induction, the equations (46) show that if % is in D(Ag) we have 
Saw |s|* |¥(s)|? ds < œ. Conversely, if a vector ¢ in $? satisfies this condition, 
it clearly belongs to D(Ag). Thus we may say that if the polynomials 
&,,(8) in the operator (41) are of degree at most 2, then 


(47) Då = (he G*| f IsI]? ds < co. 


In order to characterize D(Ag) in a form more convenient than its 
definition D(Ag) = F-!D(Ag) as given in equation (4), we shall find it 
convenient to use the notion of a tempered distribution. 


9 Derrition. A linear functional on the space ® of rapidly 
decreasing functions on RY which is continuous in the topology of ® 
defined by the neighborhoods given by the expression (1) of Section 11 
is called a tempered distribution in R”. The set of all tempered distributions 
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in R” will be denoted by T(R”). It is clear that it T, U are in T(R”) and 
a, 8 are constants, then the function «T + BU defined on ® by 


(i) (aT + BU )(y) = «T(y)+ BU(y), peð, 
isin T(R”) and T(R”) is thus a linear space. The complex conjugate T, the 
Fourier transform FT, and the inverse Fourier transform F-1T of a 
tempered distribution T are defined by the equations 


(ii) Tip) =T) peð, 
and 

Gii) (FT)\(~)=T(Fe), (F-'T)p)=T(F-p), peð. 
Theorem 11.1 shows that FT and F-1T are tempered distributions. If 
T, T, are in T(R”) where (n) is a directed set, then we define T = lim, Ta 
to mean that 


(iv) Ty = lim T,ọ, peð. 
n 


As an example of a tempered distribution we might mention the 
function T, determined by a bounded finitely additive set function v 
(defined on some field of sets in R” which includes the open sets) by the 
equation 


(48) T.(¢) = f pods) peð. 


Similarly, functions on RY may determine tempered distributions just as 
they sometimes determine distributions. For example, since convergence 
Pn —>ọ in @ is equivalent to the statement that for any two polynomials 
P,Q in N variables we have P(s)Q(6/és)pn(s) > P(s)Q(6/és)p(s) uniformly 
for s in RY, it is clear that a function ẹ in any one of the Lebesgue spaces 
L,(R*), 1 < p < œ, determines a tempered distribution by the equation 


Tie) =| oes), pe. 


To be precise we formulate this relationship in the following definition. 


10 Derrrrion. A scalar function yẹ on R” is said to determine the 
tempered distribution T, in R” if for every > in ®, ¢(s)h(s) is Lebesgue 
integrable on R” and the functional T, defined by the equation 


(49) Tip =f Pd, ped, 
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is in T(R”). The set of such scalar functions % which determine tempered 
distributions 7, will be denoted by S(R¥). 


Since C9 (RY) c @ and the convergence p, 3 p in O9 (RY) (XIV.3.1) 
implies that p, —> g itis clear that the restriction of a tempered distribution 
to CF(R”) is a distribution in R”. This observation enables us to deduce 
the following: 


11 Lemma. If, in the sense of the preceding definition, a tempered 
distribution corresponds to two functions, then these two functions coincide 
almost everywhere on RY. 


Proor. For any given compact set K there is a function p in ® for 
which g(s) = 1 on K (XIV 2.1). It follows that any function which deter- 
mines a tempered distribution is Lebesgue integrable over every compact 
set. Thus Lemma XIV.3.3 applies to show that two functions which 
determine the same tempered distribution can differ only on a null set. 
Q.E.D. 


This lemma gives a linear one-to-one correspondence between S( R”) 
and a linear subset of T(R”) and enables us to make the following definition. 


12 DEFINITION. A tempered distribution T which corresponds to a 
function y% in the sense of Definition 10 will be said to be a function. If 
% is continuous, or differentiable, or belongs to L,(R%) or C*(R¥), ete., 
then T will be said to be continuous, or differentiable, or belong to L, (RY) 
or C” (RY), ete. In other words we shall simply identify a tempered distribu- 
bution which is a function with the function to which it corresponds. If 
y e S(R”) and T = T, we may sometimes write T(s) instead of (s). 


We summarize in the following lemma some of the elementary 
properties of the map f> Ty. 


13 Lemma. The map 4 T, of S(.R®) into T(R”) is a linear map 
with the additional properties: 


(i) Ty= T;. 


(ii) Ifl <p ow, p-1+q7*=1, and fe L (R), then 
[Tsel Slolal¥l,, pe®. 
(iii) Ifl<p<o,p-'+q°-!=1land be L,(R"), then 
sup |Ty ol = ll». 


pE%.lplq=1 
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(iv) Forin L,(R¥) 
FT, =T ry, F-17,=T,-1,. 


Proor. The linearity of the map ẹ— T, and (i) are readily verified. 
Statement (ii) follows from Hélder’s inequality (III.3.2). Since C2(R¥) c 
® c L,(R*), it follows from Lemma XIV.2.2 that, for p < œ, the subset 
® of L,(R*) is dense in L,( R”) and so (iii) follows from Theorem IV.8.1. 
To prove (iv) suppose first that ẹ is in Ø in which case a permissible 
interchange of integration gives 


(FTN e—= f (Foe) ds=| PFO ds= Trip), peð. 


Now @ is dense in § = L,(R%) and thus there is for an arbitrary ẹ in 
H a sequence {p} = ® with p, >y% in H. Since FØ = ® (X1.1) and F is 
continuous on §, the inequality (ii) shows that FT, > FT, . On the other 
hand, the preceding equation shows that FT, = Try, which by (ii), 
converges to T py. This proves the first part of (iv) and the second part is 
proved similarly. Q.E.D. 


We define derivatives of tempered distributions as we did for distri- 
butions. The motivating factor for the definition is that if a tempered 
distribution To, is a sufficiently smooth differentiable function po then we 
would like 6*7',, to be the tempered distribution corresponding to qo, 
provided, of course, that the derivative 6g, determines a tempered distri- 
bution. Suppose, for example, that po, p are both in ®. Then an integration 
by parts in the variable s, gives 


ay(s) 


RN Os, 


ð 
fa 2) Gy, rd- o(s) ds, 


which leads us to define the derivative (@/és,)T of an arbitrary tempered 
distribution by the equation 


(50) — Tip) = —T (=) , pe®, 


It is clear that ôT /ôs, is a tempered distribution and repeated differentia- 
tion for any set «= (a1, ..., %y) of N non-negative integers shows that 
&T or (0/0s)*T is given by the equation 


(51) (ETAP) =(=) uT (0p), peð. 
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For a formal differential operator 


(52) a= ¥ a, 


lali Sm 


with constant coefficients æ, the tempered distribution aT is thus given by 
the formula 


(53) (@T)\(y)= Tatty), peð, 
where 
(54) at= (—1) "lla, &. 

lal1sm 


In connection with the derivatives of tempered distributions the following 
lemma will be needed. 


14 Lena. If both T and 0°T are functions for some T in T(R”) 
and some «, then so are T and &*T functions, and 


P(s)=T(s), (8T) = (0 TV8). 
Proor. The statement about T is already contained in part (i) of 
Lemma 13. Since 


T (9) =f g(s) T(8s) ds, pe®, 


RN 


we have, by definition, 


(Tilo) = Eai & p(s) T (8) ds 


= (#7)(9) 


= Í P(S) (&T)(s) ds = f o(s)(@T)(s) ds, 
RN RN 


which shows that ôT is a function and that (&T)(s) = (&T)(s). Q.E.D. 

The following definition and lemma are useful in determining the 
domains of certain natural closed extensions of formal differential 
operators. Also, it should be noted that if the tempered distribution T 
belongs to the space T™®( R”) of the following definition, then the preceding 
lemma shows that the complex conjugate tempered distribution T is also 
in PYRY). 
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15 Derrition. For k=1, 2, ..., let T(R”) be the set of all 
tempered distributions T in R” for which &T is in § = L,(R*) for every 
æ with |«|, < k. For each pair T, U in T®(RY) we define 


(i (T,0®= $ f (@TYs)(@O)(s) ds, 


OS|efi<k “RN 


(ii) [Tle = (7, T). 


Lemma 14 shows that the scalar product (T, U),,,) satisfies all the 
requirements demanded in the definition of a Hilbert space (IV.2.26) 
except that of completeness. This property will now be proved. 


16 Lemma. The space T®(RY) of the preceding definition is æ com- 
plete Hilbert space. 


Proor, As just observed, we need only prove completeness. Let {T m} 
be a Cauchy sequence in T%®(RY). Since |T]; 2 |T|, the norm of T as a 
function in § = L,(R*), then T, converges in § to some T. Similarly 
Pn — Pol ey Z Tra —&T,,| for O<|o|;<k and so the sequences 
{0T m} all converge in § to functions T, in H. Let p be in ®, then 


f(s) Pals) ds = lim(°T,,)(p), 


RN m= © 


= lim (—1) Tap), 


= (—1)1 T (ôg), 
=(&T)(¢); 
which shows that & T = T, and is thus in $. Q.E.D. 


As we shall see presently, the following space is useful in characterizing 
the domains D(Ag) of the natural closed extensions of certain formal 
differential operators A in Ø”, 


17 Derririon. For every integer p 2 1 the space (p)T“(R¥) is 
defined to be the direct sum 


(p)T (RY) La T®( RY) @ T}( RY), 


where there are p summands. For T =[T;, ..., T,Jand U=[U,, ...,U,] 
in (p) T(R”) the scalar product and norm in (p)T“(R¥) are defined, as 
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usual, by the equations 


p 
(T, Uo. = ap U Jon» 


[Tlo m= (7, T). 


Since the direct sum of an arbitrary number of Hilbert spaces is 
always a complete Hilbert space (IV.4.19), the space (p)T(R¥) is a 
Hilbert space. 

We are now prepared to return to the study of our illustrative 
example of the perturbed Laplacian as given in equation (41) and to 
determine the domain D(Ag) in case the disturbing operators are of order 
at most 2. The characterization of D(Ag¢) is incorporated in the following 
theorem which also summarizes what has already been proved about this 
operator. 


18 THEOREM. Let the formal differential operator P = (a,,), where 
Oy, = (0/081, ..., 6/Osy), Jj, kK=1, ..., p, Gre polynomials with constant 
coefficients and degrees at most 2 and let ay,=0 for j Z k. Let the formal 
operator A be defined on Ð? by the matrix 


a?V?, Gin, tt, Ay, 

0, OV eoig 
A=?7V7I4 P= 

; Bin -1p 

0, O7,..., aV’ 


where « «0 is either @ real constant or a purely imaginary one, and 


o? o? 
TE E L N 
ôs? eo és2, 
Then the natural closed extension Ag of A is a spectral operator with spectrum 
o(Ag) = (—00, 0] in case «x? >0 and o(Ag)=[0, 00) in case «? <0. In 
either case the domain D(Ag) ts 


DAs) = (p)TO(R"). 


The operator Ag is also the infinitesimal generator of æ strongly continuous 
semi-group (on [0, 00) in case «2 >0 and on (—œ, 0] in case «? <0) of 
bounded linear operators in $”. 
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Remark. As the reader will readily observe, Theorems 18, 19 and 21 
may be stated in a manner that allows « to be an arbitrary complex 
number. 


Proor. All of the conclusions except the formula for D(A) have been 
established. Since this formula is a special case of the conclusion (vii) of 
Theorem 19 that follows we shall omit its proof here. 


19 THEOREM. Let A be the operator of Theorem 18 with «2 >0. Then 
for every yp in H? there is one and only one continuous map t > y(t) of 
[0, 00) into H? which is differentiable for t >0 and has the properties 


(i) plt)ED(Ag), W<t<o, 
(ii) g(t) =Aygol(t), O<t<o, 
(iti) p(0) = 9. 


This unique function is given by the equation p(t) = T(t)p\ where T(t), 
0 <t< oœ is the strongly continuous semi-group for which Ag is the infinite- 
simal generator. The semi-group T(t) and the function y have the further 
properties: 

(iv) The derivative q’(0) exists and g'(0)= Agy(0) if and only if 
gy €D(Ag). 

(v) The semi-group T(t) has æ strongly analytic extension to a semi-group 
T (À) defined for A in the half plane B(A) > 0 and thus the unique solution 
g of the Cauchy problem presented by equations (i), (ii), (iii) is analytic and 
has the analytic extension ~1(A) = Ty(A)p™ to the half plane B(A) > 0. 

(vi) The operator AX is the natural closed extension of the formal 
differential operator A* on Ð? and for R(À) > 0, 


pr(A) € (\ DAG), PPA) = Ak qld); k=1,2,..., 
k= 


and 
(vii) D(A‘) = (p) TCHR"), ESEZ 15s 


(viii) For @(A)>0 the function y(A)= ¢1(81, ---, Sy; A) has con- 
tinuous derivatives with respect to s=[s1, ..., Sy] of all orders and Bq, 
belongs to H? for every B =[B1, ..., By. 

If «*? <0 then the analogous conclusions obtained by reflecting the 
complex plane in the imaginary axis also hold. 
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Proor. Let M(s) = A(s) + «? |s|? I. It follows from Theorem VII.1.8 
that the matrix Î(s; t) = exp(tA(s)) is given by the formula 


(55) P (s; t) = e7 tll etno) 
-1 7 
= enle "yt P Ns) 
v=0 v! 


and has the properties 

(56) P(s;t+u)= Pist) Als; u) POSI sem. 

The equation (54) shows that T(s; t) is bounded in s if t 2 0 and thus 
the operator T(t) in $” defined by the equation 

(57) (POY) = Pes: thls) per, OSt<o, 

is a bounded linear operator in $” and it follows from (56) that T(t), 
0 <t < œ, is a semi-group, that is, 

(58) Peyu) = e) u, POSI OStu<o. 


It is clear from (55) that, for any y € H?, T(t) is continuous on the open 
interval (0, 00). We wish to show now that it is also continuous at t = 0. 
To show this we shall establish the fact that | P(¢)| is bounded on 0 <t < o. 
Since Ñ (s) has no elements of degree more than 2 in s,,..., Sy we have 
|N (s)| < K |s|? and thus, in view of (55), to establish the boundedness of 
|7(t)| it suffices to show that for each j =0,..., p, 


(59) K(t) = sup them #7Is!?| 5129 


seRN 


is finite and bounded in ¢. An elementary calculation shows that 


(60) K(t)= (2) 0<t<o, 
are 

and is thus independent of t, which proves that 

(61) PO <M, OSt<o. 

Thus for ẹ in $? it follows from (55) that 


lim 7(s; t)xb(s) = pls) se RY, 
t-0 


and from (61) that 
| P(s; ts) < M|p(s)|, se RY, 
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and so it follows from the dominated convergence theorem (I1I.6.16) that 
lim, T(t)’ = % in 9”. This proves that T(t) is a strongly continuous 
semi-group on [0, œ) of bounded linear operators in $”. Let Ê be the 
infinitesimal generator of the semi-group 7(t), 0 < t < oo. It will now be 
shown that B= A. For oe D(Ê), we have, by definition, 

; dde 
lim 


h=>0+ 


A y= ap. 


On the other hand, it follows from (55) that for each s in RY 


lim (a #) (s) = A(s)-h(s), 
ho>o+ 

which shows that A(s):b(s) is square integrable on R" and that Bs = Ay. 
Thus Â 2 Ê. Now every positive A is in p(A) and thus the Hille-Yosida 
theorem (VIII.1.13) shows that all large real A are in o p(B). For 
such A we have, since A 2 Ê, (Af — A)D(B) = (Al — B)D(B = $”. How- 
ever we also have (Af — A)D(A) = H”, which proves that m 4) = D(Ê) 
and thus that A = Ê. We now define 


(62) T(t)=F-17)F, OSt<o, 


so that T(t) is a strongly continuous semi-group on [0, oo) of bounded 
linear operators in $”. Its infinitesimal generator is, by definition, the 
operator B whose domain consists of all » in $?” for which the limit 


T(h) —I 
Bo= lim w 
h>0+ h 
p a 
li F-t @) ! Fo, 
h>0+ h 


exists. Thus p is in D(B) if and only if Fp is in D(A), that is, ọ is in 
F-1(A) =D(Ag). Since the preceding equation shows that Bo = 
F-1AF9, p € D(Ayg), it follows that B = Ag and that Ag is the infinites- 
imal generator of the semi-group (62). Let y(t) = T(é)p™. It is clear from 
equation (55) that the function p(t) = 7(t)b, where p = Fo, is in 
(A) for t > 0 and that x’ (t) = A(t) for t > 0. Thus (i) and (ii) follow since 
F and F~? are isometries in H”. Equation (iii) is an immediate consequence 
of the definition of g(t). 
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We shall next prove that the map t+ q(t) of [0, œ) into $” is the 
only one with the properties (i), (ii), and (iii). Let p, be another function on 
[0, co) to H? with the properties (i), (ii), and (iii), Then for u>t>0 


ô > l 
= T(u —t)p, = lim - [T (u —t —h)gi sn — Tu —t)pd 
ôt nooh 


=lim T(u—t—h) Pith Pt 
h-0 h 


T(u—t—h) —T(u —t) 


+ lim 


h-0 
Since |T(t)| is bounded and g; satisfies (ii), 
lim T(u —t —h) Pt Tu — Aggy. 
n-0 h 


Since d(T(t)p)/dt = Ag T(t)p® for every p% in H? and every t > 0 we see 
by placing g, for p and u — t for t that 


. T(u—t—h)—T(u—-t) 
lina J 


7, pr= —T(u —t)As pi. 
h-0 


Thus 


ð 
a =p, 0<t<u<o, 


and 


ð é 
z T(u — tlp: — TH] = z [T(u — tp, — T(u)p] = 0, 


which shows that the vector 
C= T(u—t)lg:— T(t)p®] 


is independent of ¢ and thus also independent of u. By letting u—>t+ we 
have 


C=9,—T(ho®, 0<t<o, 


and by letting t+0-+ we see that (=o — g — 0. This shows that 
pi = T(t)p = p(t) and proves the uniqueness of g(t). 

Since Ag is the infinitesimal generator of the semi-group T(t) the 
conclusion (iv) follows from Definition VIII.1.6 and Lemma VIII.1.7(b). 
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For every complex number A with @(A) > 0 let 7,(A) = F-12,(A)F, 
gi(A) = T1(A)o™, where 


(63) P (8; A) = e7 0782 S A vo), 


v=o v! 


and where, as before, the operator 7,(A) is defined on §? by the equation 


(64) (AAY = Piss Ys), peg. 

Since | (s)| = O(|s|?) as |s| > 00, it is clear from (63) that 7,(A) is strongly 
analytic on the half plane @(A) > 0 and since F and F~! are isometries 
in 9”, it follows that 7,(A) is also strongly analytic when @(A) > 0 which 
proves (v). 

To prove (vi) we observe first that while the powers A* of an un- 
bounded operator A are defined inductively by taking DÂY) = 
{be rl A*- be D(A 4)} and A* = A(A*~ 1x) it follows from the particular 
form of our operator A that the power A¥ is given by the formulas 


(65) D(A") = {he gP] f 1s ls)? ds < oo} 
RN 

and. 

(66) (A*p)(s) = (A(s))Fi(s), pe DS). 


The formula (65) results from the fact that the matrix (A(s))* has 
(—1)*«2* |s|2* for its elements on the principal diagonal, zeros below the 
diagonal, polynomials of degree at most 2k above it, and may be derived 
by the argument used to prove equation (47). Since the map A > A(s) of 
the algebra of formal differential operators A = (a,,) on ®? is a homo- 
morphism, it follows from equation (66) that A% is the natural closed 
extension of AF. 

It follows from (63) that for the vector (A) = P(A), we have 


ð x 
(67) A PAANS) = A(s)fr(A(s), RA) > 0, se RY, 


and, since | N(s)| = O(|s|?) as |s| > 00, it follows from (63) and (65) that 
(68) b(A)eD(A*), BA) >0,b=1,2,..... 


In view of (67) and the fact that the derivative (A) exists in the norm 
of H? we have 


(69) $A) = Âp là) RASO 
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By using the Fourier transform, (68) and (69) become 


(70) y1(A) e D(A), RA) >0, k= 1,2, ..., 
and 

(71) pil) = Aggila), BA) > 0. 
Suppose that we have established the equation 

(72) pP) = AE, (A), RA) > 0. 


Since q; is analytic, the derivative p+? exists and equation (72) shows 
that 


go — oP = 
pDA) = lim 2! A+A) — pP lim A% pı(À +h) P(A) 
h—0 h ho h 
Since AX is closed, (71) and (73) show that {f +P(A) = A% + Dp, (À) which 
completes the proof of (vi). 

To prove (vii) we recall that, by definition, (since A is the natural 
closed extension of A*) we have D(Ag) = F~1D(A*) and so the statement 
(73) (p) TORY) S D(AS) 
is equivalent to the statement 
(74) FT=[FT,,...,FT,]eD(A*), T e(p) TNR”). 


It is apparent from (65) that a vector 4 =[#,,..., %,] is in D(A*) if and 
only if each component #, has Jw |s|**|y,(s)|? ds < œ. Hence the state- 
ment (73) is equivalent to 


(75) [_SIMIPDIOP ds <o, Pe TOR). 


In other words, this just amounts to observing that (73) is true for every 
positive integer p if it holds for p= 1. Consequently, we let T be an 
arbitrary element of 7?")(R¥), Lemma 14 shows that T e TCR") 
and so 


and 


(76) (VT = f AVT ds, peð. 
RN 


XV.12.19 EXAMPLES OF UNBOUNDED SPECTRAL OPERATORS 2041 


Also, for p = Fe we have 
(77) (V*T)(p) = (VETE 14) 


= (V F~125)(s) T'(s) ds. 
RN 


Since ¢ is in ® (Theorem 11.1), we may differentiate under the integral 
sign to see that 


(WEF *eh)(s) et(—1)* |u|?*y(w) du 


1 
2m) fi 
= F-*((—1)* |:|?*h(-))(8) 


and so from (77) we obtain 


(78) (VP |p) = f FDE HONE) Ts) ds 
=f HDE IHE- ds 
RN 


= f H= D" |s| (FT68) ds. 
RN 
Since F is an isometry in §, |%|2= |p|. and since FØ = ® is dense in $ 
it follows from (76) and (78) that 
|V T] = sup |(V*T)(p)| 
loļl2=1 


= sup 
[¥[2=1 


= {f enoa” 
RN 


which establishes (75) and proves (73). 

Now conversely let © e D(AX) so that JO = Fo is in D(A* 
which is equivalent to the assertion that each component f% of {© is 
in § and satisfies the inequality 


f PDs ETG) ds 


(79) f EPOR ds < oo. 
RN F; 


We wish to show that the tempered distribution 7, corresponding to 
gP is in T(R”), In view of Lemma 14 it suffices to show that 7, is 
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in T@(R*), Let |æ], < 2k, pe ®, p= Fo. Since ye ® (Theorem 11.1) 
we have, by differentiating under the integral sign as before, 


(FT ooMe)= | (D r-e) ds 
= f (DP PYON) ds 
=f HND isP- Ps) ds 
= f MODI Cisye PAPI) ds 


= f yD Eis) ds 


Since 9 satisfies (79), it follows that the coefficient of ẹ(s) in the preceding 
integrand is square integrable on RY and the same is true of its Fourier 
transform F((—1)!*!1(j+)* 49), The preceding equation thus gives 


(PN) =[ IEDM FPN ds, peA, 


and proves that T, is in T@(R*) and that: 
TO, ..., Toe (p) TOR). 

This shows that 

(80) D(A) S (p) TCP(R”) 


which, when combined with (73), establishes conclusion (vii). 

According to conclusions (vi) and (vii), for each A with @(A) >0, 
9(A) is a vector T =[T,,...,7,] with T;, j= 1, ..., p, a tempered distri- 
bution in R” whose derivatives of all orders are functions in § = La( R”). 
The restriction F, = T,|CZ%(R%) of T, to OF (RY) is a distribution in R” 
whose restriction F, |©, to the open ball &, = {s e R” | |s| <r} has for its 
derivatives functions which are the restrictions of the corresponding 
derivatives of T,. Thus conclusion (ii) of Theorem XIV.4.5 applies with 
n = N, p =2, and k arbitrarily large, to show that all derivatives of T, are 
continuous on the closure of ©, . Since r > Qis arbitrary, 08 @1(s,,..., 83 À) 
exists for each 8 as a continuous vector function of s on RY and 


f l8 pils; X2 ds= f [ery ds < f ETN)? ds < œ 
Sr Sr RN 
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shows that these derivatives 0p, all belong to $”. Q.E.D. 


20 COROLLARY. Let k be a positive integer and let p(s) = [gi(s)1,--+5 
pp(s)] be defined on RY. If, for all sets B =[B,, ..., By] of N non-negative 
integers, (08 p)(s) exists, is continuous on RX and square integrable on RY, 
then q belongs to D( Ax). 


21 THEOREM. Using the notation of Theorem 19 and letting B be an 
arbitrary bounded linear operator in §?, we have: 

(i) The operator Ag+ B with domain D(Ag) is the infinitesimal 
generator of œ strongly continuous semi-group S(t), 0 < t < œ. 

For every p© in $? there is one and only one continuous map t > glt) 
of [0, 00) into H? which is differentiable for t >O and has the properties 


(i) plt)eD(Ag), 0<t<o, 
(iii) p (t)= (Ag+ B)glt), 0<t<o, 
(iv) ¢(0) = gp. 


(v) This unique function y is given by the equation p(t) = S(t)p©. The 
semi-group S(t) has a strongly analytic extension to a semi-group S(t) defined 
for € in the half plane R(t) > 0. The unique solution to the Cauchy problem 
presented by the equations (ii), (iii), (iv) is analytic in t and has an analytic 
extension o1(C)=S(f)p© to the half plane R(t) >0 which satisfies the 
equations (ii) and (iii) for complex values of t with R(t) > 0. 

(vi) D(Ag+ B) = (p) TOR"). 

(vii) The derivative q' (0) exists and (0) = (Ag + B)e(0) if and only if 
g% is in (p) TORY). 

If x? <0 then the analogous conclusions obtained by reflecting the complex 
plane in the imaginary axis also hold. 


Proor. We shall first need a bound for the norm of the analytic 
extension 7',(f) of the semi-group T(t) to the half plane #(f) >0. Let 
Rl) >0 so that ¢ = |é] e! with —r/2 < 6 <7/2. Then since 


1 v 
-A(fya2\sl2 | 2y —— [— 
a eae (=) 
it follows from (63) and the fact that | Ñ(s)| = O(|s|?) as |s|—>0o that 
|7',(Q| < K(sec 6)?-1 and since F is an isometry in §? that 


(81) |71(2)| < K(sec 0)» -1, =| Cle”, > <0<5. 
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On the real axis 0 = 0 and hence, since T(t) is strongly continuous at t = 0, 
(82) |T(t)l K, 0O<t<o, 


a fact which also follows from (61). The inequality (81) shows that 7(Z) 
is strongly continuous at ¢ = 0 provided ý remains in a sector —p S 0 <p 
with 0 < p < 7/2. We now define inductively operators S,(¢) for (¢) > 0, 
n=0,1,..., and g e $”, by the equations 


g 
(83) S(= THD, S(Qp= | To —wBS,_s(w\p du 


where the path of integration is the straight line segment from 0 to @. 
Since 7',(€) is strongly analytic for @(f) >0, it is clear from (83) that 
S,(£) is also. Using (81) and (83) we obtain, inductively, the estimates 


(84) S(O S [K (see 8-34 | B|” ey 
Thus the series 
(85) SH = FS, @(L)>0. 


converges absolutely, showing that S(¢) is strongly analytic for 2(f) >0 
and that 


(86) |S(g)| < K(sec 0)?~* exp{K(see 6)?-*|Bl | ¢]} 
and along the positive real axis, 
(87) |S(t)| S Kelt, 0 <t<oo. 


‘Thus for any real number w > K | Bl, 
(88) f e*8(t)p dt= F Í eats topdi, RIAN >w, peg. 
0 n=0%0 
Now, using Corollary VIII.1.16, we obtain, for @(A) >w, the formula 
foe) foe) t 
f e-448.,(t)p dt = f el Í T(t — u) BS, _4(u)p du) dt 
0 o o 


= fea” e ACW i = u) BS,,_ 1(&)p ai|du 
0 u 


= f e f eet 0BS, p a du 
0 0 
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= f en at rol Í e- BS, (Up du) dt 
0 0 


= R(; Ag)B | e- 448, (up du, 
0 
whose repeated application gives, since S,(t) = T(t), 
f eS Ap dt =IROA); Ao)BI f e- T(u) du 
0 0 


= [R(A; Ag) BY’ R(A; Ag) 
= RA; Ag) [BR(A; Ao), 


which, together with (88) shows that for every g in §? 

(89) fe #8(pdt= RA; Ao) [BRO Aep AA) >a. 

Now let p e §?, (A) >w, y = K |B| w~ +, so that from (82) it follows that 
IBRA; Ae)pl = |f 6 *BT Up di 


KJB] 
< K|Bl\p 20- < Ël lo] = lel 


and thus that |BR(A; Ag)| S y <1 for (A) >w, which shows that the 
series (89) converges absolutely. It will next be shown that the series (89) 
is the resolvent R(A; Ag+ B). For brevity we let R= RA; Ag), 
By => 2 A BRA; Ag)", Bı = Bo —1 =F 2. iL BR(A; Ag)]". Then 


(I — Ag — B)RB,= (I — BR)B, = B, — BRB, = B, — B, =I, 


and, for y e D(Ag), 
RBM — Ag — B)p= RB (ÀI — Ag)p — RB, By 
= RI + B,)(Al— Ag)y — RB, Bp 
= g + RB,(AI — Ag)p — RB, Bọ, 


and since (AI — Ag)p = R- tọ = (BR)~1Bg, the above equation becomes 


RB (Al — Ag — B)p= p+ R{B,(BR)-* Bp — B, Bo} 
= p + R{B, Bp — Bo Bo} = 9, 
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which proves that RB,= R(A; Ag+ B) and, together with (89), gives 
(90) R(A; Ag + B)p = Í e“*S(t)p dt, RA >w, peg. 

o 


Corollary VIII.1.16 thus shows that S(t), 0 <t< œ is a strongly con- 
tinuous semi-group and that Ag + B with domain D(A) isitsinfinitesimal 
generator. We have already observed that S(t) is strongly analytic for 
A(t) > 0. We shall now show that it is a semi-group, that is, S(%1 + %2) = 
SCS (Ea) if B(l,) > 0 and R(t) >0. For any in H” and ¢>0 the 
function 
féa) = [S(41 + t) —8(2,) S(t) ]p 

is analytic and vanishes for ¢, on the positive real axis. Thus f,(,) =0 
for A(t) > 0. Thus for @(Z,) >0 the function 


fal fe) =[S(4 + &2) — SES (Ea) lo 


vanishes for £, on the positive real axis and hence f,(€,) = 0 if Z(t) > 0, 
which proves that S(Z) is a strongly analytic semi-group on the half plane 
RE) >O. 

We shall next prove that S(¿)p e D(Ag) for p e H? and A(t) >0. At 
one place in the proof we have Ag 7(f—u)BS,.,(u) as an integrand 
which has a singularity of magnitude (¢ — u)-? when u = ¢. To avoid this 
we use a most elementary type of summability by introducing the operators 
defined on H” for every integer n = 1, for 0 <r <1, and &(f) > 0 by the 
equation, 


rt 
(91) 8..1Qp= f TE — UBS,- (updu, peg, 

0 
where, as before, the path of integration is the straight line segment 


joining 0 with ré. 
By Theorem 19 (vi) 


(92) So(QpeD(Ag), Soll)yp=AgSol(S)p, All) >0. 
We wish now to calculate the derivative S,(f)p for n 2 1. We have 


Sh, ( + h) = 8,,2(0) 
h p 


1 protrh 
= T,(h) an T (č —u) BS, -1(u) du 


(continued) 
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+ f“ Ti(E +h —u)— T(E — u) 


BS,,_1(%)p du 
o h 


which shows that 


d 
(93) ge Sro =r Ta — 1h) BSn_a(rb)p 


S T (č —u)B8S„-1(u)p du. 
0 


2047 


We know that the last integral exists, since for each u in the segment of 
integration, T (¢ — u)BS,_1(u)p is in D(Ag) (Theorem 19(vi)) and the 
integrability with respect to u of the function Ag T 1(€ — u) BS, _1(u)p 
follows immediately from the form of the function 1,(s; A) given in 
equation (63) for, since we are integrating only from 0 to rý with r <1, the 
argument ¢—w remains away from zero. In view of Theorem III.6.20 


equation (93) may be written as 


d 
T7 Sh, (bp T rTi(% z rC) BS, -1(70)p 


(94) 7 


rE 
+s Í, T (č —u)BS,-(u)p du. 


It follows from (91) (or from the analyticity of S» .(¢)) that 
d d 
lim — =—8 
T Sn, (ép Të nl S)p 


and, since 


rT1(f — rl) BS,-1(74) 9 = BS,,-1(Q)q; 


the last term in equation (94) has a limit as r —>1. Since Ag is a closed 


operator and 


lim f T (t — u) BS,- (up du = Stp, 


r>1 0 
it follows that S,(2)m is in D(Ag) and that 
(95) S,(S)p = BS, -1(2)p + ASP 


= (Ag+ B)Si(S)p + B(S,-1(2) — Salb) 
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Since S() and S,(), n 2 0, are analytic on the half plane (t) > 0, it 
follows from (85) that 


(96) SOp= È Sie, ALSO, pes, 
and from (92), (95) and (84) that 


(97) S'(Qp=lim Ý SOP 
= lim (4s + B) È S(p — lim BS,(2)9 


= lim (e+ B) Ý SU- 
Since As + B is a closed operator, it follows from (85) and (97) that 


(98) S(Z)peDiAs+ B), S'(Qp=(Ast BISP, A(t) >0, pe H?. 


Thus if we set (t)=S(t)p, 0<t<oo, the function p satisfies the 
conclusions (i), (ii) and (iii) and its uniqueness may be established as it was 
in Theorem 19, We have already seen that S(t) has a strongly analytic 
extension to a semi-group S(C) defined for #(Z) > 0 and (98) shows that the 
conclusions (ii) and (iii) are satisfied by complex values of t with Z(t) > 0. 
This completes the proof of conclusions (i),..., (v). The conclusion (vi) 
follows from Theorem 19 (vii). Since Ag + B is the infinitesimal generator 
of the semi-group S(t), 0<t< oo, conclusion (vii) follows from (vi), 
Definition VIII.1.6, and Lemma VIII.1.7(b). Q.E.D. 


A few comments on a method of solving some of the Cauchy problems 
we have encountered may be in order. It happens that a number of the 
examples we have discussed and, as the reader will readily observe, many 
that we have not discussed, only require elementary functions for the 
explicit representation of the solution of the initial value problem. We 
shall illustrate this by giving the specific elementary details of how the 
calculations are made in a few examples. According to Corollary 11.10, 
the operator algebra of all convolutions (proper and improper) defined on 
§ is *-equivalent to the B*-algebra Lo(R”). It follows that the algebra 
A? of operators A in $” defined by the equation 
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(99) A= L A(s)e(ds), 


where the elements of A(s) = (a,,(s)) are bounded measurable functions 
on R”, is a convolution algebra and 


(100) Ag = (17714) * p, pe, 
where 

1 
(101) Ta QmPR ta, 


and F is the Fourier transform in H”. The natural closed extensions Ag 
of the formal differential operators A illustrating the Cauchy initial 
value problems that we have discussed, except that of Theorem 21, are 
all infinitesimal generators of semi-groups in this algebra W”. For such an 
infinitesimal generator Ag, the strongly continuous semi-group T(t), t = 0 
(or ¢ <0) of operators in $”? that it generates is given by the formula 


(102) T(t) =e = | (et4)(s)e(ds). 


We may therefore, according to (100), express the solution y(t) = T(t)o 
of the initial value problem 


(103) P (t)=Agelt), p0) = 9, 
as a convolution integral 
(104) p(t) = (77t exp tÂ) « pp. 


The formula (104) solves, in the sense that term is used in discussing 
differential equations, the Cauchy problem (103) for it reduces the problem 
to that of a quadrature. 

We shall first illustrate the use of (104) by solving the diffusion 
equation with p=—1, N arbitrary, and the initial value a prescribed 
function gy in L,(R¥), that is, the problem of solving the following 
equations for g(s; t): 


ô 
(105) g PS N= Vols t), — p(s; 0) = p(s), 


where p? = 6?/0s? + --- + 6/082. Since sin u is an odd function, we see 
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by iterated integration that 


ie 1 
(106) (T~ tet4)(s) = f eTe thul? cos su du 


foe) 
— a2 tr2 
f e7% tr" cos s,r dr 
- 0 


= Z(ma?t) 2e- [s12 laat 


where in the last step we have used the well-known (cf. Bartle [8], 
p. 369) definite integral 


(107) f e7cr? cos(tr) dr = It e~ tite, c>0. 
Thus (104) shows that the solution of (105) is 


(108) g(s; t) = Hrann f e7 ls-ul? 1407t Ou) du, 
RN 

The kernel here is the V-dimensional form of the Gauss- Weierstrass trans- 
formation. If «? >0 and N= 3, equation (108) gives Laplace’s solution 
to the problem of heat flow in an infinite solid. Here gy‘ (u) is the initial 
temperature at the point u = (U1, Ug, Us), p(s; t) is the temperature at the 
point s = (S4, 82, 83) and time ¢, and œ? = K/C where K is the heat conduc- 
tivity of the material and C is the heat capacity of the material per unit 
volume. The equation (105) also occurs in the study of a solute diffusing 
through a solvent in which case g(s; t) is the density of the solute at the 
point s and time t. The solute as well as the solvent may both be liquids, 
and so equation (105) arises in connection with the diffusion of one liquid 
through another and also in the study of neutron diffusion through 
matter. It is for such reasons that (105) is known as the diffusion equation. 
The fact that diffusion is an irreversible process reflects itself, in the 
mathematical solutions of such problems as the preceding, by yielding 
semi-groups instead of full groups, Thusa proof of the unique existence of 
a solution to a Cauchy problem corresponding to a diffusion equation is 
another way of asserting that the present determines the future (but not 
the past, as is the case with certain conservative mechanical systems 
encountered in celestial mechanics and wave propagation where there is 
no energy lost or entropy gained). 
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We next consider the problem of finding the explicit form of the solu- 
tion to the Cauchy problem whose existence is established in Theorem 19. 
As before, we assume that «°t >0. It follows from equation (55) which 
gives the analytical expression for (exp tÂ)(s) that the calculation of the 
operator r~! exp tÂ involves the calculation of integrals of the form 


Qelul2 j 
f eisu ẹ-a°tlul ult. x8 uly du 
RN 


N © 2 
= JI f e~ tuk (cos Sp Up + Sin Sp u,)usk duy. 
k= E 


Thus the calculation of r~! expt reduces to the evaluation of only a 
finite number of functions defined on the real axis by the equations 


Fy) = ig e-t? (cos ay)a! dx, 
(109) ~ 
Gy) =f e~ t=? (sin xy)jæ’ dx. 


It is clear that F (y) = 0 = G,,,(y) if j is odd. Equation (107) shows that 


(110) Fy) = Jar y2 /402t 


and we may calculate the remaining functions F3,(y) and Gan41(9) 
inductively from (110) and the relations 


(111) Girly) = —Fyy), Fiy) = Gy). 


We next consider a different type of perturbed Laplacian with p = 2, 
N arbitrary, and given by the formal differential operator defined on 6? 
by the matrix 

“272 a 
(112) A= ( Bq sap) 
where 8 + 0 is a complex constant, 
ô ô 
ee E RORE OS, 


and the complex constants a, ..., %y are not all zero. As before «? is a 
positive or negative real number and p? = 6?/0s? +----+ + 67/0s2. We 
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assume that 8 40 and that not all of the constants yo, ..., yy are zero, 
for otherwise the operator (112) reduces to the case covered. by the preced- 
ing example, whereas with our assumptions a slightly different type of 
integral arises. We have already observed in our discussion of the operator 
(33) (which only differs from (112) by a multiplicative constant) that the 
natural closed extension Ag of the operator (112) is a scalar type spectral 
operator. We have 


7 a? |s|? &(s) 
(113) 4) =(peatey a lle) 
whose characteristic roots are 
(114) Aox(8) = —a?|s|? + Ba(s), Aza(8) = —o? i — Ba(s) 


and have the associated projections £ ,(s) = E(Ag;(8) A(s)), j= 1, 2, given, 
according to equation (11.41), by 


1 = 
us Basile i) a= 


N| = 
aam 
| = 
mee) 

l 
= TD 

a 
~” 


Thus (VII.1.8) 
(116) (et4)(s) = eoh 4: ett22 pf 


where we have omitted the variable s in the symbols £,(s) to emphasize, 
as (115) shows, that they are independent of s. Since Ag is a scalar 
type spectral operator, Theorem 7 shows that o(Ag)=9,(Ag¢), and 
since &(s) is a linear form, the equations (114) show that o(Ag) lies in a 
half plane. It follows from Theorem 8 that Ag is the infinitesimal generator 
of the strongly continuous semi-group T(t) = F~!cxp(tA)F. For u= 
(ui, ..., Uy) E RY we have Bd(u) = Bao + du + teu where the linear forms 
ôu and cu are real and homogeneous, that is, 8; and &;, j= 1, ..., N are 
real constants. It is thus apparent from (114), (115) and (116) that the 
calculation of the operator 7~!exp(t4) only involves evaluation of the 
integrals 


f eisu e- a?tlul? + t8ao+tòu+iteu dy 
RN 


N 2 2 
= e+ ae f e-tu; + tu fcos(s, + teu; + isin (s; + tepu} du,. 
j=1 
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The integrals here are of the following two types, with c= «*t > 0, b real 
and y= s; + te;. 


f e~c? cos(uy) du 


= cos(by) F e~t? cos(ry) dr = a (e~»7/4°)cos(by), 


f e~c&~b” sin(uy) du 


= sin(by) ig e~°cos(ry)dr = d (e-97/4¢)sin(by), 
where again we have used formula (107). This shows that an explicit 
form for the matrix representing the convolution kernel operator 
7-1 exp(tA) in $? may be given in terms of a finite number of elementary 
functions. 

The reader may have observed that, in the general theory of strongly 
continuous semi-groups, the differentiability of T(t)p is only assured if p 
is in the domain of the infinitesimal generator, whereas in the examples of 
Theorems 19 and 21 the function g(t) = T(t)p® was differentiable (even 
analytic) for every t >0 and every »® in H”, thus allowing the initial 
value »® in the corresponding Cauchy problem to be an arbitrary vector 
in H”. From the abstract theory of semi-groups this phenomenon may be 
explained by the fact that, in these examples, we have T(t)? S D(Ag) if 
t >0 (Hille and Phillips [1, Theorem 10.3.5, p. 310]). In the examples of 
Theorems 19 and 21 we did not appeal to the general theory, as it was 
clear from the form of exp tÂ that T(t)p was differentiable for t > 0 and an 
arbitrary œ in H”. It is even clear that the nth order derivative T(t) 
exists in the uniform operator topology for t>0 and every positive 
integer n. 

The same observations are true of the natural closed extension of the 
formal differential operator (112). This is apparent from the formulas 
(114), (115), (116) and the fact that â(s) is a linear form. It is also clear 
from (113) that 


(117) DA) = (He $] | [slt 14s)? ds < o0} 
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and thus if follows, as the proof of Theorem 19 shows, that 
D(Ag) = (2) TOR"). 
We summarize a few of the properties of the perturbed Laplacian 
operator (112) in the following theorem. 


22 THEOREM. The natural closed extension Ag of the formal differential 
operator (112) is a scalar type spectral operator which is the infinitesimal 
generator of a strongly continuous semi-group T(t) of linear operators in $°. 
The domain of Ag is 

(i) D(Ag) = (2)TO(R*), 
and 

(ii) THS? S (TAR),  t>0. 

For every p© in H° there is a uniquely determined continuous map t + g(t) 
of [0, 00) into H? (of (—œ, 0] into H? if «? <0) which is differentiable for 
t >0 and has the properties 


(iii) plt) e (2)T2@(R"),  t>0, 
(iv) g(t) = As p(t), t>0, 
(v) p(0) = ©. 


(vi) This uniquely determined function g(t) is given by the equation 
p(t) = T(t)p™ = (7-1 exp(tA)) « p® 


and the elements of the matrix representing the convolution operator r~t exp(tA) 
are expressible in terms of a finite number of elementary functions. 

(vii) For t>0 the derivatives T™(t), n=1, 2, ..., all exist in the 
uniform operator topology. 


Proor. Statement (ii) follows (i) and (114) ... (117); (vi) shows that 
(rq)(t) = (exp tA)rp, which proves (vii) and the existence of ọ'(t), 
t >0. The uniqueness of y(t) may be proved as it was in Theorem 19. 
The other conclusions have already been proved. Q.E.D. 


13. Determinism 


Besides the few examples mentioned in the present section we have 
met the linear Cauchy initial value problem in Sections VIII.2.14, XIV.7 
and XIV.8, but nowhere have we mentioned the position it holds in a 
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long train of philosophic thought concerning the dichotomy of free will 
and determinism in human destiny. In this general sense it has, perhaps, 
a history older than any other topic discussed in these volumes and, since 
mathematics, physics, astronomy, and philosophy have never been 
isolated from the other creative developments of civilizations in the past, 
we would feel a bit remiss if we did not give a short account of this history. 

The fact that an initial state of a system may determine all of its 
future states, as is the case with some of the Cauchy problems that we 
have discussed, is an example of a many-faceted proposition that has 
captured the inquisitorial imagination of scientists, mathematicians, 
philosophers, and poets for some twenty-eight centuries. The idea of 
determinism or predestination shows itself as early as the 8th century B.c. 
in the poems of Homer and a group of Ionian bards known as the 
Homeridae (literally, the sons of Homer) and several centuries later in the 
writings of the tragedians Aeschylus (525-456 B.c.), Sophocles (495?- 
406? B.c.), and Euripides (480-406? B.c.). With all of these poets and 
dramatists it took form in the fate of one or more individuals and was 
not a universal doctrine as was the case with the various philosophical 
theories of determinism. It sometimes occurred merely as a short deus 
ex machina to bring a play to a timely conclusion but, more importantly, 
fate appeared either as a curse on a certain family, usually to last for at 
most a couple of generations, and pronounced by an oracle of a god or by 
direct intervention of the gods themselves as, for example, in the machina- 
tions of Athene who was so prone to help in the plight of Achilles in the 
Trojan war or in that of Odysseus in his great journey home. Likewise 
Euripides, in the protasis of his Helen, using a version of the legend made 
famous by the poet Stesichorus (sixth century B.c.) and documented by 
the historian Herodotus (4847-425? B.o.), relates how Helen spent the 
years of the Trojan war in Egypt under the protection of its virtuous king 
Proteus and never did go to Troy with Paris. There are several versions of 
how this fortunate bit of fate was achieved by the gods. Judging from 
many such examples in their poetry and drama, one concludes that the 
Greeks of antiquity believed that a man’s fate was completely in the hands 
of the gods and the most he could do was to make supplications and 
sacrificial offerings to keep in their good graces. 

Somewhat later, around the fourth and third centuries B.c., a school 
of philosophers, sometimes referred to as the Logical Determinists believed 
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that men’s wills are fettered and therefore nothing can be altered. Such 
views were formulated by Zeno (340-265 B.c.) and his school of Stoics and, 
even earlier, by Diodorus Cronus (fourth century B.c.) who was a member 
of the school known as the Megarians, founded by Euclid (450-368 B.c., not 
the geometer). Their views, like those of the poets, were associated with the 
idea of fate, but were backed up by their principle of logic, tertium non 
datur, which means in modern terms that they admitted only a two-valued 
logic—every statement was either true or false. (This principle does not 
contradict Gödel’s Theorem but does presuppose the exclusion of self- 
contradictory statements, the existence of which they were certainly 
aware. The Megarian Eubulides was famous for his logical paradoxes—the 
familar paradox “If a man says he is a liar, is he telling the truth ?” is 
due to him.) This proposition was assumed to apply even to statements 
that had never been formulated as well as to statements regarding future 
events—ergo, quite simply, everything is predetermined. However, the 
Stoic logician Chrysippus (280-206 B.c.) found it convenient to modify 
their basic premise to allow escape from such unfortunate disturbances as 
a sick man would suffer from the statement ‘‘I shall not recover from this 
disease.” For, whether it be true or false, he would have no need to call a 
doctor. Chrysippus introduced the notion of `“ condestinate”’ facts which 
allows the man to recover only if he calls a physician. These two facts, that 
of recovering and that of calling a physician, are “ condestinate.” Even 
though the logical determinists took their logic quite seriously, they had 
more faith in portents if confirmed by an oracle of a god. 

The Ethical Determinists, who were more or less contemporary with 
the tragedians, assumed that man’s fate was determined by himself but 
not by an act of free will. Plato (427-347 B.c.) and Socrates (469-399? B.c.) 
assumed that one’s decisions were made for one’s own good and thus in 
any situation a man’s actions were predetermined by his reasoned decision 
as to what was best for him. Descartes’ (1596-1650) and Leibniz’ (1646— 
1716) ideas on determinism were very similar to those of Plato. But 
Plato’s pupil Aristotle (384-322 B.c.) as well as John Locke (1632-1704), 
and many philosophers between these two, rejected Plato’s reasoning on 
the grounds that it contradicts the fact that man is an incontinent being. 
Thus man’s decisions, which affect his actions and thus determine his 
future, are made from desire and appetite and not from a reasoned 
judgment as to what is best for him. A gourmet chooses his food for his 


XV.13 DETERMINISM 2057 


pleasure, not for its benefit to him. Aristotle’s views are probably those 
held by most of his successors until the dawn of modern science with 
Newton in the seventeenth century, when many philosophers began to 
switch to the idea that human behavior and future events were determined 
by the laws of nature. 

Actually, the laws of nature as an explanation of human behavior 
and as a basis for rejecting free will in favor of determinism did not 
originate in modern times but predates the Christian era. As early as the 
fifth century B.c., Democritus and Leucippus were among the founders 
of the atomic theory of matter which held that all matter was composed 
of indivisible, indestructible, and undiminishable atoms in constant 
motion. Such a scientific view which, strangely enough, was also held by 
the Epicureans (who even believed that souls were composed of atoms), 
made everything ultimately depend on the motions and collisions of atoms 
which, at any instant, have positions and velocities determining their 
future states or configurations. It seems probable that the Epicureans 
could not tolerate the thought of absolutely no free will, for they found it 
convenient to alter the atomic theory slightly by introducing the concept 
of a special motion of the atoms which they called “swerve” and which 
was assumed. to occasionally take place and allow a deviation from the 
otherwise preordained state of affairs. 

This idea of swerve is today trenchantly replaced by the empirical fact 
of the motion of the perihelion of Mercury (observed in 1845 by Urbain 
Leverrier and satisfactorily explaincd much later by Einstein’s general 
theory of relativity), by the knowledge that the internal energy of an 
atom can be converted into radiated energy or light, that the mass of a 
particle varies with its velocity, that mass may be converted into energy, 
that light is affected by a gravitational field, that no observations or 
measurements can tell precisely the simultaneous position and momen- 
tum of certain elementary particles; any one of these provides a deviation 
from the classical theories of Newtonian mechanics, cosmology or light. 
Thus Niels Bohr (1885-1962), Lorentz (1853-1928), Einstein (1875-1955), 
Heisenberg (1901- ), and other modern physicists have given ample 
evidence to require a modification of Laplace’s most incisive and universal 
of all formulations of the doctrine of scientific determinism. 

Laplace (1749-1827), having the benefit of the rapid growth of 
theoretical mechanics since the time of Newton (1642-1727), was able 
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to explain all the anomalies, such as the changing speeds of Saturn and 
Jupiter, in Newtonian mechanics that were known at his time and thus 
demonstrated the stability of the solar system, a law of nature which 
Newton had doubted. In fact, Newton believed that stability could only be 
achieved with the help of God. Laplace’s unswerving confidence in 
Newton’s laws is responsible for his famous reply to Napoleon’s query 
concerning the lack of God in his theories. Laplace merely said that he had 
no need of that hypothesis. Laplace was greatly impressed by the irrefut- 
able implications of Newton’s laws to the doctrine of determinism. In 
explaining these implications in nonmathematical terms he envisaged, in 
his Philosophical Essay on Probabilities (1814), a kind of superhuman 
calculator who could, upon having complete knowledge of the present 
state of the universe, tell with absolute certainty its exact state at any 
time, future or past. The obvious impossibility of the existence of an 
intelligence so superior that it could ascertain the initial conditions (the 
present state), let alone perform the calculations necessary for prognostica- 
tions, is what led Laplace to his studies in the theory of probabilities. 
The aberrations in Newtonian mechanics discovered around the turn 
of the century do, of course, refute Laplace’s conclusions when applied 
on the universal scale which Newton’s laws permitted. However, when 
applied to the solar system and certain other systems of macroscopic 
as opposed to microscopic nature, these laws allow the scientist to forecast 
the future with great accuracy simply because the recently discovered 
anomalies from the classical laws are quite small. For example, the more 
recent revisions of Leverrier’s original measurement of the change in the 
perihelion of Mercury show it to be about 43 seconds of are per century. 
Great accuracy in cosmological predictions has been a characteristic 
of mathematical astronomy since ancient times. Perhaps the most familiar 
and commonly used result of these quite abstract, and by no means 
trivial, mathematical deductions of antiquity is the calendar, which is, in 
essence, a sort of ephemeris. There were at least nine ancient civilizations 
that developed calendars, our own western calendar being a descendant, 
with a few variations, from the Roman, but perhaps the most interesting 
one is the lunar calendar of the Babylonians, whose scientific basis has 
only recently been discovered. Our present knowledge of Babylonian 
cosmology, which is one of the most fascinating historical discoveries of 
modern times, is largely due to the scholarly researches of O. Neugebauer 
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and his predecessors Fathers Epping, Strassmaier, and Kugler whose work, 
published between 1881 and 1924, made it clear that Babylonian lunar 
theory was of a truly sound mathematical character and used a minimal 
amount of empirical data. Prior to their discoveries it was believed that 
Babylonian astronomy was based on mysticism and astrology. The basic 
problem of Babylonian lunar theory was their calendar, which defined the 
beginning of each “month ” as the instant when the new crescent moon 
was first visible after sunset; the specific problem was the determination 
of which months had 30 days and which 29. The construction of a calendar 
involved deductions from a combination of many independent problems 
of which the Babylonians had an accurate grasp; problems such as the 
effect upon its visibility of the periodic deviations of the moon from the 
ecliptic, the variable inclination between the ecliptic and horizon, the 
latitude of the moon, and the determination of the shortest distance 
between the moon and the sun at sunset that will permit visibility, which is 
a problem involving the determination of the variations in lunar and solar 
velocities. The Babylonians not only realized the independence of these 
problems but developed ephemerides to solve them, and they also devised 
a theory which allowed them to make the very accurate predictions of the 
combined effect of these phenomena which were needed to develop their 
calendar. Neugebauer, a leading authority on mathematical astronomy in 
the ancient world, regards this achievement as one of the greatest to be 
made in the exact sciences of antiquity. We should add that the Baby- 
lonians accomplished this without the aid of any kind of geometric model 
of the solar system or even a model of just the sun, the earth, and the 
moon. The tools that allowed them to become their own oracles were the 
ephemerides. These lunar ephemerides were rectangular matrices whose 
rows represent consecutive months and whose columns contain specific 
lunar and solar data such as velocities, longitudes, and magnitude of 
eclipses, such data depending on the particular problem to be solved by 
the given ephemeris. The general theory developed by the Babylonians 
led to elementary algorithms, based on arithmetic progressions, for the 
calculation of subsequent rows from the preceding ones. 

As Neugebauer has discovered, the Babylonians also had planetary 
ephemerides capable of giving very accurate predictions of future plane- 
tary phenomena. 

The reader who desires more knowledge of the Babylonian civilization 
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than that in Neugebauer’s magnum opus [1] of three volumes which 
contains all texts concerning mathematical astronomy known up to 1955, 
will be pleased to know that there are still many (perhaps hundreds of 
thousands) tablets in the British Museum and elsewhere which remain 
unpublished ! 

In this extremely brief capsule summary of the theory of determinism 
we have mentioned but a few of the many theories that have been formu- 
lated but we do, in conclusion, wish to note a few dissenting voices. We 
have already mentioned how some recent scientific discoveries have 
partially undermined the universal scientific determinism as formulated 
by Laplace. We also briefly note that the existentialist novelists, who are 
among the modern proponents of the existence of man as an individual 
with a completely free will, have for the most part taken a hands-off 
attitude towards the laws of nature and normally attack other restrictions 
upon their freedom which perhaps do not have such a formidable founda- 
tion. 

However, some bold intellectuals such as Diderot (1713-1784) are 
exceptions for he questioned, in his Letter on the Blind (1749), the existence 
of order in the universe. This was all the more daring because of his close 
association with the mathematician d’ Alembert, an authority on theoretical 
dynamics, with whom he edited the most prodigious of all 18th century 
publications, the great Encyclopédie ou Dictionnaire raisonné des Sciences, 
des Arts et des Métiers. We also find in Diderot’s Rameau’s Nephew a 
foreshadowing of existentialism, although here there is no questioning of 
the laws of nature or design in the universe. In his famous dialogue with 
Diderot (his shocked interlocutor) the self-imposed moral debasement of 
the nephew, achieved by making a parasitic attachment to 18th century 
French society, was his form of revolt against corruption and ignorance 
in that society which was not only a deterrrent to the Encyclopédie but to 
the arts in general. 

However, Dostoevsky (1821-1881), in his Notes from Underground 
(1864), has his underground man deliver a masterful diatribe against the 
scientific determinism of Laplace as well as the ethical determinism of 
Plato. He does not try to refute scientific determinism but regards “ twice 
two makes four ” and the laws of nature as facts which he will not accept 
or tolerate, as they fetter him like a surrounding wall which he cannot 
break down. 
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In Kafka (1883-1924), most particularly in The Trial and The Castle, 
there is no revolt—no bitterness. Here one finds humility in the articulate 
and sensitive prose of a devout and gifted author who, in these humorous 
and at the same time pathetic fantasies, portrays the futility of any 
communication with the divine, which is symbolized by a bureaucratic 
establishment replete with a hierarchy of illogical, obstinate, shadowy and 
illusory officials; files jammed full of documents in complete disarray; 
telephones of questionable existence and always with unreliable connec- 
tions; etc. The humorous and reverent satire in these novels is the very 
antithesis of the cynical revolts found in Rameau’s Nephew and Dosto- 
evsky’s Notes from Underground. What tettered Kafka was that which 
separates humans from any knowledge of divine justice. 

Sartre (1905- ), like Kafka, appears to live in peaceful coexistence 
with science, possibly because of the amusing fact that his metaphysical 
rationale seems to lead to a belief in the unreliability of reason. Thus, it 
is not surprising that that enigmatically gifted novelist Jean Genet 
(1910- ), Sartre’s Saint Genet and his prototype of the perfect exis- 
tentialist, is not only undisturbed by the laws of nature but seems to be 
completely unaware of them. However, regardless of such presumed 
unawareness, he is certainly capable of deriving much pleasure from these 
laws, for it is inconceivable that at many times in his life he would not have 
been happy to hear the prison warden say “ You’re due to be released 
next month ”—a statement which, as we have indicated, requires a con- 
siderable amount of abstract and non-trivial mathematics together with 
some accurate astronomical observations to give it precise meaning. 

Thus, while there are many stimulating ideas in the various theories 
of existentialism, we believe that these doctrines or those of nihilism or 
any other doctrine cannot regard mathematics and the exact sciences as 
isolated intellectual disciplines, for they are inextricably fused into our 
life and culture and will become more so in the future. This fusion to which 
we refer is vividly illustrated by Neugebauer [2]. Although his primary 
purpose in this book is the detailed presentation of the mathematical 
astronomy of ancient Egypt and Babylonia, he allows himself some 
fascinating digressions into the Middle Ages. From the many examples of 
sculpture, paintings, illuminated manuscripts, and so on, of the Middle 
Ages and the Renaissance that incorporate astronomical phenomena he 
singles out one, namely, the Book of Hours of Jean de France, Duc de 
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Berry, and by reproducing one of the twelve most famous pages (those 
representing the twelve months), he describes in detail the interesting 
observation that the artists accurately portray the anomalies in the sun’s 
velocity, a fact known to the ancient Greeks as well as to the Babylonians. 
This is something hardly to be expected by the uninitiated in a prayerbook 
executed in the first quarter of the 15th century. This remarkable manu- 
script, now the property of the Musée Condé in Chantilly, France, has in 
1969, after almost five and a half centuries, been published under the 
title of The Trés Riches Heures of Jean, Duke of Berry. This same rapport 
between artists and the exact sciences of antiquity continues to exist 
today. Marianne Moore’s Icosasphere describes a recent engineering appli- 
cation of the icosahedron, one of the five Platonic solids; Frank Lloyd 
Wright’s many uses of the cantilever and Alexander Calder’s mobiles, 
both using Archimedes’ principle of the lever, are familiar examples of 
applications of ancient principles which have been recorded by modern 
artists. Every reader can easily supply many such examples. 

However, the massive but still incomplete fusion of modern science 
into our civilization is much more complex. Only the educated know the 
meaning of the equation E = mc? and the resulting uses of atomic energy, 
and only the educated know how Newton’s laws are used to determine 
orbits in space travel. It is the small minority which knows that the 19th 
century’s greatest mathematical physicist, James Clerk Maxwell, pro- 
posed, in 1864, four exact laws which govern electromagnetic waves (the 
existence of such waves was not established until almost a quarter of a 
century later by the German physicist Hertz), and that these laws have 
given us radio, television, television via satellite, radio control of space 
travel, and radar; phenomena that are familiar to practically every inhabi- 
tant of every civilized part of this Earth whether he be educated or not. 
Despite the complexity and abstract character of these modern laws of 
nature, we still find an appreciation of their beauty by some artists and 
the resulting friendly rapport with the mathematical physicist. This is 
documented, for example, by the correspondence between one of our 
greatest poets, Paul Valéry, and André Gide [1] which makes it evident 
that Valéry (who studied mathematics before entering the legal profession) 
appreciated, as an artist, the works of such men as Laplace and Maxwell. 
Maxwell’s genius has given us a most powerful means of instantaneous 
visual communication and mass education, both of which may well be 
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prerequisite to world peace. It is to be hoped that they will be used intelli- 
gently, for, if not, we may end up with an incredible number of so called 
“ educated ” intellectual robots. However, television or any other engineer- 
ing application of a scientific principle cannot replace a good book or a 
work of art, so that as long as we continue to produce the great creators 
that we have in the past, the pleasure of our increased cultural develop- 


ment is assured. 


14. Wiener-Lévy-Hopf Theorems 


As in Sections 11 and 12, $ will denote the Hilbert space L,(R¥), 
Ñ the B*-algebra L,,(R*) ,and A the B*-subalgebra of B($) consisting of 
all operators having the form 


(1) a= iM A(sje(ds), deW, 


where © is the one point compactification of N-dimensional Euclidean 
space R” and e is the self adjoint spectral measure given in equation (11.15). 
We know from Lemma 9.2 that if the elements a, A in Y, W”, respectively, 
possess bounded inverses a71, A-1 existing as operators in $, H”, respec- 
tively, then these inverses are in A, W”, respectively. The proof given in 
Lemma 9.2 for these statements used, in an essential manner, the fact 
that A and QI? are B*-algebras. This important property of an operator 
algebra containing all inverses that exist as bounded everywhere defined 
operators is, of course, not restricted to B*-algebras. We shall discuss here 
certain incomplete subalgebras of Qf and the corresponding subalgebras of 
A? which also enjoy this property. 

We first discuss the subalgebra W, of A which consists of all operators 
having the form 
(2) a=oe+f, fel, 
where f is the convolution operator fg =f « g, g e H. The element a in QW, 
uniquely determines the complex number « and the function f in L. To 
see this we first observe that the element â in Ñ corresponding to the 
operator (2) is, by Theorem 11.4, 
(3) a(s) =a+f(s), seS,aeM,, 
where f = rf and 7 = (27)*/2F. Since a =0 if and only if d =0, to prove 
that a determines « and f uniquely it suffices to show that « = 0 and f = 0 
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if d=0. To prove this we shall use the facts that f is in C, and that f 
uniquely determines f, which is the well known uniqueness theorem for the 
Fourier transform. Both of these statements are contained in 


1 THEOREM. For f in L, the function f is continuous on © and 
f (co) =0. Also f =0 only if f(s) =0 for every s in ©. 

Proor. Theorem 11.1 shows that for f in the space ® of rapidly 
decreasing functions the function f is continuous on © and f(oo) =0. 
Lemma XIV.2.3 shows that ® is dense in L,. Thus for f in L, we have a 
sequence {f,} in ® with |f, —f|, 0, and so |f, — Flo < |fa— fh > 9, 
which proves that f is continuous and that f (oo) =0. Now let f =0. Since 
|£| = |F|- we have f x g =0 for every g in L,. Let g be the characteristic 
function of a compact set o so that 


feg=J fedt=0. 


Thus, since f, is continuous in ¢ (with values in Z4), it vanishes identically 
and 0 =f, =f. Q.E.D. 


This theorem shows that if the function (3) vanishes on © then 
x = d(oo) =0, f(s) =0, and f =0. Hence the operator a in M, given by 
equation (2) determines « and f uniquely. 

It is readily seen that A, is a subalgebra of A which contains the 
adjoint of each of its elements and that the adjoint of the operator (2) is 


(4) at*=ae+f*,  f*0 =F). 
It follows from Theorem 11.4 that 
(5) la| < lal + Ifl 


where | f|, is the Z, norm of f. The algebra A, is not complete as a subalge- 
bra of N, but if we renorm it by placing 

(6) lal =lo] +1 fla 

then the completeness of L assures the completeness of 21, under the norm 
(6) and the inequality (5) gives 

(7) Jal <s ||, 2 

which shows that convergence in 9, implies convergence in Q. The algebra 
AM, with the norm (6) is not a B*-algebra, for it is not true that |aa*| = |a|?, 
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but A, with the norm (6) satisfies all the axioms defining a commutative 
B-algebra with an involution and an identity. These elementary properties 
are easily verified and have been established in Section XI.3. It follows 
from Theorem 1 that I, is isometrically isomorphic to the algebra obtained 
from the L, group algebra by adjoining the unit e, a fact already observed 
in a more general setting (X1.3.3). 

Since, for a in A}, the function d is continuous on the compact space 
G, it follows that an operator a in A, has an inverse in Q if d(s) does not 
vanish on ©. A celebrated theorem of N. Wiener gives more by asserting 
that the inverse a~t is in Q4. 

The basic notions underlying the proof of Wiener’s theorem as it will 
be presented here are those to be found in I. M. Gelfand’s theory of com- 
mutative normed rings, or B-algebras as we have called them. It should 
be recalled (IX.2.1) that an element a and a maximal ideal W in a commu- 
tative B-algebra A, uniquely determine a complex number a(t) for 
which a + M = a(M)e +M. A topology (IX.2.7) may be defined in the set 
of maximal ideals so that the resulting space o(Q,), called the structure space 
or the spectrum of the algebra Q,, is a compact Hausdorff space (IX.2.8) 
and the complex functions a(M), M e o(,), are continuous on o(Y,) with 
|a(M)| < |a| (IX.2.9). An element a in M, will have an inverse in W, if 
and only if it belongs to no maximal ideal (IX.1.12(e)), which is just 
another way of saying that a has an inverse in Q, if and only if the function 
a(Mt) has no zeros on o(Q,). Thus the Gelfand theory gives a general pro- 
cedure for determining whether or not an element possesses an inverse 
and so embeds the Wiener theorem just cited in a more general theory 
which unifies many similar phenomena. In order to apply this procedure 
to a given algebra, it is sufficient to give a satisfactory representation of 
its spectrum and the functions a(M) on it. For the algebra N, this problem 
is completely solved in the following theorem. 


2 THEOREM (Gelfand-Raikov). The spectrum of the algebra Ù, is 
homeomorphic to the space G, and for corresponding elements s and W, we 
have 


a(M,) = d(s), acA, seS. 


Proor. A one-to-one correspondence between o(2,) and © will first 
be established. To do this it suffices, in view of Lemma IX.2.2, to show 
that the set of non-zero complex valued homomorphisms fA on Q, is in a 
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one-to-one correspondence with the points s in © in such a way that for 
corresponding elements h and s we have h(a) = G(s) for every ain W4. Since, 
for a fixed s in ©, the map a > d(s) is clearly a non-zero homomorphism 
in Q,, it suffices to show that every such homomorphism } on A, uniquely 
determines a point s in © for which h(a) = G(s) for every a in W. If A(f) = 0 
for every f in L, then we have h(a) = (oo) for every a in A, and so the 
point oo in S corresponds to this particular h. For other h we fix a function 
fin L, for which A(f) 40 and, in terms of the translation f,(s) = f (s — t), 
define the complex valued function 

hfi) y 
(8) WTR: te RN. 
Since f, * g =9,* f for every pair of functions f, g in L, it is seen that c(t) 
depends only on ¢ and not on the particular function f that is used in (8). 
Since t > f; is a continuous map of R” into L, (XI.3.1(f)) and since h is 
continuous (IX.2.3), the inequality (7) shows that c(t) is continuous in t. 
Since fs * fe=fs+: * f we have h(f,)h(f,) = A(f,,.)A(f), which shows that 
ce(s + t) =c(s)c(t), that is, c is a homomorphism of the additive group R” 
into the multiplicative group of complex numbers and thus cis a continuous 
character of RY. Since |f,| <|f:]11=|f|1, the equation (8) shows that c is 
bounded on R” and thus c(mt) = c(t)” and c(—mt) = c¢(t)7™ are bounded 
in t and m, which proves that |c(t)| = 1 for allt in R”. Thus c is a continuous 
homomorphism of the additive group R” onto the multiplicative group of 
the unit circle in the complex plane. A well known elementary result then 
gives the existence of a uniquely determined point s =s(h) in R” with 


(9) c(t) =e, te RY. 


Now let x* be the continuous linear functional on L, determined by the 
relation h(g) = x*g for every g in L,. Then, since the vector valued function 
f, is continuous and bounded as a map from RY into L,, the vector valued 
function f,g(t) is integrable in ¢ and 


Male) = (fe) =2¥(f*g) =z" f fagl at 
=| fg) dt=[ Mfg) d 
RN RN 


= hf) f 00 dt = h(f) ea dt. 
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Thus, since A(f) 40, this proves that the homomorphism h uniquely 
determines a point s in © such that h(g) =(7g)(s) for every g in L, and 
hence h(a) = â(s) for every a in W. Lemma IX.2.2 shows that the identity 
h(a) = d(s), a e W, may be written as a(M,) = â(s), a e W,, where Mi, is 
the maximal ideal 
M, = {a |a e Wy, d(s) = 0}. 

Thus we have proved that this equation establishes a one-to-one corres- 
pondence between © and the spectrum o(Q,). Since the spectrum of W, 
and © are both compact Hausdorff spaces, to see that the map s > M, is 
a homeomorphism it suffices to observe that it is continuous. Let € > 0 and 
let a,, ..., @, be elements of Q,. These determine (IX.2.3) a basic neigh- 
borhood. N of the point M,, in the spectrum of AW, which is given by the 
formula 


N= {M, | Ja: (M) —a(M,,)| <et=l,..., m)}. 


Since a(Mt,) = d(s), the set of all s in G which map into N under the map 
s > M, is the set 


{s|s E€ G, |4;(s) — 4; (89) <E, i= l, Saas | m}, 


which is an open set in G, since the function d(s) = « + (7f)(s) is continuous 
for every f in Lı. This shows that the map s > Mt, is continuous and is, 
therefore, also a homomorphism. Q.E.D. 


As explained earlier, an important result of N. Wiener is a corollary of 
the Gelfand-Raïkov theorem and may be stated as follows. 


3 COROLLARY (N. Wiener). If an element a in Ù, has d(s) #0 for 
every s in ©, then there is an element b in W, with b(s) = â(s) -1 for every s 
in ©. 


We shall find it convenient to state this theorem of Wiener and other 
similar results in terms of the following concept. 


4 DEFINITION. An algebra A, of operators in a B-space ¥ is said to 
contains all inverses if W, contains the identity operator in X and the inverse 
of any one of its elements which possesses an inverse in the algebra B(X) 
of bounded linear operators in X. 


This notion of containing all inverses is, of course, relative to the basic 
B-space in which the operators a in W, act. This should cause no confusion, 
since we are dealing with operator algebras rather than abstract algebras. 
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For an operator a in A, the function d is continuous on the compact 
space ©, and so its non-vanishing is equivalent to the existence of the 
inverse a~t in Q and, in view of Lemma 9.2, this is equivalent to the exis- 
tence of an inverse in B(§). Thus Wiener’s result may be stated as follows. 


5 COROLLARY (N. Wiener). The operator algebra A, contains all 
inverses. 


There are a number of immediate corollaries to this theorem of Wiener 
which will become apparent from the following lemma. 


6 Lemma. Let 3 be an ideal in the subalgebra Mo of W and let A(Z) be 
the algebra of all operators having the form 


(10) a=«e +b, beg. 
If A, contains all inverses, so does W(X). 


Proor. Let the operator (10) have an inverse a~t in B(H). Then a~? 
is in W, , and since JM, = J, the elementary identity a71 = «~1(e — ba ~!) 
shows that a~t is in W(3). Q.E.D. 


Let L, be a linear subset of L, with the property that 


(11) f*ge Lo, fe Lge Lo. 


Then the set of all convolution operators f with f in Lọ forms an ideal in 
M, and in view of Lemma 6, Wiener’s theorem shows that the algebra Wo 
of operators having the form 


(12) a =«e +f, feblo, 


contains all inverses. We shall give some examples of such algebras AW, by 
specifying various choices for the linear space L, . It is clear that the linear 
space Ly = L, A La satisfies (11). Also the space Lo = L, ^ C of all inte- 
grable functions which coincide almost everywhere with a continuous 
function clearly satisfies (11). Example 11.12 shows that the space Lo = 
L, ^ L satisfies (11). More generally, for any p with 1 < p < œ, the space 
L, = Lı ^ L, satisfies (11). To see this, let f be in L, and g bein L, ^ Ly. 
If p is either 1 or œ, it is clear that |f * g|,<|f|1°|g|, and so this same 
inequality, for arbitrary p, follows from the Riesz convexity theorem 
(VI.10.11). This proves that the space Lo = L, ^ L, satisfies (11). The 
spaces Lo = Lı n CO and Lo = Lı n C® are other examples of linear 
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subsets of L, which satisfy (11). For k < œ the symbol C™ is used for the 
set of all complex functions on R” having all derivatives of orders < k 
existing everywhere on R” as bounded continuous functions. 

These results are summarized in the following definition and corollary. 


7 DEFINITION. Let Lo be a set of functions on RY each having an 
essentially bounded Fourier transform. Then for f in L, the convolution 
operator fg = f x g = f f (s)e(ds) is defined as a bounded linear map g > f *g 
of § into itself. We shall say that an operator a in Q is of type Ly if it has 
the form a = ge + f with f in Lọ. An operator A = (a) in W’ is said to 
be of type Ly if each a,,; is of type Ly. 


8 COROLLARY. Let the operator a in UW have an inverse in B(H). If a 
is of type Lı n L, for some q in the range 1 Sq S œ or of type Ly n 0® 
for some integer k in the range 0 < k < w, then the inverse a~t has this same 
property. 

For a subalgebra A, of N we shall use the symbol Qf for the subalgebra 
of W? consisting of those operators A = (a,,) with a; in Wp. 


9 THEOREM. Let A, be a subalgebra of A which contains all inverses. 
Then W3 contains all inverses. 


Proor. If the operator A in A} has an inverse in B(H”) then, by 
Corollary 9.6, A~1 is in W” and the determinant ô = det(a,,;) has an inverse 
in M. Since M, contains all inverses, ~+ is in W . It follows from the defini- 
tion of the determinant of a matrix of operators that 5(s) = det(d;,(s)), a 
fact already observed in equation (9.19), and thus if A,, is the cofactor of 
a; then A,,(s) is the cofactor of 4;,(s) as an element of A(s) = (4,,(s)). This 
elementary observation shows that Cramer’s rule applies to the matrices 
in Y”, that is, A~1 = (b,;) where b,, = 6~14,,, which proves that A~*is in 
W. Q.E.D. 

10 COROLLARY. Let the operator A in W? have an inverse in B(9P’). 
If A is of type L, N L, for some q in the range 1 Sq < wor of type Ly nC 
for some integer k in the range 0 < k < œ, then the inverse A7 + has this same 
property. 

P. Lévy has generalized Wiener’s result by showing that, for an 


operator a in Y, and a function œ which is analytic on the spectrum c(a), 


AN 
the operator (a) is also in A, and ¢(a)(s) = p(åâ(s)) for every s in ©. The 
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Wiener theorem is the case where ¢(£) = €~1. The following result extends 
the Lévy theorem to various subalgebras WZ of W. 


11 COROLLARY. Let y be a complex function, analytic on the spectrum 
of the operator A in W. Then 


oN z 
(13) g(4)(s) = p(A(s)), 
for almost all s in G. If A ts of type Lı ^ L, for some q inthe range 1 <q < œ 
or of type Lı n C™ for some non-negative integer k or for k = œ, then (A) 
has this same property and the equation (13) holds for every s in ©. 

Proor. The first conclusion has already been established in equation 
(11.64). Let X be a B-space of functions on R” (or equivalence classes of 
such functions) and let Ly = Lı ^ ¥. We assume that 
(14) if a sequence {f,} in Lo converges to f in L, and g in X, then 
f =g; and 
(15) Lo * Lo S Lo . 


In view of (14) the linear set Lo is a B-space under the norm 


(16) Iflo=lflit+ Ifl fe Lo, 


where ||f || is the norm in ¥. We let W, consist of all operators in § which 
have the form 


(17) a=«e +f, fel. 

Theorem 1 shows that the operator a determines « and f uniquely, and so 
we may define a norm in W, by the equation 

(18) lalo=lel+|flo> a e Wo. 

It is clear that A, is a B-space under this norm. It is also an algebra, for 
the product of two operators a = we + f and b = ße + g in XW is 

(19) ab = aße + ag + Bf +h, 

where h =f xg isin Lo by (15). We next observe that for a fixed a in Wo 
the product ab is a continuous function of b in W, . To see this it suffices, 
in view of (19), to show that the map g > f * g is a continuous map of Lo 
into itself. This fact follows immediately from the closed graph theorem 
(11.2.4), for if g, > g and f*g,>k in Ly, then fxg, >f*gin L,, which 
shows that k=f * g. Thus, multiplication in MW, is continuous in each 
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variable separately and the unit e has norm |e|, = 1. The elementary pro- 
cess discussed in IX.1 shows that W, may be renormed with a norm |jallo 
under which Y, becomes a B-algebra with ||a||) < M |aļo < K |la||o for some 
positive numbers M and K. This shows that W, is metrically and alge- 
braically equivalent to a B-algebra. 

Now let ¥ be one of the B-spaces L, with 1 <q o or C™ with 
1<kS œ. Then the conditions (14) and (15) are clearly satisfied. Corol- 
lary 10 shows that if A is of type Lo, then for every A in the resolvent set 
of A, R(A; A) is also of type Lo and belongs to W3. It is clear from the 
remarks in [X.1 that 2 is a B-algebra under a norm in which convergence 
of a sequence A™ = (afP) is equivalent to the convergence in Lo of the 
elements aS? for each i, j=1, ..., p. Thus Lemma IX.1.5 shows that 
R(A; A) is a continuous (even analytic) function of A with values in the 
normed B-algebra A2. Hence the Riemann integral (11.63), which defines 
yA) in terms of (A) and R(A; A), is also in W . It follows from Theorem 1 


that E and A(s) are continuous in s, which proves that (13) holds 
for every s in G. Finally, if A is of type L, nC”, it follows from what has 
been proved that ¢(A) is of type Lı ^n C™ for every positive integer k < 00 
and. thus ¢(A) is also of type L, n CO. Q.E.D. 


We conclude this section by mentioning very briefly an interesting 
application of the Wiener-Lévy result, made by M. G. Krein, to the prob- 
lem of solving a non-homogeneous integral equation of the Wiener-Hopf 
type. Krein gives a thorough and general treatment of this equation, which 
is of importance in physics and astrophysics in connection with problems 
involving the transfer of radiant energy. I. C. Gohberg and M. G. Krein 
have jointly made a similar study of systems of such equations. The 
Wiener-Hopf equation is 


(20) x(s) + M f(s —i)x(t)=y(s), OSs<0, 


where s and ¢ are real variables. Here f and y are given functions and zx is 
to be determined. 

We shall discuss the case where s =[s1,..., Sy] and t=[t,, ..., ty] 
are points in V-dimensional Euclidean space R” and give the simplification 
over the original work of Wiener and Hopf, introduced by Krein, for 
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solving this equation under special hypotheses. Let «,,..., ay be real 
numbers, let 
(21) S, ={s|s e RY, a8, + +++ + ay sy Z 0}, 

Sz ={s|se RN, ais + +++ aysy <0}, 


and consider the equation 


(22) ax(s)+[ feiet =y) seS, 
S+ 
where g is a given complex number. We shall assume that f is in L, and that 
the operator a in W, given by the equation 
(23) a=«e +f 
has the property that 


(24) the points 0 and œ in the complex plane both belong to the same 
connected component of the resolvent set of a. 


Under this assumption it will be shown that for every y in L,.(6,) there 
is one and only one x in L2(S,) which satisfies the equation (22) for almost 
all sin G,. For f in Lı U La we shall let f, =P. f, where P, are the 
projections defined as 


(P4 f)(s) =f(s), seG,, 
=0, seG_, 


and P_f=f—f,.Welet L, =P, L, and $, =P. $ so that we may 
identify L(S,) with $, . It is readily seen that 


(26) L, * L, oly, Li * 9S9, 
for if f and g are both in L, then, for s in G_, 


(25) 


(f * 9)(s) =|. f(s —t)g(t) dt =0 


since s —t is in G_ for every t in ©, . This shows that L, * L, GL,, 
and an elementary continuity argument shows that L, * §, © H,. The 
other inclusions in (26) are proved similarly. 


In order to avoid ambiguity in notation, we shall, in the discussion 
immediately following, sometimes write ¢(f) for the convolution operator 
fin A; corresponding to the function fin L,. There is an important elemen- 


XV.14.11 WIENER-LEVY-HOPF THEOREMS 2073 


tary decomposition of the operators in ¢(L,) which is defined as follows. 
An operator €(f) in €(L,), according to Theorem 1, uniquely determines 
the function f in L, and so the operators ¢(f,) and f(f_) are uniquely 
determined by ¢(f) and have the properties 


(27) CA =O +oF-) SCF) F-) = EE) 


and 
(28) C(fs)H1 ED. 


The first equation in (27) follows from the definitions of the operators 
t( f+), the second from the fact that they belong to the commutative 
algebra %,, and equation (28) follows from (26). 

With each operator a in A, we associate an operator a, in the algebra 
B(§,,) of bounded linear operators on H, defined by the equation 
(29) a, x= P, ax, xEH,. 


We shall show that the operator a, has a bounded everywhere defined 
inverse on §,, that is, a7 exists as an element of B(§,). Under the 
assumption (24) the branch, In A, of the natural logarithm for which In 1 =0 
is single valued and analytic on a neighborhood of the spectrum of a; 
thus, according to Corollary 11, the operator b = —na=Ina~' is in U, 
and hence has the form b = fe + C(g) for some g in L,. By applying the 
decomposition (27) to the operator f(g), we have the factorization of a~t 
as given.by 


(30) aTi = e — ebei) — ebet O+) iG AA 
and it follows from (28) that 
(31) ECHL S52, eH SH. 


Now suppose that the vectors x, y in §, satisfy the equation (22), 
that is, 


(32) y =4, £ 
and let us write this equation as 

(33) y =ax — P_azx. 
Equations (30 jand (33) give 


(34) Ey =e PeO ty OP _ aw, 
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Since x is in H, and P_ az is in $., it follows from (31) and (34) that 
(35) P, BO =y = e~Fe EO +) yp 

(36) x =eFSOHP Oy, 

which shows that the vector x in $, is uniquely determined by y. In other 
words, the operator a, is one-to-one on H, . Now let y be an arbitrary 
vector in § , and define the vector x by the equation (36). Then (31) shows 
that x is in H, and equation (35) holds. This means that for some vector z 


in §_ we have 
oO dy =e Pet ty z, 


and, using (30), it is seen that 
y =ax + e~z. 

The second inclusion in (31) shows that the last term in this equation is 
in §_. Thus P, y =P, ax =a, x, and since y is in §,, we have y= 
P , y =a, x. This proves that a7! exists as an everywhere defined operator 
in H, , and (36) gives the formula 
(37) (a) = PEOP, Ee, 
where 6 and g are defined by the equation Be + f(g) = — Ina. 

In summary we may state 

12 THEOREM. Let the operator a = «e + fin W, have the property (24). 
Then for every y in L(G) there is one and only one x in LaS ,) which 


satisfies equation (22) for almost all s in ©, . This unique solution x is 
given by equation (36). 


15. Exercises 
1 Find a spectral operator T which is not weakly compact but whose 
scalar part S is compact. 
2 Find a spectral operator T with o,(S) =o,(T) = o(T). 
3 Find a spectral operator T such that o,(8) =o,(7) = o( T). 


4 Find a spectral operator T such that S and T have closed ranges 
but N does not. 


5 Find a spectral operator T such that S has a closed range but T 
does not. 
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6 Show that the operator g = Tf in C[0, 1] defined by the equation 


ge) =(0) + [ ts, OF 0 de 


where K is a bounded, measurable function on [0, 1] x [0, 1], is a spectral 
operator. 


7 Every scalar operator S is the sum S = S, + 18, where S, and S, 
are commuting scalar operators with real spectra. Furthermore, the Boolean 
algebra of projections generated by the resolutions of the identity of S, 
and S, is bounded. 


8 Let T bea spectral operator. There are two operators R and J such 

that: 
(i) T=R+iJ, RJ = JR. 
(ii) The sets o(R) and o(J) are real. 

(iii) R is a scalar operator and J is a spectral operator. 

(iv) The Boolean algebra of projections generated by the resolutions 
of the identity of R and J is bounded. 

9 If T is a spectral operator and R, and J, are operators satisfying 
the relations (i) and (ii) of the preceding exercise, then R, = R + M and 
Jı =J + iM where M is a generalized nilpotent. Thus prove that (i), (ii), 
and (iii) in Exercise 8 insure the uniqueness of the operators R and J. 

10 Every scalar operator S is the product of two commuting scalar 
operators Sı, S} where S, has a non-negative spectrum and a(S.) is a 
subset of the unit circle. Furthermore, the Boolean algebra of projections 
generated by the resolutions of the identity of S, and S, is bounded. 

11 For each spectral operator T there are two operators P and U 
with the properties: 

(i) T=PU=UP. 

(ii) The spectrum o(P) is a set of non-negative numbers and o(U) is 
a subset of the unit circle. 

(iii) The operator U is a scalar operator and P is a spectral operator. 

(iv) The Boolean algebra of projections generated by the resolutions 
of the identity for P and U is bounded. 
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12 Let Pj, U, satisfy the conditions (i) and (ii) of the preceding 
exercise. Then there are generalized nilpotents N, and N, commuting with 
T and such that 

U,=U+4M,, P,=P+N,, 


N= YN ye, 


13 If for some A in the spectrum of the spectral operator T in X the 
manifold (AJ — T)X is closed, then A is in the point spectrum of T. 


l4 Let T be an operator (not necessarily spectral) on a complex 
B-space X and let T* be its adjoint. Let o(x*) be the spectrum of a point 
x* in X* relative to T*, If for some x in ¥ and 2* in ¥* we have o(x) and 
o(x*) disjoint, then x*Sx =Q for every bounded linear operator S in X 
which commutes with T. 


15 Let T bea spectral operator with spectral resolution Æ. Let 5 be 
a non-void subset of the spectrum o(T) of T which is open in the relative 
topology of o(T). Then E(8) Æ 0. 


16 Let f be a bounded Borel function defined on the spectrum of the 
scalar operator S. Then the operator f (S) = feœ) f(A) H(dA) has a bounded 
everywhere defined inverse if and only if, for some Borel set ô with £(8) =I, 
we have 


1 
sup —— <0. 
Aces If (A)| 


17 For a compact spectral operator, derive the properties given in 
Theorem VII.4.5 directly from the theory in Section XV.7 without recourse 
to the theory in Section VII.4. 


18 (McGarvey) Let X be a linear space, 2 a field of sets, and H(-) 
a function defined on 2 and having its values in the set of all everywhere 
defined projections in X. It is assumed that for every o and ô in 2 the 
projections H(c) and E() commute and, if o and 8 are disjoint, that 
E(6 U o) = E(8) + E(c). Then, for every 8, o in X, 


E(8 ^ o) = E£(8)E(o), E(6 o o) = E(8) vu E(o). 
19 Let A be in W? and s in G. Show that the scalar part of A(s) is 


Ss) => E AOBA); Ate). 


i=1j= 
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(Hint: Use Theorems VII.1.7 and VII.1.8). From this, without recourse to 
Theorem 10.6, prove that A is a spectral operator if 


e-ess sup |H(A,,(s); A(s))| <œ,  1<jSis<p. 
sEeSj 


20 Let {A} be a sequence of operators in W? for which the limit 


(i) a,,(s) = lim aS (s) 


exists for e-almost all s in G. Then A“ converges strongly to the operator 
A =(a,;) if and only if, for some K, 


(ii) e-ess sup |a® (s)| < K, l<jsisp, l<m<o. 
seS 


21 Let p be a polynomial with complex coefficients and not identi- 
cally zero. Show that the closed extension A, given by equation (12.4), of 
the formal differential operator 


is a spectral operator which is not of scalar type. Show that o(A) = p(i R”). 


22 Let «, 8 be positive numbers and let A be the closed extension, 
given by (12.4), of the formal differential operator (12.14) in the Hilbert 
space L,(R”) @ La( R”). Show that the spectrum of A is given by equa- 
tion (12.17). 


The next few results, due to F. Wolf, use the notations introduced in 
the following definition. 


23 Derrmrrion. Let X be a Banach space, F a bounded countably 
additive set function whose values are in B(X), and QI the set of all 
operators in X with spectrum lying in the unit circle and such that for 
every function f analytic in a neighborhood of the unit circle, the operator 
f(A) has the form 


: k-1 27 gk 
(i H(A) =F FO As+ gpt F. 
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Let 2% consist of all A in B(X) with spectrum in the unit circle and such 
that 


k 
(i) [P(A] Sal Y sup |f Pe) 
i= 
for every function f analytic in a neighborhood of the unit circle. Let QUE be 
the set of A in B(X) which satisfy the inequalities 
(iii) |A"| < M|n|*, n=+1,+2,..., 
and N% the set of A in B(X) for which 


M 
| RA; A)| STNE A| #1. 


24 Show that At c OF. 

25 If X is weakly complete, then Až c Wk. 
26 Prove that WE c Ak and that Wk c We. 
27 Prove that WE c Wk+1, 

28 Show that WU c Uk. 


29 Let f(z) =} t2 a,2" be analytic in a neighborhood of the unit 
circle. Then 


27 +0 
f |f =+ D(et8)|2 dO = 27 F |ann(n — 1) +++ (n — k)|?, 
0 pars.) 
and 


(Š ann — 2) etn 


= 1 
< A —1) -+ (n — k)|2 i 
z 2 Bate sel (z [n sR) 
Hence, prove that 
sup |f**P(2)| > MÝ Ja,n(n —1) +++ (nm — k+ D). 
[zļ=1 = ay 
30 IfA is in A4, then 
sup |f**P(z)| 2 MIFA), 
lz]=1 


and thus W4 c Qt}. 
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31 Ifthe space X is weakly complete, then 


= e+ 


c Akti — y+, 


W= A c As af 


32 Let X = L;ı(— œ, œ) and let A be the mapping in ¥ which maps 
f(t) into f (t+ s) where s £0 is a fixed constant. Prove that 1 is in the 
residual spectrum of A and that A is not a spectral operator. 


33 Let A be defined in the B-space C[0, 1] by the map 


A: f(t) > tf (t). 
Then the algebra generated by A and the identity operator is equivalent 
to the algebra of continuous functions on [0, 1] but A is not a scalar opera- 
tor. Hence Theorem XVII.2.5 is not valid if the space ¥ is not assumed to 
be weakly complete. 


34 Let Q denote the solid unit sphere in the complex plane and let u 
denote Lebesgue measure on Q normalized so that u(Q) =1.If1 <p < œ, 
and if S is the operator in L,(Q) defined by 


(Sf) =# (t), teQ, 
then 8 is a scalar type spectral operator with E(c)f = Xe f, o(8) =Q, and 


1 
RA; SSO => FO- 

35 Let T e B(X) and let Æ be a spectral measure on the Borel sets 
of the complex plane which commutes with T. Show that in order to prove 
that Æ is a resolution of the identity for T it is enough to prove that 
o(f,) S ¢ for each closed set c. 


36 Let ¥ be one of the B-spaces co, l, lo and let T be defined by 


TEs; és, gy s.) = (tfr fo, 48, ree) 


Show that in each of these spaces T is compact. Calculate o(T) and 
R(A; T). Show that T is a spectral operator in co orl, and exhibit the reso- 
lution of the identity for T. Show that T is not a spectral operator in le. 
[Hence the adjoint of a compact spectral operator does not need to be a 
spectral operator.] i 
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37 Let S be the right shift in l; that is, 


S(r Éz, s, +++) = (0, £1, z, wes). 
Show that a(S) = ,(S) = {A||A| < 1}. Prove that if x #0, then o(x) = 
a(S). 


38 Let J, be the B-space of all absolutely convergent complex 
sequences x = (ép), n = 1, 2,... and let L be the left shift operator 


Lé;, Ea, e) = (a. E33 <). 


Show that o(L) = {A||A| < 1}, in fact, o (L) = {A||A| <1} and c(L) = 
{A||A| =1}. Calculate the maximal extension of R(A; L)æm, where 
Lm = (Smn)- 

39 Let X be the B-space of all bounded complex sequences x == 
{&,| — 0 <n <+ oo} and let S be the right shift operator such that the nth 
coordinate of Sx is the (n — 1)st coordinate of x. Show that a(S) = o,(8) = 
{A: |A| = 1}. If x; is the sequence with £, = 1 and é, =0 for n £1, deter- 
mine R(A; S)x, and show that o(x,) = (8). 

40 (Saffern) Let A e B(X) have the single-valued extension property 
and let B=SAS~1, where S is a regular operator. Show that B has the 
single-valued. extension property and that if x e ¥, then 


a(x) =,(Sx), —-S[x4(A)] = (Sz) (A). 


41 Let Z be a bounded Boolean algebra of projections in B(X) and 
let ||x|| be defined by 
jæl| = sup{|Hz|| E € B}. 


Show that ||x|| is a norm on ¥ and is equivalent to the original norm; in fact, 
jæ| < |le|| < K |x|. If He Z and E +0, then ||Z||=1 and if x e EX and 
ye FX with EF =0, then x and y are mutually orthogonal in the sense 
that 


lell S le + tyl, — llyll S lly + tæl 
for all scalars t. 
42 Let E bea bounded Boolean algebra of projections in B(¥) and let 
v(E, x, x*) = sup } |x*E; x|, 
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where the supremum is taken over all finite sets {Z;} which are mutually 
disjoint in the sense that E, Ep = 0, j 4k. Show that there exists a constant 
K such that 

v(E, x, x*) S K |x| |x*|. 
[Hint: Examine the proof of Lemma III.1.5.] 


43 (Berkson) Let Æ be a bounded Boolean algebra of projections in 
B(X) and let ||x||z be defined by 


læ lp = sup {v(Z, x, x*)||a*| =l, x* e X*}. 
Show that ||z||; is a norm on ¥ and that 
jel S lelle < K |æ. 


44 (Berkson) With the norm introduced in the preceding exercise, 

each H, satisfies 

IZ + Bye = |1 + te] = /1 +2 
for t real. [Hint. If {/',} is a mutually disjoint set of elements in E, then 
the set {F £,, Fẹ(I — E;)} is mutually disjoint.] 

45 Using the preceding exercise, show that ||Z;||; =1 and that if 
E,#,,=0 and x =H,x, y = Epy, then x and y are mutually orthogonal in 
the sense that 

lelle S lle + tyle —llylle S lle + tylle 
for all real t. 


46 (Fixman) Let T be a spectral operator in ¥ with resolution of 
the identity Æ. Suppose that Y is a closed subspace of ¥ which is invariant 
under E(c) for each Borel set o. Then Y is invariant under T if and only 
if it is invariant under F(A; T) for each à e p(T). 

47 Let U be the right shift operator on X =1,(— œ, 00), so that 
U is a unitary operator. Let Y be those elements (€,) of ¥ such that 
é, = 0 for n < 0. Show that Y is invariant under U but it is not invariant 
under R(A; U), |A| <1, and hence Y is not invariant under E(c) for every 
Borel set oc. 

48 Let 2 be a compact Hausdorff space and let S be a scalar spec- 
tral operator in C(Q2). Show that S is weakly compact if and only if it 
is compact. (The same result holds for S in LZ, over a positive measure 
space.) 
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49 (McCarthy) Let E be a spectral measure and let u be a positive 
measure defined on the Borel field 2 of a set S of complex numbers. Suppose 
that there exists a constant M such that |£(c)| < My(c) for all o e X. Let 
£o E X and a} e X*, and let % be a bounded measurable function. Define 
®: L,(S, X, p) > X* and ¥: L,(8, X, p) > X by 


Df) = |, (9E* (dsa? , febi 


Ph) = |, h(s)y(s)B(ds)x0, he La. 
Show that ® and ¥ are bounded linear operators and that 


DP) = Í. HOLOMORI ACOE 


50 (McCarthy) Continuing the preceding exercise, let x, xo, and co 
be chosen so that x E(co)xo #0 and let g be the Radon-Nikodym deriva- 
tive of xg H(-)ao with respect to p. There is a subset c, of oo on which g 
is bounded away from zero and we let % = 1/9 on o,. Letting ® and ¥ be 
operators defined on L, (c1, u) and L.,(c;, u) as in the preceding exercise, 
show that Wis a one-to-one and bicontinuous mapping of the non-separable 
space L,,(c1,) onto a closed separable subspace sp{H(o)x)| oe} of X. 
This contradiction shows that a spectral measure cannot satisfy such a 
Lipschitz condition. 


51 (McCarthy) Let Q, u be as in the preceding exercise and let ¥ be 
the direct sum 


¥ = La(2) © La(Q) © Ly (2). 
Let S and N be defined in ¥ by 


SFO, 9), ME) = (tf (8), 0, HO), te Q, 
NF, g, h) = (0, f, 9)- 
Show that S is a scalar type spectral operator and that N? 40, N° =0. 
Show that the spectral operator T =S + N satisfies the first order rate of 
growth condition 


| RA; T,)E(c)| £ K/8, 
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where § = dist (A, c). [Hint. Show that if p = 1, then 


[Pp —£|- +24 (dé) < f |A—£|-@* (dé) < E= 


a -č|2zð 

52 (McCarthy) By taking m copies of L,() in the preceding exercise, 
obtain a spectral operator T which has mth order rate of growth and such 
that the radical part N of T satisfies N”+1 Æ 0. 


53 Let {A,} be a sequence of distinct non-zero complex numbers, let 
{Pa} be a sequence of mutually orthogonal non-zero projections in B(X), 
and suppose that 


YBa Pal 


is convergent. Prove that A, > 0 and the series 


converges in the uniform topology of B(X). Show o(B) = {0, Ay, Ag, .-.} 
and. that 


where the series converges uniformly for A in a compact subset of p(B). 
Moreover, each of the points A, is a simple pole of R(A; B) and the residue 
of R(A; B) at A, is Pa. 


54 (Taylor) Let A e B(X) have a spectrum consisting of a sequence 
{An} converging to 0 such that R(A; A) has a simple pole at A, with residue 
P,, and suppose that Z| A, Pa| is convergent. Let B, C be defined by 


B= ¥ Pa C=A-—B. 


Since AP, =A, Pa, show that A, B, C commute and that A B = B? and 
BC =0. Show that, at least for sufficiently large A, 


C2) oo cn 
RA; 4)— RA; B) Y (CRO; By) = RO; B) Ys: 
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Using the fact that the difference R(A; A) — R(A; B) is analytic for A 40, 
prove that C is a quasi-nilpotent operator and that 


RA; A) = R(À; B) + RA; 0) — A 


55 (McCarthy) Let T be a spectral operator in a complex B-space 
X which satisfies the growth condition (x) in Theorem XV.6.7, namely 


K 
(*) |R(E; T,)E(c)| S Isté o 
for é ¢c, |é| < |T| + 1. If k is a natural number then there exists a constant 
M,, such that if 0 < e < 1l and ø is a Borel set with diameter at most g, 
then |N*E(c)| < M,,e*+1-™ (where N is the radical part of T.) 


56 (McCarthy) Let T be a spectral operator in a complex B-space 
which satisfies condition («) of the preceding exercise. Let o be a Borel 
subset such that for every e >0 there is a covering {c,} of o by disjoint 
sets c, of diameter g, such that Ye? < e for some positive number p. Show 
that N*H(c) =0 when k 2 p+ m — 1. [This condition is satisfied if c has 
Hausdorff p-measure equal to zero.] 


57 (McCarthy) Let T be a spectral operator ina complex B-space X 
satisfying the mth order condition (x). If N is the radical part of T, then 
N™t+ 2—0. 


58 (McCarthy) Let T be a spectral operator in a complex B-space ¥ 


which satisfies the mth order condition (x) and suppose that o(7) has 
plane measure zero. If N is the radical part of T, then N”+1 = 0. 


59 (Foguel, Fixman) If X is a B-space, then an element U e B(X) 
which is isometric and maps onto X is called a unitary operator. Prove that 
o(U) S {A| |A] = 1}, and that 

1 
| R(A; U| < ——_, |A| #1. 
=A] 


If U is a spectral operator, then it is of scalar type. 


60 (Bishop) Let Z denote the Borel subsets of the complex plane C 
and let T e B(X). A vector valued measure (cf. IV.10) m on Z to ¥ is said 
to be a T-measure in case 


Tm(e) = f Amd), eeg. 


XV.15.61 EXERCISES 2085 


If x == m(C), we say that x has a T-measure m. 

(a) Every eigenvector for T has a T-measure. 

(b) If T is a scalar type spectral operator, then every vector in ¥ has 
a T-measure. 

(c) If m isa T-measure and if y = m(e), then R(A; T)y has an analytic 
extension for A ¢ é@. 

(d) If m is a T-measure, then m(o(T)) = m(C). 

(e) If m is a T-measure and à € e, then 


|(L —ApoL)m(e)| < diam(e) |m || (e), 


where the symbol ||m||(e) denotes the semi-variation of m over e. 


61 Let T e B(X) and let Y be a closed subspace of X which is in- 
variant under T. Let o be a closed subset of the complex plane which has 
aconnected complement and supposethatY S {xeX| o(x) S c}. Provethat 
o(f |) S c. Show that this may fail if the complement is not connected. 


62 For the operator A of equation (21) in Section 12 establish the 
equations (27), (28), o(s) =0,(Ag), and 
BS? = {(¢, —tf), te H}, Boo §? = {(, în), 7 E€ H}. 


63 Let C be a closed densely defined operator in §? and introduce 
the scalar product and norm into D(C) by the equations 


(ps Si = (ps $) + (Cp, C2). p, SE D(C), 
loli = Ip p}, pe D(C). 
Show that D(C) becomes a complete Hilbert space and C is a continuous 
map of D(C) into 9’. 
64 Let p be a finitely additive real or complex valued set function 
defined on a field of sets containing the open sets in R”. Let 
v(u; ds 
f (e I PR 
gn (1+ |s|?) 
for some positive integer k. Prove that the function T defined by the 
equation 


T(p) = f „POds), pe® 


is a tempered distribution. 
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65 Let A = (a,,) bethe formal differential operator of equation (12.11) 
whose elements have orders at most 2g and let its natural closed extension 
Ag be a spectral operator. If 


esssup sup |s|P%et#AG < o0, 
sERN AUsyeo(A(sy) 


for some real t, then Ag exp(tAg) is a bounded operator. 

66 Let q be a positive integer, (V/7)* = (87/s? + +++ + 87/@s3)%, 
ajr = 4y,(0/8s,, ..., @/Asy) be polynomials with constant coefficients and 
having degree < 2q if j <k and a, =0 if j Z k. Let Ag be the natural 
closed extension of the formal differential operator 

A =a(V?)*I + (a,x) 
on ©”, where «? is a positive or negative real number. Prove that: 


(i) The natural closed extension A, of A is a spectral operator 
with spectrum o(Ag) =(—œ, 0] if (—1)%? <0 and o(Ag) = [0, œ) if 
(—1)? «2 >0. 

(ii) The operator Ag is the infinitesimal generator of a strongly con- 
tinuous semi-group T(t) (of bounded linear operators in 9? = L,(R¥) +++ 
+ La( RY)) on [0, 00) if (—1)%«? <0 and on (— œ, 0] if (—1)’a? >0. 

(iii) The semi-group T(t) has a strongly analytic extension to the 
half plane #(A) > 0 in case (—1)%x? <0, and to the half plane A(A) < 0 in 
case (— 1)%a? > 0. 

(iv) D(Ag) = (p) TOR"). 

67 Let Ag and T(t) be the operators of the preceding exercise with 
(—1)%x? <0. Then for every p in H” there is one and only one continuous 
map t > y(t) of [0, 00) into H? which is differentiable for t > 0 and has the 
properties 


(i) p(t) e (p) TVR”), O<t<o, 
(ii) g(t) = 4s plt), 0<t<o, 
(iti) g0) =o. 


This unique function ọ is given by the equation g(t) = T(t)p® and has an 
analytic extension to the half plane (à) > 0. 

(iv) The derivative g’(0) exists and y'(0) =Ag¢(0) if and only if 
p® e (p)P2 BY), 

(v) For @(A) > 0 the analytic extension @(A) = 9 1(s1, ---, Sy; A) of 
y(t) as a function of s = (s1, . . . , Sy), has each of its p components belonging 
to C”( R”) and all partial derivatives 0%p, belonging to $”. 
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Analogous conclusions hold if (—1)*%«? >Q. 


68 Let Ag be the operator of the preceding exercise and let B be an 
arbitrary bounded linear operator in HP”. Then 

(i) The operator Ag + B with domain (p) T®®( RY) is the infinitesimal 
generator of a strongly continuous semi-group S(t), t 2 0, of bounded linear 
operators in H” and S(t) has a strongly analytic extension to a semi-group 
S(€) defined for ¢ in the half plane #(C) > 0. 

For every » in H” there is one and only one continuous map t > g(t) 
of [0, 00) into H? which is differentiable for t >O and has the properties 


(ii) p(t) € (p) TOR"), 0<t<o, 
(iti) p(t) =(4e+ Belt), 0<t<o, 
(iv) p0) =~. 


(v) This unique function g(t) is given by the equation g(t) = 
Sip and thus has an analytic extension g,(f) =S(f)p to the 
half plane @(¢) > 0. This extension g, satisfies (ii) and (iii) for complex 
values of t with 2(t) > 0. 

(vi) The derivative p’(0) exists and y’(0) = (Ag + B)q(0) if and only 
if p© e (p) TCV RY). 

Analogous conclusions hold if (—1)%«? > 0. 


(69) Let Ag and B be as in the preceding exercise and let D = (d,,) 
be a formal differential operator on ©? whose elements are polynomials 
with constant coefficients and of degrees at most 2q — 2. Then 

(i) The domain D(Dg) of the natural closed extension of D contains 
(p)T?(R*) and the operator Ag+ Ds + B with domain (p)T?(R%) is 
closed. 

(ii) The closed operator Ag + Dg + B on (p) TX R”) is the infinitesi- 
mal generator of a strongly continuous semi-group Q(t), t = 0, of bounded 
linear operators in §? and Q(t) has a strongly analytic extension to a semi- 
group @,() defined for ¢ in the half plane #(¢) > 0. 

For every p in H” there is one and only one continuous map t > y(t) 
of [0, co) into $? which is differentiable for t > 0 and has the properties 


(ii) y(t) € (p) TR), 0<t<o, 
(iv) 9’) = (4s + Ds + Bigli), 0<t<a, 
(v) 9(0) =~. 


(vi) This unique function g(t) is given by the equation g(t) = Q(t)p® 
and thus has an analytic extension o,(f) =@Q,({)p to the half-plane 
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A(t) >0. This extension p; satisfies (iii) and (iv) for complex values of t 
with A(t) >0. 

(vii) The derivative ~'(0) exists and g'(0) = (Ag+ Dg + B)p(0) if and 
only if p” e (p) TR). 

Analogous results hold in case (—1)%«? < 0. 

70 Let A = (4;,(s)) be a p xX p matrix of real or complex measurable 
functions on RY and let Ag be the densely defined closed operator given 
by equations 12.4. Show that if A, is a scalar type spectral operator whose 
spectrum lies in a left half plane then it is the infinitesimal generator of 
the strongly continuous semi-group T(t), t 2 0, given by the equation 


T()o = f e“ E(dàÀ)p, pe’, 
ol AS) 
where E(-) is the resolution of the identity for Ag. The function T(t)ọ is 
also given by the convolution 
T(t) = (17 1gtd) *Q; pe”. 


71 Let of e Ly(R%), j = 1, 2, 3, s = (S1, 8g, 83) € R’, t >0 and p? = 
02/ðs? + 8?/ðs2 + 8?/ðs2. Give an explicit form for the solution of the 
initial value problem 


e EnEn (= -) Oi sat 
ay Pus ) =407%1(s; t) + as, + Bee pals; t) 32 pals; È) 


3 a 
= Pals; t) =4V pals; t) + = pals: t) 
a as? 7° 


a 
a gsls; t) = 4V p(s; t) 


lim g;(; t) =o)? in L(R%), jg =1, 2,3. 
to 0+ 
72 Let of e L,(R*), j=1, 2, s =(8, 52) € R?, t>0 and V?= 
8?/ds¢ + 62/882 . Give an explicit representation for the convolution matrix 
kernel K(s;¢) such that the vector (t) = (1 (£), pa(t)) given by the formula 


pt) = f" Kle — u; hpu) du 
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satisfies the equations 


pica IEAS 12 
as, TDs an 


lim 9,(t) = in L(R2), j= 1,2. 
t30+4 


16. Notes and Remarks 


Since the theory of spectral operators has been developed rather 
recently, there is a comparatively small bibliography associated with it; 
this bibliography is steadily growing, however. We shall indicate here the 
sources of most of the material presented in the text, and attempt to direct 
the reader to additional papers where results pertaining to spectral opera- 
tors can be found that are not included here. 

In addition to the theory of spectral operators, there are several other 
aspects of functional analysis which border on the topics presented in this 
volume. Although it is not possible to go into much detail about these 
other theories, we shall try to provide a brief sketch of their main aspects, 
and their relation to the theory of spectral operators, as well as give 
references for further reading. These re ferences are not intended to provide 
complete coverage, but emphasize general expository accounts and recent 
literature. 

For additional work on aspects of the theory of spectral operators (as 
presented here) and spectral measures, we cite the following. 

Apostol [6, 7, 8, 10], Bade [2, 3, 4, 5], Berkson [2, 3, 4, 5], Berkson 
and Dowson [1], Colojoara [1, 2, 3, 4], Colojoaraé and Foiag [4], Dean [1], 
Dowson [1, 2, 3, 4, 5, 6], Dunford [17, 18, 19, 20, 21], Edwards and Ionescu 
Tulcea [1], Feldman [1], Feldzamen [1, 2], Fixman [1], Foguel [1, 2, 3, 4], 
Foiag [8, 10, 11, 13, 15, 16], Gray [1], Heyn [1], Ionescu Tulcea [3], 
Kakutani [15], Kantorovitz [1, 2, 3, 4, 5, 6, 7, 8, 9], KeldyS and 
Lidskii [1], Kesel’man [1, 2], Kluvánek [1, 2], Kluvanek and Kováří- 
ková [1], Kováříková [1], Krabbe [3, 6], Ljance [1, 2], Lumer [2], McCarthy 
[1, 2], McCarthy and Schwartz [1], McCarthy and Stampfli [1], McCarthy 
and Tzafriri [1], McGarvey [1], Maeda [1, 2, 3, 4, 5, 6, 7, 8], Moyal [1], 
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Nel [1], Neubauer [2], Oberai [1, 2, 3, 4], Panchapagesan [1], Pedersen [1], 
Plafker [1], Saffern [1], Salehi [1], Schaefer [7, 10, 11], Schaefer and 
Walsh [1], J. Schwartz [2, 6, 7], Simpson [1, 2, 3], Smart [3], Stampfli 
(1, 2, 7, 11], Suzuki [1], Turner [1, 2], Tzafriri[1, 2, 3, 4, 5, 6], Walsh [1, 2, 3], 
Wermer [3]. 

A list of references dealing with algebras of operators and multiplicity 
theory will be given later. 

Recently there has been considerable work done on the theory of 
“ generalized spectral operators ” and ‘‘ decomposable operators.’’ We shall 
describe the general outlines of this work and cite pertinent references 
later. 

In addition, numerous papers have been written which deal with the 
general topic of spectral theory for operators in B-spaces, but which are 
not specifically (or intimately) related. to spectral operators. The following 
list includes papers of this nature. 

Allan [1, 2], Apostol [10, 11], Bartle [6, 7], Berkson [1, 2], Bishop [1, 2], 
Brown [1], Deal [1, 2], Deprit [1, 2], Derr and Taylor [1], Dollinger [1, 2], 
Dolph [1, 2], Dolph and Penzlin [1], Dunford [6, 7, 14, 15, 16, 20, 21], 
Edwards and Ionescu Tulcea [1], Foguel [12], Foiag [1, 3, 4, 9, 12, 13], 
Gindler [1], Gindler and Taylor [1], Gohberg and Krein [2, 7, 8], Harazov 
[4], Kantorovitz [1, 2, 3, 4, 5, 6, 7, 8, 9], Kariotis [1], Kocan [1], Krabbe 
[4, 5, 6, 7, 8, 9, 12, 13], Kultze [1], Leaf [1, 2], Lebow [1], Ljubič [1, 2, 3], 
Ljubič and Macaey [1, 2], Lorch [7], Macaev [1, 2, 3], Maeda [1, 2, 3, 4, 5, 
6, 7, 8], Neubauer [1], Pietsch [1, 2, 3, 4, 5, 6], Plafker [1], Ringrose [3], 
Saphar [1, 2, 6], Schaefer [7, 10, 11, 15], J. Schwartz [4], Sebastião e Silva 
[4, 5], Sills [1], Sine [1], Smart [1, 2], Taylor [15, 16, 17, 18], Tillmann [2], 
Trampus [1], Vasilescu [1, 4], Waelbroeck [1, 2, 3], Wolf [4, 5]. 

Some of the work presented in these papers will be briefly described in 
the following material, but it will not be possible to do more than suggest 
some directions of research, and the reader is urged to examine the original 
sources for fuller details. 

Spectral operators. For a general survey of the theory of spectral 
operators up to 1958, the reader is referred to the article of Dunford [19], 
which gives the historical background and a general expository account 
of much of the material in this volume. Colojoara [5] has presented the 
theory of spectral operators from a different point of view, by starting 
with decomposable operators, then generalized spectral operators, and 
finally spectral operators. 
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Most of the theorems presented in Sections 1-5 are taken from 
Dunford [17, 18], although a number of modifications have been made in 
the exposition presented here. In 1953-1954 Neubauer communicated some 
valuable ideas to us concerning the work in Dunford [17]. He suggested a 
number of improvements and observed that the resolvent of a spectral 
operator has the single valued extension property. 

In addition to considerable elaboration of the material presented in 
this volume, which will be detailed below, there are three types of exten- 
sions of the theory of spectral operators that have been made. The first 
extension, initiated by C. Ionescu Tulcea [3], is a generalization of the 
theory to certain locally convex spaces. The generalization, however, is not 
done in a routine fashion but is substantially recast. Let Æ be a locally 
convex linear Hausdorff space which is “ quasi-complete and barreled.” 
Ionescu Tulcea [3] introduces a family F = {m,,..«} of bounded complex 
Radon measures on the complex numbers C, which he calls a spectral family 
in case there exists a homomorphism U of the algebra of all bounded Borel 
measurable functions into the algebra of all continuous linear mappings in 
E such that U(1) = J and. 


as U(f x = [fled ald) 


for all x e E, x* e E*, and all bounded Borel functions f. The notion of a 
spectral operator is introduced in such a way as to include operators which 
are not everywhere defined; hence it unifies Chapters XV and XVIII in 
spirit. Unfortunately, full details of this work have not been published; 
however, further research along this line has been done by F.-Y. Maeda 
(see [1, 2]), who also generalized some work of Bishop on weak T-measures 
as well as some results of J. Schwartz [2]. Additional research in this 
direction has been made by Oberai [1, 4], Plafker [1], and Simpson [1, 2, 3]. 

A second direction in which the theory of spectral operators has been 
extended is represented by work of Schaefer [7, 10, 11]. Although he 
considered spectral measures and scalar operators in locally convex spaces, 
the noteworthy feature of his work is that it exploits the connection 
between spectral properties and order properties. It also develops the 
theory for operators which may not be defined on the entire space. A brief 
sketch of this research, and some closely related work, is given below under 
the heading “Spectral measures, locally convex spaces, and order.” 

The third (but not entirely different) direction that has been developed 
is represented by the incisive research of I. Colojoara and C. Foiag on decom- 
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posable and on generalized spectral operators. Fortunately, their work, as well 
as that of their collaborators, and its relation to the work of Maeda and 
Kantorovitz are well summarized in the splendid book of Colojoaraé and 
Foiag [4]. However, because of its interest, we shall sketch the main outlines 
of their research below under the two headings ‘‘ Decomposable operators ”’ 
and “Operational calculi and spectral theory.” 

The single valued extension property. The example of an operator which 
does not have the single valued extension property that is given in Section 2 
is due to 8. Kakutani (see Dunford [18]). Kesel’man [1] gave necessary 
conditions for an operator to have this property. Colojoara and Foiag 
[4; p.5] showed that if f is analytic and non-constant on every component 
of an open set containing o(7’), then f(T) has the single valued extension 
property if and only if T does. In Colojoara and Foiag [1] [4; Chap. I] the 
following idea is introduced: Let T, U e B(X) and let 


of [n] _. = —{yn-k f kfīn-k. 
(P— Uy" = $ (—1) (r 


then we say that T and U are quasi-nilpotent equivalent in case 
lim |(7 — U))|1" = lim |(U — T» = 0. 
n= o nwo 


(It is clear that if U=T+N where TN=NT is a quasi-nilpotent 
operator, then (T — U)™ = (T — U)”, and T and U are quasi-nilpotent 
equivalent; the general notion extends this case.) The relation of being 
quasi-nilpotent equivalent is indeed an equivalence relation and, when T 
and U are quasi-nilpotent equivalent, then (i) e(T) = (UV), (ii) T has the 
single valued extension property if and only if U does, and (iii) if T 
(hence U) has the single valued extension property and xe X, then o7(x) = 
Oy(x). 

The set of operators in B(X) with the single valued extension property 
is not closed. However, Vasilescu [2] has shown that if {7',,} is a sequence 
in B(X) with the single valued extension property and if T e B(X) is such 
that 


lim (lim sup |(7;, — T)'™|1) = 0, 
k> œ n> 


then T has the single valued extension property. In particular it follows 
that if {T,} is a sequence of commuting operators with the single valued 
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extension property, and if T =lim Tą, then T has the single valued 
extension property. 

If T e B(X) has the single valued extension property and x e X, then 
we have o(x) S o( 7). Conversely, Sine [1] observed that if A e p(x) for all 
x e X and if S:X +X is defined by Sx =-x(A), then S = (AJ — T)~! from 
which we deduce that 

o(T) =|] {o(a) |x ež}. 
This result has been considered by Gray in a study of the analytic exten- 
sions of the resolvent of vectors. Dollinger [1] has also considered the 
spectrum o7(x) both as a function of x e ¥ and of T e B(¥). Colojoară and 
Foiaş [1] (see also [4; p.1]) show that o(x(à)) = a(x) for every xe ¥, à e p(x). 

If T e B(X) has the single valued extension property and F is a closed 
subset of the complex plane C, let 


Xr(F) = XF) = {x € ¥|o(x) S F}. 


It is readily seen that ¥(F) is a linear manifold in ¥, but it need not be 
closed even when F is closed; an elementary counterexample is given in 
Colojoara and Foiag [4; p.25]. If T is a spectral operator with resolution of 
the identity E and if ô is a closed set, then Theorem 3.4 asserts that the set 
X(8) is closed; indeed, it coincides with the set H(5)X. In the case of a normal 
operator in Hilbert space, Corollary 3.7 was conjectured by von Neumann 
[24] and proved by Fuglede [1] and Halmos [3] [6; p.68]. The general case 
was given by Dunford [18; p.329]. 

If T is a total manifold in X* and T e B(X) has a bounded resolution 
of the identity Æ such that «*H(-)x is countably additive for all 2* e I, 
xe X, we say that T is a spectral operator of class (T`); if there exists some 
total set T for which T is spectral of class (T), we say that T is prespectral. 
Although many of the properties of spectral operators extend to prespectral 
operators, not all do. In particular, Theorems 3.2 and 3.4 remain valid for 
prespectral operators, but Corollary 3.7 does not. Indeed, Fixman [1] con- 
structed an example where this corollary fails and showed that it is possible 
for an operator in le to be a spectral operator of two different classes, and 
to have two (non-commuting) resolutions of the identity. It can be seen 
that if T is prespectral with two resolutions of the identity E}, Ea of class 
(I), and if E, and E, commute, then Æ, = Ea. However, it is not known 
whether an operator can have distinct (hence non-commuting) resolutions 
of the identity of the same class. 
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It follows from some results of Bade [4] (see also XVII.2.1 and 
XVII.2.12) that if ¥ is a weakly complete B-space, then any prespectral 
operator is automatically spectral, and so has a unique resolution of the 
identity. Berkson and Dowson [1] have considered prespectral operators 
in some detail and have obtained a number of results concerning them. 
They show that if T is spectral, then 7* has a unique resolution of the 
identity of class (X); moreover, if T* is spectral of class (T) where I’ S X**, 
then it has a unique resolution of the identity of class (T`). If ¥* is weakly 
complete and T is spectral of class (I`), then T has a unique resolution of 
the identity of class (T). Moreover, (Berkson and Dowson [1]), if T is 
spectral of class (T`) and the spectrum of T is either totally disconnected or 
an R-set (thatis, therational functions which are analytic on o(7’) aredense 
in C(o(T))), then T has a unique resolution of the identity of class (I). 

Restrictions and quotients. Theorem 3.10 shows that if a spectral 
operator T e B(X) is reduced by a closed subspace Y S ¥ and one of its 
complements (that is, if T commutes with some projection of X onto %9), 
then the restriction T |Y of T to Y is spectral. The situation corresponding 
to an invariant closed subspace of T is not so simple. However, Fixman [1] 
proved that the restriction of a spectral operator T to an invariant closed 
subspace Y) of X is spectral if and only if the resolution of the identity Æ 
of T also leaves Y invariant; in this case the resolution of the identity of 
T | Y is given by E| Y. Moreover, Dowson [1] proved that e(T |Y) S o(Y); 
he further showed that if S is a scalar type operator whose spectrum is 
nowhere dense and does not separate the plane, then the restriction of S 
to any invariant closed subspace is spectral. Similarly if S is a scalar type 
operator whose spectrum is an R-set and if Y is an invariant closed sub- 
space, then S| ¥ is spectral if and only if o(S| Y) S o(S). An example (due 
to J. R. Ringrose) shows that these two results do not generalize to spectral 
operators that are not scalar type. However, if T is a scalar type operator 
whose spectrum is totally disconnected, then the restriction of T to any 
invariant closed subspace is spectral. In [5], Dowson considered the restric- 
tion of prespectral operators; it was seen that the three results just stated 
for spectral operators do not hold for prespectral operators. 

The analogous problem of operators induced by spectral operators on 
quotient spaces was considered by Dowson [3]. He showed that if T e B(X) 
is a spectral operator and Q) is a closed subspace invariant under T, then 
the operator Ty (defined on X¥/Q by Talx] =[Tx]) is a spectral operator if 
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and only if Y is invariant under the resolution of the identity of T. In 
this case o(T'y) S o( 7) and the resolution of the identity of Ty is obtained 
by taking the quotient under Q of the resolution of the identity of T. 
Thus we infer that if T is spectral and Q is an invariant closed subspace, 
then the quotient operator Ty is spectral if and only if the restriction T| Y is 
spectral. Consequently, the analogs of the results stated in the preceding 
paragraph for restrictions of spectral and scalar type operators also hold 
for their quotients. 

Although the restrictions of operators with the single valued extension 
property have this property (see Dowson [1]), the corresponding result for 
quotients is not true. Indeed, Dowson [3] notes that the unitary shift 
operator has quotients which do not have the single valued extension 
property. On the other hand, Vasilescu [8] proved that if T e B(X) and M 
is a closed subset of the complex plane C such that: (i) if f is an analytic 
function on an open set D, S M’ to ¥ such that (AI — T) f(A) =0 for all 
Ae D,, then f(A) =0 for Ae D,, and (ii) X(M) = {x e X| o(xz) S M} is a 
closed subspace of ¥; then the quotient operator induced by T in ¥/X(M) 
has the single valued extension property. 

Another aspect of the restrictions of scalar type operators in Hilbert 
space to invariant closed subspaces was made by Saffern [1], who defined 
an operator in a Hilbert space to be subscalar if it is the restriction of a 
scalar type operator to an invariant closed subspace. (This generalizes 
the related notion of a subnormal operator that was introduced by Halmos.) 
As would be expected, many properties of subnormal operators can be 
extended to subscalar operators; for example, there exist minimal scalar 
extensions of subscalar operators. Although minimal normal extensions of 
a subnormal operator are unitarily equivalent, minimal scalar extensions 
of a subscalar operator need not even be similar. Hence the natural defini- 
tion of a resolution of the identity of a subscalar operator (as the restriction 
of the resolution of the identity of a minimal scalar extension) is not 
uniquely defined. However, relations between the various parts of the 
spectrum of a subscalar operator and a minimal scalar extension are 
obtained and a functional calculus for a subscalar operator can be defined. 
It is proved that a subscalar operator has the single valued extension 
property and that the resulting set of vector valued analytic extensions of 
the resolvent operator forms a set of similarity invariants for the subscalar 
operator. 
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The notion of subscalar operators and scalar extensions in B-spaces 
has been pursued by Ionescu Tulcea [4, 5] and Ionescu Tulcea and Plafker 
[1]. An operator T e B(X) is said to be subscalar if there exists a B-space 
Ť 2 X, a continuous projection of ¥ onto X, and a scalar type operator 
T e B(X) such that 7 |X = T. It is proved that T is subscalar if and only 
if there exists a compact set Z&C and a continuous linear mapping 
U:f— U(f) of the space of bounded Borel functions measurable on Z 
into B(X) such that (i) J = U( fo) for fo(A) = 1 and T = U(f,) for f,(A) = A, 
(tt) U( ffi) = U(f)T for all f, (iii) if {fa} is a bounded sequence which 
converges pointwise to zero, then {U(f,)} converges strongly to zero. 
Another characterization of subscalar operators is given, based on a 
theorem which asserts that, under certain hypotheses, a continuous linear 
mapping U of a Banach algebra Y with unit e into B(X) is the projection 
of a continuous homomorphism of Ñ into B(Ž) for some B-space ¥ > ¥ 
which has a continuous projection onto X. A second proof of this latter 
result is given in Ionescu Tulcea and Plafker [1]. 

The Canonical Reduction. Theorem 4.5, which gives the reduction 
of a spectral operator into the sum of scalar type and quasi-nilpotent 
operators may be regarded as a generalization of the Jordan Decomposition 
Theorem; it was proved by Dunford [18; p. 333], although the proof there 
is based on results from the theory of B-algebras. A proof similar to the one 
given here was communicated to the authors by Foiag. A version of the 
canonical reduction for everywhere defined spectral operators in a locally 
convex linear space was given by Ionescu Tulcea [3] when the space is 
quasicomplete and barreled. See below for remarks concerning the exten- 
sion of this result to generalized spectral operators. 

In the case of prespectral operators, Theorem 4.5 has the following 
formulation, noted by Berkson and Dowson [1]: 


THEOREM. Let T e B(X) be spectral of class (T`) with a resolution of the 
identity E, and define S and N by 


S= AE(dà), N =T — 8. 
o(T) 
Then S is spectral of class (T) with E as a resolution of the identity, o(S) = 
o(T), and N is a quasi-nilpotent operator commuting with E. 
Conversely, let S be spectral of class (T) with a resolution of the identity E 
such that S = far, AE(dA), and let N be a quasi-nilpotent operator commuting 
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with E. Then S + N is spectral of class (T) with E as a resolution of the identity 
and o(S + N) =a(8). 


A number of results under which a unique decomposition can be 
obtained for prespectral operators are given in Berkson and Dowson [1]. 
In addition, they modify an example due to Fixman [1; p. 1035] to construct 
bounded operators S and A on le such that S is a scalar type operator on 
lo of class (l) (and the adjoint of a scalar type operator), that a(S) con- 
sists of {1} U {(n —2)/(n —1)|n =3, 4, ...}, and that 4? =0, AS=SA. 
However A does not commute with any resolution of the identity for S; 
moreover, the operator S + A is not spectral of any class. 

The operational calculus for spectral operators that is presented in 
Section 5 is due to Dunford [17]. One of the interesting developments in 
some of the recent work on spectral theory has been an approach “‘ oppo- 
site” to that here; namely, one starts with an operational calculus for an 
appropriate class of functions defined on a set containing the spectrum of 
an operator. We shall discuss some of this work below under a separate 
heading. 

One class of operators (that has an operational calculus) for which an 
interesting generalization of Theorem 4.5 holds is the collection of T e B(X) 
such that for some k = 0 we have |e'7| = O(|t|*) for te R, |t| > œ. (Such 
operators are also characterized by the condition that o(7) is real and 
|R(A; T)| = O(|.4(A)| 78) as 4(A) > 0 for some £ > 1.) S. Kantorovitz [6, 7] 
showed that if this condition is satisfied for an operator in a reflexive space 
X and if o(7) has one-dimensional Lebesgue measure zero, then there 
exist a linear manifold D S X (which he calls the Jordan manifold for T), 
linear transformations S and N on D into D, and a function E defined for 
each Borel set in R with values which are linear transformations in D 
such that (i) E(R)x =~ for all xe D, and (ii) H(-)x is a bounded regular 
strongly countably additive vector measure for each x e D, such that: 


(a) T|D=S+MN; 


for each x e D and each polynomial p. Moreover, in a certain sense the 
manifold D is maximal and unique. Further hypotheses imply that Æ is 
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multiplicative. If Y is the completion of D under a certain norm, then the 
adjoint of the extension of T to Y yields a spectral operator of class Y9. 

By examining the operator T in C [0, 1] defined by Tf (x) = xf (x), 
Deal [1] arrived at some conditions which are sufficient to guarantee that 
there exists a homomorphism # of the Boolean algebra of finite unions of 
intervals in [0, 1] into an algebra of projections such that an operator has 
the representation 


1 
T =| AEA) +N, 
0 


when N is a quasi-nilpotent which may not commute with T. The condi- 
tions imply that e( T) =o,(T). See also Deal [2]. 

The following result was proved by Sine [1], using techniques similar 
to those in Smart [2]. Let T e B(X) with o(T) =c,(T) S[0, 1] with a 
bounded commuting strongly continuous family E(t), t e [0, 1], of projec- 
tions such that (i) #(0) = 0, #(1) =Z, (ii) E(t) T = TE(t), (iii) if s < t then 
E(s)E(t) = E(s), and (iv) o(T | E(t))¥ S [0, t]. Then T =S -+ N, where 


1 
S= | eam), 


and. § is well-bounded (in a sense defined below) and N is a commuting 
quasi-nilpotent. 


Spectral operators in Hilbert space. The fact that a finite number of 
commuting spectral operators in a Hilbert space can be simultaneously 
transformed into normal operators by passing to an equivalent inner 
product is due to Wermer [3]. He based his argument on a result for spectral 
measures due to Lorch [1] and Mackey [4]. The proof given here depends on 
the result, due to Sz.-Nagy [7], that a bounded Abelian group of operators 
in a Hilbert space is equivalent to a unitary group (cf. 6.1). (See also Day [8] 
and Dixmier [1].) 

Sums and products of spectral operators. One of the most important 
applications of Wermer’s theorem is to prove that the sum and product of 
commuting spectral operators in Hilbert space are also spectral operators. 
Unfortunately, this result does not extend to an arbitrary B-space; indeed, 
Kakutani [15] gave an example of two operators whose sum is not spectral. 
Let S and T be the Cantor set in [0, 1] and consider the linear manifold 
C(S8) Q C(T) of O(S x T) consisting of all finite sums of the form 
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(*) z(s, Ł) =f xi(s)y:(t), 


i=1 
where x; e O(S), yı € O(T) for i =1, ..., n. We define a new norm for the 
element z € C(8) @ C(T) by 


(1) lell int X lal ly 


where the infinum is taken over all representations of z in the form (x). 
Then |z| < ||z||, where |z| denotes the norm in C(S x T). If we complete 
C(S) @C(T) relative to the norm defined in («x), we obtain a B-space 
O(8) ® O(T) which is a subset of C(S x T). Kakutani showed that, for some 
continuous function f defined on the Cantor set, the operators A and B 
defined on O(S) ® O(T) by 


Az(s, t) = f (s)a(s, t), Bus, t) =f (t)z(s, t), 


are spectral operators, but that A + B is not a spectral operator since the 
appropriate Boolean algebra of projection operators is not bounded. 

By modifying Kakutani’s construction, McCarthy [2, I] showed that 
the sum of two commuting scalar type operators on a separable reflexive 
B-space need not be a spectral operator. 

In the affirmative direction Foguel [2] noted that in any space the 
sum (or product) of two commuting spectral operators is spectral if and 
only if the sum (or product) of their scalar parts is spectral. In addition, 
Dunford [18] and Foguel [1] proved that if ¥ is weakly complete, then the 
sum and product of spectral operators is spectral provided the Boolean 
algebra generated by their spectral measures is bounded. McCarthy [2, I] 
showed. that if one of the operators has finite multiplicity, then the sum of 
spectral operators is spectral; moreover, for certain separable reflexive 
spaces this condition is necessary. Subsequently, McCarthy [2, II] proved 
that if £ and F are commuting bounded Boolean algebras of projections 
in L, with 1 <p < + œ, then the Boolean algebra generated by & and F 
is bounded. (See also Littman, McCarthy, and Riviere [1] where the case 
0<p < 2 is treated.) As a consequence of this remarkable result it follows 
that the sum and product of commuting spectral operators in L,,1<p< 
-+ œ, are spectral operators; there is no restriction on the multiplicity of 
the operators or the separability of the space. This work was extended to 
certain locally convex spaces resembling L, by Oberai [1]. 
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It follows from some deep work of Lindenstrauss and Pelezynski [1] 
that if ¥ is a complemented subspace of an L,-space and & is a bounded 
Boolean algebra of projections, then there exists a constant M such 
that for every finite family {#,,} of disjoint projections in & one has 


3 |Z, x| smi(x B,)z 
k=l KTI 


Similarly, if ¥* is (isometric to) a complemented subspace of an L,-space 
(in particular, if ¥ =C(K) for K compact Hausdorff), then the above 
conditions imply that 


n 
(3%) 
Kz 

From this McCarthy and Tzafriri [1] show that if ¥ is a complemented 
subspace of an L,-space, with 1 < p S + œ, then the Boolean algebra 
generated by two commuting bounded Boolean algebras of projections is 
bounded. Thus the sum and product of commuting spectral operators in a 
complemented subspace X of an Ly-space with 1 < p S + œ, are also spectral 
operators; as noted above, this holds when ¥ = C(K). (This result does not 
contradict Kakatuni’s example since C(S) ® C(T) is not a complemented 
subspace of an L.-space.) On the other hand it is proved that scalar type 
operators in a L,.-space are of a surprisingly special form in that their 
spectral measures are finite. Thus if S is a scalar type operator in such a 
space, then S = ye 1 A,;E£,. Moreover, every scalar type operator in 
L (0, 1) is similar to an operator of the form Tf = gf where g is a simple 
function; this was proved by McCarthy and Tzafriri|1]. (See also Dean [1].) 
In the space C[0, 1], however, there are complete Boolean algebras of 
projections which are not finite. Even so, any scalar type operator S in 
O(K) has a representation of the form Sx = X, À, E({A,})x where {A,} is the 
set of eigenvalues of S (cf. McCarthy and Tzafriri [1; p. 539)). 

As we shall see below, the sum and product of two commuting 
generalized spectral operators is a generalized spectral operator. This was 
proved by Foiaş [9]; see also Colojoara and Foiag [4] and Kantorovitz [5]. 

In case the sum of two commuting spectral operators is a spectral 
operator, it is to be expected that its resolution of the identity should be 
given by a “convolution integral” such as 


5 xe. 


< M sup |Ep x|, xe X. 
k 


E(o) = | E (o — AEA), 
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where Æ, E, are the resolutions of the identity of the given operators. Such 
a formula has been established by Foguel [1] under the hypotheses that 
(i) the Boolean algebra generated by E, and E, is bounded, (ii) ¥ is weakly 
complete, and. (iii) the H-measure of the boundary of o is zero. Further 
work along this line was done by Kantorovitz [1, 2, 4], who showed that 
the above formula holds in the strong operator topology without condition 
(iii). The same result was established earlier by Pedersen [1] for the case 
of a reflexive space, and his argument extended by Oberai [1] to the case 
of certain locally convex spaces. Similar results also hold for the resolution 
of the identity of the product of two commuting spectral operators. Klu- 
vánek and Kováříková [1] studied conditions under which there exists a 
spectral measure G on the Borel subsets of C x C such that G(o x 6) = 
E,(c)E,(8) for all Borel sets o, 8. A necessary and sufficient condition for 
this is that for each xe X, the set 


py E,(o,)B2(8;)x , 


as o; X 6;, j= 1, ..., n, varies over all finite sets of mutually disjoint 
rectangles, is weakly sequentially compact. If X is weakly complete, this 
condition is satisfied. More generally, it is always possible to find a G with 
values in B(X**) such that G(o x 8) = £,(c)**H#,(5)** for all Borel sets 
g, 6. 

The scalar and nilpotent parts of a spectral operator, Theorem 6.7 
shows that if T e B(X) is a spectral operator in a Hilbert space and if the 
resolvent operator à R(A; T) satisfies a mth order rate of growth condi- 
tion, then the nilpotent part N of T is of type m — 1; that is, N” =0. 
This was proved by Dunford [18]; however, McCarthy [1, I] showed that 
this assertion does not hold in an arbitrary B-space. In fact, all that can 
be inferred in an arbitrary B-space is that N” +2 == 0; however, if o(T) has 
plane measure zero, or if ¥ is weakly complete or separable, then N"+! = 0. 
Additional results, as well as examples to show that these indices of nil- 
potency cannot be reduced, are given in McCarthy [1]. Some of these 
results were extended to spectral operators in certain locally convex spaces 
by Simpson [1, 2]. Neubauer [2] gave a necessary and sufficient condition 
that the nilpotent part of a spectral operator be of order m. The condition 
is that there exists M >0 such that if o,,..., ¢, are disjoint Borel sets in 
oT) and é, ..., é are complex numbers such that |é] < |T| +1 and 
é,¢6,, then 
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BGs P| Blo) 8)Bo)] < Mla, 


where d = min {dist(é,, ¢,)|j = L, ..., n}. 

The results of Section 7 relating properties of a spectral operator and 
its scalar part are due to Foguel [2], as are most of the results in Section 8 
concerning the spectral properties of T, S, and N. Oberai [2] discussed 
some of these results for operators on certain locally convex spaces. 

The sections 9-11 inclusive constitute a slight expansion and elabora- 
tion of results of Dunford [21] some of which are intimately related to and 
inspired by the work of Foguel [3]. Just recently T. R. Chow [1] has, by 
using the reduction theory of von Neumann, generalized Theorem 10.6 by 
proving that any closed spectral operator in Hilbert space can be decom- 
posed into a direct integral of closed irreducible spectral operators. The 
examples in Section 12 are not intended to be complete—they do not by 
any means illustrate all types of phenomena which occur. Other types will 
be found in the exercises in Section 15 and the inquisitive reader will no 
doubt observe many others. He will also observe that some of the results 
stated for Hilbert space in this and the preceding sections can be appro- 
priately formulated for the spaces L (R), 1 <p< œ, as well. The bib- 
liography and history of the Cauchy problem, even the linear initial value 
form of it that we have illustrated, are too large for us to give here, especi- 
ally since we have not attempted to discuss the theory of this problem but 
have only illustrated it with a few examples related to the theory of 
spectral operators. We mention some pertinent references. For the early 
literature on the Cauchy problem, Hadamard [2] contains many references 
in the preface and the footnotes. I. M. Gelfand and G. E. Silov [2] have a 
modern treatment and a good bibliography. Finally, E. Hille [1, 5, 7] and 
E. Hille and R. S. Phillips [1] have an interesting discussion containing a 
number of types that we have not mentioned. 

We are indebted to the fascinating lectures of O. Neugebauer [2], 
delivered at Cornell, for the few remarks we have made about Babylonian 
astronomy. They contain a detailed and lucid explanation of all we have 
mentioned about Babylonian astronomy and much more. They also have 
a bibliography and illuminating remarks at the end of each chapter. 

The results of Section 14 are rather loosely related to those of the 
preceding sections. Theorem 2 may be found in Gelfand, I. M., and 
Raikov, D. A. [1] and its Corollaries 3 and 5 in Wiener, N. [4] and [5]. 
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This Wiener theorem and P. Lévy’s generalization obtained by replacing 
I/A by any function f(A) analytic for A in a neighborhood of the spectrum 
of the element a in Q, are extensions of the results to be found in IX.4.10 
and IX.4.11. The elementary Lemma 6 which permits these Wiener-Lévy 
results to be extended to such non-closed ideals as L, ^ L; and L, nC 
does not seem to have been previously observed in connection with results 
of the type given in Corollaries 8, 10, and 11. 

The equation (20) was first solved (without our restriction (24)) in the 
homogeneous case y = 0 in Wiener, N., and Hopf, E. [1] with certain growth 
restrictions on the kernel f. In his well known monograph on the subject, 
E. Hopf [4] gives analytic formulas for solutions of the Wiener-Hopf 
equation in the non-homogeneous as well as the homogeneous cases. 
M. G. Krein [26] has given a deep and comprehensive study of non- 
homogeneous equations of the Wiener-Hopf type. Oddly enough, it appears 
that Krein was the first to obtain the factorization given in equation (30) by 
using the Wiener-Lévy theorem, although essentially the same factoriza- 
tion appears in the early work of Wiener and Hopf [1]. The paper of Krein 
has an excellent bibliography on the subject and contains an account 
of its historical development. 

In recent years there has been an increasing amount of interest in 
linear operators satisfying algebraic identities obtained by abstract 
Wiener-Hopf methods. Along these lines we refer the reader to the papers 
by Andersen [1, 2], Atkinson [6], Baxter [2], Rota [6, 7] and Spitzer [1]. 

Finite linear systems of equations of the Wiener-Hopf type have been 
extensively studied by Gohberg, I. C., and Krein, M. G. [3]. In this situa- 
tion the factorization corresponding to our equation (30) is more difficult 
but may be accomplished by means of the solution of the homogeneous 
Hilbert problem for matrix functions. For a solution to this problem 
we refer to Gohberg-Krein [3] and to the excellent treatise of N. I. Mus- 
khelishvili [1]. 

Spectral and Hermitian operators. If T is a scalar type operator in X 
with resolution of the identity E defined on the Borel sets Z of C and if we 
define A and B by 


A= f RAE), B= f S(A)E(dÀ), 
Cc C 


then A and B are commuting scalar type operators whose resolutions of 
the identity can be found by a change of measure, and T =A + iB. 
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Alternatively (cf. Kantorovitz [4]), we cari define Ep and E, on the Borel 
sets of R by 


Egle) = E(6 x R), E,(c) =E(R x 8) 


and obtain 
A= f AE, (dA), B= f AE, (dd). 
R R 


Thus a scalar type (and hence also a spectral) operator can be broken into 
“real” and “imaginary parts.” Analogously, a scalar type (and hence a 


(23 


spectral) operator has a “polar decomposition ” similar to that given in 
Section XII.7 for a normal operator. (See Foguel [2].) This polar decom- 
position is also to be found in Kovafikova [1] who was concerned with 
expressing the spectral measure of the given operator as a product of the 
spectral measures of the factors. 

In a sense, a scalar type operator with real spectrum can be thought 
of as a generalization of a Hermitian or self adjoint operator in a Hilbert 
space. However, there is another relevant notion which is of interest and 
importance. Lumer [1] has observed that in any complex B-space X one 
can introduce (at least one) semi-inner product consistent with the original 
norm. (By a semi-inner product we mean a mapping [-, -] of X x X intoC 
such that: 


(i) for each y e X, the map z > [z, y] is linear on X; 

(ii) for each xe X, [z, x] = 0; 

(iii) [w, x] =0 if and only if z =0; 

(iv) Iiz, yll? < [x, ally, y] for x, y e X. 
The semi-inner product induces a norm ||x|| = [zx, z]'/? and we say that the 
semi-inner product is consistent with the original norm in case the norms 
-|| and |:| are equivalent.) If T e B(¥) we can define its numerical range 
with respect to the semi-inner product to be 


W(T) = (Tz, a]|La, ej] =1, re X}. 


Although different semi-inner products yield different numerical ranges 
for T, they all have the same convex hull. Hence if T e B(X) has a real 
numerical range with respect to one consistent semi-inner product, it has 
a real numerical range with respect to all. Lumer called such operators 
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Hermitian operators on X; he further showed that this notion coincides with 
one previously introduced by Vidav [2], namely, that 


| —#T| =1+o0(¢) as t>0 (te R). 


By now there is a substantial literature on semi-inner product spaces, 
numerical ranges, and Hermitian operators. See Bonsall and Duncan [1]. 

Berkson [2] showed that if E is a bounded spectral measure and if one 
defines 


|| || =sup{var x*E(-)x| |x*| = 1}, 


then ||-|| is a norm equivalent to |:| and relative to which all the operators 
(8) become Hermitian. It follows from this and Berkson [5; p.3] that if f 
is continuous on the compact support K of E, then 


I {F(Z (@s)|| = sup | f(s). 
sek 


Berkson [2] further showed that if T is a scalar type operator then there 
exist unique operators A, B such that (i) T =A + iB, (ii) AB = BA, and 
(iii) A™B" is Hermitian for m, n =0, 1, 2, ... for some equivalent norm. 
Conversely, if ¥ is reflexive (or even weakly complete), then these three 
conditions characterize scalar type operators. 

Lumer [2] showed that if T and T, are commuting scalar type 
operators, then there is an equivalent renorming of ¥ under which T; = 
A,+iB, where A,, B, are commuting Hermitian operators. Hence 
T,+7T7,=A+iB where A, B are commuting Hermitian operators. 
Among other things, he showed that if € is a Boolean algebra of projection 
operators in B(X), then the following assertions are equivalent: (a) & is 
uniformly bounded; (b) the uniform closure A of the real linear span of & 
consists of operators which are Hermitian under some equivalent norm; 
(c) this closure A consists of operators with spectral adjoints. 

Panchapagesan [1] considered the relation between the polar decom- 
position of scalar type and Hermitian operators and proved some results 
analogous for those of Berkson cited above. 

Recently, Stampfli [11] has introduced an interesting class of operators. 
If x e X, by the Hahn-Banach Theorem there exists an x* e X* such that 
|2*| =|2| and atx —|2|*. Let p: ¥>X* be any mapping such that 
g(x) =x* and y(Ax) =Ag(x). In general p is not unique, linear, or con- 
tinuous, but it induces a semi-inner product [x, y] = (p(y))x on X. Given 
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such a mapping g, we say that A e B(X) is adjoint Abelian if A*p = pA 
(equivalently, if (Ax)* = A*x* for all x e ¥). If A is adjoint Abelian, then 
o(A) is real and A?" is Hermitian for n =1, 2, ...; however; A need not 
be Hermitian, and cI + A need not be adjoint Abelian. It is proved that if 
A is adjoint Abelian, then (i) (4?)* is a scalar type operator of class (X), 
and (ii) if ¥ is weakly complete, then A? is a scalar type operator. Moreover, 
if A is adjoint Abelian and ¥ is weakly complete, then A is scalar type 
if and only if either (a) A is invertible, (b) 0 is an isolated point of o(A), 
or (c) o(A) is non-negative (or non-positive). It is not known, however, 
whether every adjoint Abelian operator in a weakly complete space is 
scalar. 


Spectral operators and unconditional convergence. If T is a scalar type 
operator whose eigenvectors are a fundamental set, then the expansion 
in terms of these eigenvectors is unconditionally convergent. Conversely, 
Smart [3] showed that if T e B(X) is such that its eigenvectors 
{x;,|& =1, 2, ...} have the property that no x, is in the closed subspace 
spanned by {a,,| k n}, then there exist {fẹ | k = 1, 2, ...} in X* such that 
filty) = 8, - If Y is the set of all x e X such that Lf,,(x)x,, is unconditionally 
convergent to x, then Y) is a B-space under the norm: 


æl =sup{| $ fi(x)a,| |Z finite}. 
kel 4 


Moreover, % is invariant under T, and 7T|Q is a bounded scalar type 
operator on Y with resolution of the identity given by 


Eloje = $, fila)» 
AkET 


where {àx} denotes the set of eigenvalues of T. 

Roots, logarithms, and semi-groups of spectral operators. If S is an 
invertible scalar type (respectively, spectral) operator and T satisfies 
T” —8§ for some positive integer n, then Stampfli [1] showed that T is a 
scalar type (respectively, spectral) operator. Results dealing with the 
existence (and non-existence) of roots and logarithms of operators have 
been established by Apostol [5, 6, 7, 8, 9, 10, 11], Colojoara [4], Deckard 
and Pearcy [2], Halmos and Lumer [1], Halmos, Lumer and Schaffer [1], 
Hille [6], Krabbe [1], Kurepa [1, 2, 3, 4, 6], Lanier [1], Lumer [3], Putnam 
[19, 21, 22], Schaffer [3], and Stampfli [1], although some of these authors 
dealt with operators that are more (or less) general than spectral operators 
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in B-spaces. To cite one result, Apostol [6] proved that if fis analytic on a 
neighborhood of o( 7’), if f’(A) 40 for Ae o(T), and if f(T) is a spectral 
(respectively, scalar type) operator, then T is spectral (respectively, 
scalar type). 

A number of papers dealing with groups or semi-groups of spectral 
operators have been published. See Berkson [5], Foiag [3, 8], Ionescu 
Tulcea [2], Lanier [1], Lumer [2,3], McCarthy and Stampfli [1] and 
Panchapagesan [1] for results along this line. 

The following papers are less closely related to spectral operators, but 
consider similar problems: Adamjan and Arov [2], Foiag and Gehér [1], 
Gustafson [1], Hasegawa [1], Heyn [1], Ito [1], Kleinecke [4], Komatsu [1], 
Maltese [1, 2], Miyadera [2], Mlak [5], Singbal-Vedak [1], Yosida [13]. 

Spectral measures, locally convex spaces and order. Spectral measures 
have been studied in connection with (partially) ordered spaces by 
Schaefer [7, 10, 11], Schaefer and Walsh [1], and Walsh [1, 2, 3]. We shall 
give a condensed description of some of this work, but, in order to be brief, 
it is convenient to specialize some of their results. Much of this work is 
arranged so as to treat bounded and unbounded operators simultaneously; 
in this sense it presents a unification of Chapters XV and XVIII. On the 
other hand, some of their results indicate that spectral measures and 
spectral operators in various non-normable spaces that are of interest in 
analysis are often of a more special character than might be expected. 

Let X be a compact Hausdorff space and let A be a locally convex 
Hausdorff space which is also an algebra over C with identity e and in 
which multiplication is separately continuous. We shall also assume that 
A is “semi-complete” in the sense that Cauchy sequences are convergent 
in A (note that A is not necessarily metrizable; hence the qualifier “ semi ”). 
By a spectral measure u on X to A we mean a mapping 6 — (ô) from the 
Baire field Z, (the o-field generated by the compact G, sets in X) of X into 
A which is weakly countably additive and satisfies p(X) =e, (61 A 82) = 
(51) u(52) for 5,, 5, in Zo. (Under suitable hypotheses one can associate 
such spectral measures with continuous homomorphisms of C(X) into A, 
thus affording an alternative approach —see Schaefer [11; p. 470].) 

It is proved that if u is a spectral measure, then the intersection K 
of all convex cones containing {u(8)| 5 e Bo} is a “ weakly normal” cone 
and defines a (partial) order in A with respect to which u is a positive 
measure. Thus every spectral measure on X to A is positive with respect to a 
suitable order on A. 
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Let u (respectively, v) be a spectral measure on X (respectively, Y) 
to A. Then in order for there to exist a necessarily unique spectral measure 
A on the Baire sets in X x Y to A such that (5 x c) = (8)r(o) for all 5, a, 
it is necessary and sufficient that the values of u and v are contained in a 
commutative subalgebra of A and that there exists a partial order of A for 
which both u and v are positive. This result throws light on when the sum 
and product of scalar type operators are scalar type operators. 

We shall say that an element a e A is scalar (although Schaefer [10; 
p. 143] used the word “spectral’’) if there exists a compact space X, a 
spectral measure u on X to A and a bounded Baire measurable function 
f: X +C such that a = f f (x)u(dx). It follows that there exists a spectral 
measure v, defined on a compact subset of C to A such that a = f zva(dz); 
moreover, the measure v, is unique and its support is the spectrum of a 
in A (that is, the complement of the largest open set in C in which the map 
A > (Ae —a)~1 is locally holomorphic in A). The elements in the range of va 
are, in a natural sense, “‘ functions of a” and the mapping g > g(a) = valg) 
is an operational calculus for a. 

We say that a scalar element a e A is real (respectively, positive) in 
case its spectrum o(a) is contained in R (respectively, [0, + 00)). It can be 
proved that an a e A is a real scalar element if and only if there exists an 
ordering of A with respect to which a is in the real linear hull of the order 
interval [0, e], and that a e A is positive if and only if there exists an 
ordering of A and a non-negative number y such-that 0 < a < ye. Algebras 
in which every element is a scalar element are considered in Schaefer [10, 11] 
and Walsh [1]. Basically they turn out to be commutative and equivalent 
to an algebra of the form C(Q). Results of this character may be compared 
with those in Section XVII.2. 

These (and other) results are applied to study the case where A is the 
algebra of all continuous linear mappings on a locally convex space E with 
the strong operator topology; here we assume that E is semi-complete and 
barreled. In this setting, scalar operators can be introduced; in fact, it is 
possible to study unbounded operators. We state only one result in this 
direction (see Schaefer [10; p. 169]). Let. T be a closed linear operator with 
dense domain in Z; then T is a “real scalar operator” if and only if 
(I + T?)~-+ exists and there is an ordering in A for which 0 < (+ T?)-* <I 
and —I < T(I + T*) SI. 

In Schaefer [11], similar results are obtained in a more “algebraic” 
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setting; here, spectral measures are considered to be continuous homomor- 
phisms of the algebra C(X) into A. 

Schaefer and Walsh [1] gave some examples of operators which are 
scalar (in the sense defined above) in certain non-normable locally convex 
spaces. For instance: (a) Let fe D(7") bea distribution on the n-dimensional 
torus T”; then the convolution mappings u —> f » u on the spaces OF (7) 
or D(T”) are scalar. Thus differential operators with constant coefficients 
are scalar on C?(7") and D(T”). (b) Let p and q be real-valued C? functions 
onthe one-dimensional torus Tt. Then the mappings u > (d/dt)(pdu/dt) +-qu 
on C#(T1) and D(T) are scalar. (c) The mappings u > —d?u/dt? + t?u on 
the spaces ® (respectively, T+) of rapidly decreasing C” functions (res- 
pectively, tempered distributions) on the real line are scalar. Thus the 
Fourier transform u(t) > fp e~ 27*Su(s) ds in ® and its adjoint in J? are 
scalar. The proofs that these operators are scalar follow from the fact that 
the eigenfunctions of certain boundary value problems form absolute bases 
in Ce(7") or ® and from results in Schaefer [10]. 

Walsh [2] considers weakly countably additive spectral measures pu 
defined on a o-field X of subsets of a set X whose values are an equicon- 
tinuous family of continuous linear operators on a locally convex space Æ. 
If E is complete it is seen (Walsh [2; p. 308]) that each such spectral 
measure is the projective limit of a generalized sequence of spectral 
measures with values in B(X,) where X, is a B-space. 

Let u be such a measure, let E be boundedly complete and, for each 
xe E, let M(x) (respectively, Mp(x)) be the closed complex (respectively, 
real) linear span of {j(5)z| 5 e X}; these spaces are called the cyclic (res- 
pectively, real cyclic) subspaces generated by x. It is proved that the spectral 
measure induces on M(x) and Mt,(x) an order structure with strong pro- 
perties. In particular, if M(x) is complete, then it is isomorphic as a vector 
space with a space of equivalence classes of integrable functions on X 
modulo certain “null functions;” similarly, Ntp(x) is isomorphic both as a 
vector space and a vector lattice with a space of equivalence classes of 
real-valued integrable functions. This enables him to extend certain 
theorems of Bade [4] to suitable metrizable locally convex spaces. For 
instance, if Æ is a complete metrizable locally convex space then there 
exists a countable set of continuous linear functionals {#*} such that if 
x*u(5)x =0 for all n, then u(ê)x = 0 (and hence the restriction of (8) to 
M(x) is 0). In the case where E is a B-space this countable set can be 
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replaced by a single functional, but in general this cannot be done. 

One of the most surprising results due to Walsh [2] is the result that 
if ~ is an equicontinuous Borel spectral measure into the space of con- 
tinuous operators in a space Æ in which closed bounded sets are compact 
(for example, a Montel space), then p is purely atomic. In Walsh [3] this 
was extended to the case where E has the property that weakly compact 
subsets are compact (for example, /,). Thus the scalar operators in such 
spaces are limits in the strong operator topology of finite dimensional 
operators. Since some interesting non-normable locally convex spaces 
are Montel spaces, this means that scalar operators in these spaces are 
of a very restricted type. 

Interpolation of spectral operators. Questions concerning the inter- 
polation of spectral operators and their resolutions of the identity were 
considered by Krabbe [13] and Oberai [3]. Krabbe’s paper considers a 
rather general setting; Oberai’s refers to the case of the L,-spaces and is 
easier to describe. Let (S, X, u) be a finite measure space and denote 
Lp = L (S, Z, p). Let L <r <s <4 and let T be a spectral opera- 
tor on L, with resolution of the identity Æ. If T leaves L, invariant and 
T, = T| L, is spectral, then its resolution of the identity is Æ | L,. More- 
over, if these hypotheses are satisfied and r < p Ss, then T leaves L, 
invariant, and T, = T| L, is a spectral operator with resolution of the 
identity H, =E | Lp. Similarly, if S generates a continuous operator on 
both L, and L,, and if S is spectral in one of these spaces, then a necessary 
and sufficient condition that it be spectral in the other spaces is that the 
restriction (or extension) of the spectral measure be bounded in the 
second space. 

T-measures. The notion of a scalar type spectral operator was gener- 
alized in an interesting way by E. Bishop [1]. Although he considered 
closed operators, we shall limit our attention to operators T e B(X), 
where ¥ is a reflexive B-space. 

A vector valued measure m on the Borel sets Z of the complex plane 
C to ¥ is said to be a T-measure if 


Tm(8) = Í Am(dr), eB. 


If m is a T-measure and x = m(C), we say that x has a T-measure m. Ina 
sense, a 7'-measure is a generalization of an eigenvector of T. It is easy to 
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see that if T is a scalar type spectral operator with resolution of the iden- 
tity E, then E(- )x is a T-measure of x. However, not every operator has a 
non-trivial 7'-measure; consider the right shift operator in la, or a quasi- 
nilpotent operator with empty point spectrum. 

It is proved that if m is a T-measure, then m vanishes outside o(T). 
Moreover, T is a scalar type spectral operator if and only if every vector has 
a unique T-measure. 

A functional calculus is defined for operators which have sufficiently 
many 7’-measures; this calculus is quite analogous to that for a self 
adjoint operator; however, it is possible for f(T) to be unbounded even 
when f and T are bounded. 

In order to handle quasi-nilpotent operators, Bishop introduces the 
notion of a weak T-measure. He shows that an operator T in a reflexive 
B-space X is a spectral operator if and only if each xeX has a weak 
T-measure and each x* e ¥* has a weak T*-measure. 

The main results in Bishop [1] are extended to a locally convex 
space which is barreled and quasi-complete by Maeda [1, 2]. 

Bishop’s “ duality theories.” In a very incisive paper, Errett Bishop [2] 
established some interesting results relating certain manifolds pertaining 
to an operator T in a reflexive complex B-space X with those manifolds 
pertaining to its adjoint T*. He referred to these as “duality theories,” 
but they very clearly belong to spectral theory. 

Let F be a closed subset of the complex plane C. The strong spectral 
manifold M(F, T) is defined to be the closure of the set of all xin ¥ which 
have the property that there exists an analytic function f on the comple- 
ment F’ to ¥ such that (Al — T)f (A) == for all A e F’. The weak spectral 
manifold R(F, T) is defined to be the set of all vectors x e X which have 
the property that for every e > 0 there exists an analytic function f on F’ 
to ¥ such that |(AZ — T)f (À) — z| < e for all A e F”. 

Evidently these spectral manifolds are closed and M(F, T) |= N(F, T); 
examples are given to show that this inclusion can be proper. 

Bishop introduces four types of duality theory for an operator T in 
a reflexive space X. (i) The operator T is said to admit a duality theory of 
type 1 if M(F,, T) EMF, T*), whenever F, and F, are disjoint 
compact sets, and if NG,, T)* = M(G,, T*) whenever G, and G, are open 
sets which cover C. (ii) The operator T admits a duality theory of type 2 
if MG, T),..., MGa, T) span ¥ whenever G,,...,G, are open sets 
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which cover C. (iii) The operator T admits a duality theory of type 3 if for 
arbitrary open sets G,,..., Ga which cover the complex plane, there exist 
closed linear subspaces W, ..., Mt, which span X, are invariant under T, 
and such that o(T| M,) S$ G,, i =1,..., n. (iv) The operator T admits | 
a duality theory of type 4 if 


MF, Tj 2 NF, T*), NF, T)* 2 MP, T*), 
ME, T)* S NG, T*), NG, Ty S MG , T*), 


whenever F, and F, are disjoint compact sets, and G, and G, are open 
sets which cover C. (It should be noted that T and 7* play symmetric 
roles in (i) and (iv).) 

An example is given to show that not every operator admits a duality 
theory of type 1; however, if T satisfies the condition: 


(æ) NF, T) S MF, n T), if F, S the interior of F, į 


then T does admit such a duality theory. 

It is a distinctly non-trivial fact that every bounded linear operator 
T in a reflexive B-space ¥ admits a duality ‘theory of type 4. The proof 
of this theorem is based on an analysis of certain B-spaces of vector 
valued analytic functions. 

We say that T satisfies condition (£) if for every open set U and every 
sequence {f,} of analytic functions from U to X and «eX such that 
(AI — T)f,(A) > x uniformly in compact subsets of U, it follows that 
{fr} is uniformly bounded on compact subsets of U. 

It is proved that if T satisfies condition (8) and F is closed in C, then 
(1) MF, T) =R(F, T), (2) for xeM(F, T) there exists an analytic 
function f: F'— ¥ such that (AJ — T)f(A) =< for all A e F’, and (3) T 
satisfies condition («), and (4) T admits a duality theory of type 1. 

It is proved that if 7* satisfies condition (8), then Tadmits a duality 
theory of type 2. Moreover, if T and T* satisfy condition (8), then T 
admits a duality theory of type 3. 

In particular, let T be an operator in a reflexive B-space ¥ with the 
property that for every open set U and every sequence {f,} of complex 
valued analytic functions on U such that |f,(A)| <|R(A; T)| for all 
à eU aA p(T), then {fa} is uniformly bounded on compact subsets of U. 
It then follows that T and T* satisfy condition (8) and hence admit 
duality theories of types 1, 2, 3, and 4, 
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Applying a theorem due to Wolf [3], Bishop concludes that if X is 
reflexive, o( T) is real, and 


flog log* sup{|R(A; T)| | F(A) = y} dy < + œ, 


then T admits duality theories of types I, 2, 3, and 4. 

Decomposable operators. Foiag [12] introduced a large and important 
class of operators which he called “decomposable.” This class appears to 
contain all operators that have a reasonably rich spectral theory; indeed, 
it will be seen that decomposable operators admit a duality theory of 
type 3 in the sense of E. Bishop. We shall give a brief description of the 
theory of decomposable operators; for more details the reader should 
consult Foiag [12] and Colojoara and Foiaş [1, 4]. See also Apostol [4, 5, 11, 
15], Colojoara and Foias [2, 5], Kariotis [1], and Vasilescu [3, 4, 5, 6, 7, 8] 
for other results concerning decomposable operators. 

Let § be a Hilbert space with an orthonormal basis {x, | =0, +1, 
+2,...}, let T be the “right shift” operator Tx, =2%,,, (n=0, +1, 
+2,...), and let Y =sp{x,|n = 0}. Then Y is invariant under T, T is 
unitary and o(7)={AeEC||A|=1}, while o(f|Y)={AeEC| |A| s1} 
Thus the restriction of an operator T to an arbitrary invariant closed 
subspace may have spectrum larger than o(T). 

Foiag [12] defined a closed linear subspace Y of a B-space ¥ to bea 
spectral maximal subspace of T e B(X) if (i) Y is invariant under T, and 
(ii) if 3 is a closed linear subspace of ¥ which is invariant under T and 
o(T | 3) S o(T | 9), then 3 S Y. (See also Ljubič and Macaev [2; §4, IV].) 

It can be shown that if Y is a spectral maximal subspace of T, then 
o(T| Y) S o(T); moreover, Y is invariant under any S e B(X) which 
commutes with T. More generally, if Y, and Y, are spectral maximal 
subspaces of T, then Y, S Y, if and only if o(7| Yı) S e(T | Yo). 

Ljubié and Macaev [2] give an example of an operator T in Hilbert 
space with o(T) =[0, 1] and such that the restriction of T to any non- 
trivial invariant closed linear subspace Q) hasthe property that o(T |Y) = 
[0,1]. To contrast with this, Colojoaraé and Foiag [1; p. 526] [4; p. 23] 
showed that if T has the single valued extension property and if 


X,(F) = {2 e X| or(2) S F} 
is closed, then X;(/) is a spectral maximal subspace of T and 
(*) o(T| ¥r(F)) S off) a F. 
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The conclusion (*) was obtained earlier by Ljubič and Macaev [2] and 
Bartle [6] for operators with real spectrum and whose resolvent satisfies 
a growth condition and by Foiag [9] for “generalized scalar operators.” 

It is not difficult to see that if T is a spectral operator with resolution 
of the identity Æ, then for F closed in o(T), the subspace H(F)X is a 
spectral maximal subspace for T. Similarly if o is a spectral set (in the 
sense of VII.3.17) and if Z, is the corresponding projection operator, then 
£,X is a spectral maximal subspace of T. Hence both spectral and com- 
pact operators have “many” spectral maximal subspaces. Jt can be seen 
that they are decomposable in the following sense. 


DEFINITION. An operator T e B(X) is said to be decomposable if for 
every finite open cover G, ..., Ga of o( T) there is a family Y4, ..., Ya of 
spectral maximal aes of T such that (i) o(T| Y) SG,,j=1,...,2, 
and (ii) ¥ = } >? Dy- 


(It is stressed that the subspaces 9Y, are not uniquely determined, 
nor do we assume that Y, © Y, = {0} for j #k; hence the sum in (ii) is not 
necessarily direct. All that is intended is that every x e ¥ can be repre- 
sented in the form x =} 7- Yz, y; € Y;-) 

Foiaş [12] showed that every decomposable operator T has the 
single valued extension property; hence it makes sense to define ¥r(F) 
where F is a closed set in C. Moreover ¥7(F) is a closed linear subspace 
and even a spectral maximal subspace of T, whence it follows that rela- 
tion (*) holds. Conversely, if Ņ is a spectral maximal subspace of the 
decomposable operator T, then Y = X;(o(7'| Y)). Thus a closed linear 
subspace of ¥ is a spectral maximal subspace of a decomposable operator 
T if and only if it is of the form X,(F) for some closed set F. 

The perturbation of decomposable operators by quasi-nilpotent 
operators and related questions was considered in Colojoaré and Foias 
[1, 4]. Recall that 7, U e B(X) are said to be quasi-nilpotent equivalent in 
case 
lim |(T — U)™ |" = lim |(U — T)™ |" =0; 


n> 0 


here we have used the notation: 
(T— Uy} = Èc 1)"- at ere k, 


(If TU = UT, then T and U are quasi-nilpotent equivalent if and only 
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if T — U is quasi-nilpotent.) It is proved that if T is decomposable and 
T and U are quasi-nilpotent equivalent, then U is decomposable. Moreover, 
if T and U are decomposable, then ¥r(F) = Xy(f) for all closed sets F 
if and only if 7 and U are quasi-nilpotent equivalent. 

If T is a spectral operator and T and U are quasi-nilpotent equivalent, 
then U is a spectral operator. Moreover, if T and U are spectral, then 
they are quasi-nilpotent equivalent if and only if they have the same 
resolution of the identity, and if and only if the single condition: 
lim, |(T — U)™|+/" = 0 is satisfied. 

If T is decomposable and f is analytic on an open set containing 
a(T), then f(T) is decomposable (see Colojoaraé and Foiag [2, 4]). Con- 
versely, if f is analytic on a neighborhood of o(U), if f is one-to-one on 
a(U), and if f(U) is decomposable, then U is decomposable. Similarly, 
Apostol [5, 11] has shown that if f is analytic on a neighborhood of o(U), 
if the zeros of f’ have no accumulation point in o(U), and if f(U) is decom- 
posable, then U is decomposable. 

In Apostol [4,11] the restrictions of a decomposable operator to 
subspaces, and the operators induced by a decomposable operator in 
quotient spaces are considered in detail. 

Apostol [11] introduced the notion of a “spectral capacity,” which is 
seen to be intimately related to decomposable operators. A spectral 
capacity € is a mapping of the collection F of all closed subsets of C into 
the collection S(X) of closed linear subspaces of X which satisfies the 
following conditions: 


(i) &(¢)={0},  &(C) = &; 
(ii) Ase) = 6( AF). F, eF; 
(iii) if {@,,..., Ga} is an open covering of C, then 
x = ¥ 8G). 

We say that an operator T e B(X) has a spectral capacity @, if for every 
FeF: 

(iv) TE(F) s é(F); 

(v) off |8(F)) S F. 
It should be noted that if E is a spectral measure on the Borel sets Z of C, 
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then the function € defined for F e F by &(F) = E(F)X yields a spectral 
capacity. 

It was proved by Apostol [11] that if T e B(X) is a decomposable 
operator, then the mapping &: F > F(X) defined by 
(**) 6(F) =X,(F), FEF, 
is a spectral capacity for T. Conversely, Foiag [17] showed that if T e B(X) 
has a spectral capacity &, then T is decomposable and (**) holds. More 
generally, he showed that if T is an operator for which there exists a 
function & satisfying conditions (i), (iii), (iv), (v) and 


(ii’) E(F 1) a EF) = 6(F1 0 F 2), FEF; 
then T is a decomposable operator and 
X7(F) = (\{6(G)| @ open, F S G}. 


Operational calculi and spectral theory. The existence of the opera- 
tional calculus for analytic functions of an arbitrary operator in B(%), 
as presented in Chapter VII, and of the operational calculus for continu- 
ous (or even essentially bounded Borel) functions of a self adjoint operator 
in Hilbert space, as presented in Chapter X, have been known for a long 
time. Similarly, the operational calculus of bounded Borel functions of a 
spectral operator was developed in Dunford [17]; in a sense spectral 
operators were introduced as a class of operators in B(X) for which a rich 
operational calculus was ayailable. Thus the operational calculus was 
considered to be a consequence of the spectral properties of the operator. 

In recent years a substantial amount of work has been done by 
considering the spectral theory as a consequence of a suitable operational 
calculus. To some extent, the work of Lorch [7], for an operator T in a 
reflexive B-space satisfying |7"| < K for n =0, +1, +2, ..., was based on 
the possibility of defining f (T) =) 7° €n T”, where f(@) = br *_ o Cne" 
is an absolutely convergent Fourier series. Similarly, a scalar type spectral 
operator T can be defined to be an operator for which there exists a con- 
tinuous homomorphism of the B-algebra B(C, Z) of bounded Borel 
functions on the complex plane into B(X) which maps the function 
fo(A) = 1 into I and the function f,(A) =A into T. Once this point of view 
has been taken it is very natural to replace the B-algebra B(C, 2) by 
smaller algebras of functions. Thus we can attempt. to classify operators 
T e B(X) by the algebras X of functions, defined on a suitable subset of 
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C, for which there exists a continuous homomorphism of WQ into B(X) 
which maps fọ into I and f, into T. Such an approach was rather explicitly 
suggested in the papers of Wolf [4, 5]; for example, in [4] the algebra 
was C” on the unit circle or the real line, and in [5] more general algebras 
were proposed. Similarly, Smart [2] worked with absolutely continuous 
functions of a “ well-bounded ” operator to obtain a spectral decomposition 
(see below). 

Despite these references, it seems fair to say that the first work 
which systematically adopts the functional calculus as an approach to 
obtain the spectral theory of the operator is the paper of Foiag [7] which 
appeared in 1960. This research was followed, in 1962, by papers of 
Colojoara [1, 2] and Maeda [5] and, in 1964, by Kantorovitz [3] and Sine 
[1]. Since then a number of contributions have been made along this line; 
see especially Apostol [8, 4, 5, 9, 11, 15], Colojoara [1, 2, 3, 4, 5], Colojoara 
and Foiasg [1, 2, 3], Foiag [9, 10, 11, 13], Ionescu Tulcea [5], Kantorovitz 
[3, 5, 6, 7, 8, 9], Maeda [4, 5, 6, 7, 8], Ringrose [3], Smart [2], Sine [1], 
Sills [1], Suciu [1], Tillmann [1, 2], and Vasilescu [1, 4]. Fortunately, the 
splendid treatise of Colojoara and Foias [4] (see also Colojoara [5]) deals 
precisely with this aspect of spectral theory, and is both extensive and 
up-to-date. Hence we refer the reader to this reference for details and will 
content ourselves with a bird’s-eye view of the subject. 

Let Q be an open set in C. Then Foiasg [19] defines a spectral distribu- 
tion to be a linear map U of the algebra C” (Q) of complex valued infinitely 
differentiable functions on Q into the algebra B(X) such that (i) U is 
continuous with the topology of uniform convergence of all derivatives on 
compact subsets of Q, (ii) U has compact support in Q, (iii) U(pẹ}) = 
U(q)U(#) for p, p in C°(Q), and (iv) U(fo) =I for fo(A) = 1, Ae Q. An 
operator T e B(X) is said to be a generalized scalar operator if there exists 
a spectral distribution U : C?(Q) > B(X)such that U(f,) = T for f,(A) = A, 
A€Q; in this case U is said to be a spectral distribution for T. 

Unfortunately there is not a unique spectral distribution for a gener- 
alized scalar operator T; indeed, if U is one such distribution and Q is a 
nilpotent operator (say Q”+t =0) commuting with U(f) for all f e0”, 
and if Df = 4[(@f/0x) + i(af/éy)], then 


k 


VA=È CUDA, feco) 
k=0 


! 
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is a spectral distribution for T. (Note that D*f, =0 for all k > 1; hence 
Vifi) =T.) 

A spectral distribution U :C?(Q)— B(X) is said to be regular if 
Ae B(X), and AU(f,)=U(f,)A implies that AU(p) = U(g)A for all 
p e C”(Q). A generalized scalar operator T e B(X) is said to be regular if 
it has a regular spectral distribution. Although it is not known whether 
or not every generalized scalar operator is regular (unless the spectrum is 
sufficiently “thin ”), given any two regular spectral distributions U, 
V for a generalized scalar operator, there exists an integer p >0 such 
that (Ulp) — V(p))? =0 for all p e C”(Q). More generally, if U and V 
are arbitrary (not necessarily commuting) spectral distributions of a 
generalized scalar operator, then there exists an integer p >0 such that 
(U(p) — V(g))"!=0 for all p eC”(Q); thus the spectral distributions 
are unique up to quasi-nilpotence equivalence, at least. Similarly, if a 
generalized spectral operator has multiplicity 1 (in the sense that the 
only quasi-nilpotent operator commuting with T is 0), then the operator 
is a regular generalized spectral operator with unique spectral distribution. 
(See Colojoara and Foiasg [4; p. 103].) 

The class of generalized scalar operators contains the class of scalar 
type operators, for we can define 


Ulp) = | pA, p eC*(0), 


if E is a resolution of the identity for S. More generally, if T =S + N is 
the canonical decomposition of a spectral operator of finite type (say 
N” = 0), we can define U as above and 


n-1 Nk 
Vig) = È g UDO) 


K=0 

to show that such a spectral operator is a generalized scalar operator. 
Conversely, if a spectral operator is a generalized scalar operator, then 
it is of finite type (see Foiag [11], or Colojoara and Foiasg [4]). For examples 
of generalized scalar operators that are not spectral operators, let 

¥ = C'[0, 1], (r =0, 1, 2, ...) with norm 


II = sup (FOL OL --- FOOD: 


then the operator T defined by (T7f)(¢) =tf(t), t e[0, 1], is a generalized 
scalar operator with spectral distribution (U()f)(t) = (t)f(t) for g e 0”. 
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It is proved (see Foiag [9] or Colojoara and Foiag [4]) that if U is a 
spectral distribution on C*(Q) to B(X) and if p eC*(Q), then U(¢) is a 
generalized scalar operator with spectrum contained in the image, under 
gy, of the support of U. In particular, if T is a generalized scalar operator 
and U is a spectral distribution for T, then o(7’) coincides with the sup- 
port of U. In addition, every generalized scalar operator T is decompos- 
able (in the sense described above) and hence has the single valued exten- 
sion property. Moreover, the spectral maximal subspace X;(F), for F 
closed, can be characterized as the intersection 


N {XF |G open, F S G4, 


where ¥® is the subspace consisting of U(p)æ where x eX and p eC*(Q) 
has support contained in G. 

Using results concerning the tensor product of commuting spectral 
distributions, Foiag proved that the sum (and product) of two generalized 
scalar operators having commuting spectral distributions is a generalized 
scalar operator. Hence the sum (and product) of two commuting regular 
generalized scalar operators is a generalized scalar operator. In particular, 
the sum (and product) of two commuting spectral operators of finite 
type is a generalized scalar operator. 

We have already noted that the notion of a generalized scalar operator 
has been extended even further by Colojoara [1,2], Maeda [4, 5, 6], 
Kantorovitz [3] and Sine [1]. In particular, Maeda [4] replaced the algebra 
C°” by a topological algebra Qf of complex valued locally bounded Borel 
functions satisfying certain properties, and studied continuous homo- 
morphisms of QW into B(X). 

In their monograph [4], Colojoaré and Foiag introduce a still more 
general operational calculus. Let Q be a subset of the complex plane; then 
an algebra A of complex valued functions on Q is said to be admissible if 
it (i) contains the functions f,(A)=1 and f,(A) =A for all à e Q, (ii) for 
every open cover {G,,..., Ga} of Q there exist non-negative functions 
{p1 ---, Pa} with the support of p; in G, and )7. 1p, = 1 on Q, and (iii) for 
every f e A and É not in the support of f, the function f, defined by 


=0, AEQN{§h, 
belongs to A. If A is an admissible algebra, then a mapping f—> U, of A 
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into B(X) is called an W-spectral function if (i) the map f > U, is an alge- 
braic homomorphism with U; =Z, and (ii) the map €+U,, of Q into 
B(X) is analytic on the complement of the support of f. An operator 
Se B(X) is called Q-scalar if there exists an Q-spectral function 
U : A — B(X) such that S=U,, (where f,(A)=A). Every scalar type 
spectral operator is W-scalar, with W —= the algebra of bounded Borel 
functions. Similarly, if ¥ = LQ), 1< p< œ, and W= L,,(Q), then the 
multiplication operator Sg(t) = tg(t), for g e L,(Q), te Q, is W-scalar. In 
addition, if S is a compact operator and QI is the algebra of all Borel func- 
tions f defined on Q = {À| |A| < |S| + 1} and which are analytic on some 
open neighborhood G; of o(S), then S is Q-scalar. 

It is proved that if S is an W-scalar operator with W-spectral function 
U, then S is decomposable and hence has the single valued extension 
property; moreover, o(S) is the support of U. 

Suppose now that Q is a closed set in C and that Q is an admissible 
algebra of continuous functions on Q which is inverse closed (in the sense 
that if f e W and 1/f e C(Q), then 1/f e A). If U is an W-spectral function 
and if X, is the B-algebra generated in B(X) by {U,|f € W}, then the space 
of maximal ideals in W, can be identified with the spectrum of the A- 
scalar operator S = U,, and that with this identification the Gelfand map 
B->B on Q; to C(a(S8)) has the properties that 


0,=flo(S),  o(U,;) =f(o(S)) 


for all f e W. This extends a result established for spectral distributions 
by Vasilescu [1]. It follows from this that if A is as above and U and V 
are two W-spectral functions for the same Y-scalar operator, then U, 
and V; are quasi-nilpotent equivalent for each f e XA. 

The notion of a spectral operator was generalized by Colojoara [1] 
and Maeda [4] and these ideas have been even further extended to that of 
an Q-spectral operator by Colojoara and Foias [4; p. 76]. It is shown that 
T e B(X) has the property that there exists an -spectral function U 
such that T is quasi-nilpotent equivalent to S = U, if and onlyif we have 


TE(F)S(F) and o( P| ¥(F)) SF 


for every closed set F in C. If an operator T has this property and commutes 
with the Q-spectral function, it is called an Q-spectral operator. It is 
proved that T is an Q-spectral operator if and only if T = 8 + N where § 
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is an Q@-scalar operator and N is a quasi-nilpotent operator commuting 
with an -spectral function of S. This, of course, is a generalization of the 
canonical decomposition theorem. 

Similarly, one can introduce QW-unitary and W-self adjoint operators 
as Q-scalar operators for an admissible algebra of functions defined on 
the unit circle C, or on the real line R, respectively. If S e B(X) satisfies 
|S"| = O(|n|%) as |n| > œ for some « = 0, then S is a C”-unitary operator 
for m > « + 1. Likewise, if the resolvent satisfies 


|R(A; S| =O] — [A] >), AL #1, 
as |A| > 1 for some f > 1, then S is a O"-unitary operator for m > B + 1. 


More generally, let S e B(X) have o(S) S C4, let p, =|S"|, and let Qs be 
the algebra of all functions f on C, >C such that 


+o +0 
fe"y= Yo ane, D lenlon < +0- 
n n=- 0 


Then Asis a B-algebra under pointwise operations and norm |f|s =}, |ænlpn- 
If S satisfies the condition 


due to A. Beurling, then Ms is a regular B-algebra and S is W,-unitary. 
Indeed, an %{-spectral function for S can be defined by 


when f has the above form. This result extends some theorems of Wermer 
[L, 7]. Similarly, if o(S) & C, and 
|R; 8)| £ M exp(K||A| — 117°) 
for some 8 >Q, then S is an As-unitary operator. 
By a change of variable (the “Cayley transform ”), the study of 
Y-self adjoint operators can be referred to that of W-unitary operators. 
Thus it can be shown that if S e B(X) has o(8) & R and if 


| R(A; 8)| < M exp(K| FA|~*), IA AO, 


for some 8 >Q, then S is an -self adjoint operator for an appropriate 
algebra A. More specifically, if 


IRA; S)| =O(|AA|“4), FAO, 
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as ¥A->0 for some 8B >0, then S is C*-self adjoint for m >[8]+ 1. 
Similarly, if 

Je] = Ode”) 
as |t| > œ, then S is C”-self adjoint for m >[y] + 2. (See also Kantorovitz 
[5] and Tillmann [1].) 

Subdiagonalization and Volterra operators. When applied to operators 
in Hilbert space, the above results yield some interesting information. 
Let T e B($) be such that T — T* belongs to the Carleman class C, for 
some 1 < p < œ (XI.9.1). Then there exists an algebra A such that T is 
W-self adjoint. (See Colojoară and Foiaş [4; p. 166].) Hence, if o(T) is 
not a single point, then T has non-trivial spectral maximal subspaces. 
This result improves one due to Sahnovič [5] and J. Schwartz [6]. These 
ideas have further application to the theory of “subdiagonalization ” 
(or triangularization) of operators T for which T — T* eC, that was 
discussed in Section IX.10. For other papers on this and related topics, 
see: Brodskii [1, 2, 5, 6], Cekanovskii [1], Duren [1], Gohberg and Krein 
[4, 7, 8,9], Keldyš and Lidskii [1], Krein [23], Livšic [6], Ringrose [4, 5], 
Sahnovié [4, 5], J. Schwartz [6, 7], Sz.-Nagy and Foiag [18]. 

In the theory of subdiagonalization, Volterra operators (i.e., compact 
quasi-nilpotent operators) play an important role. Such operators have 
been discussed in: Brodskii [3, 4, 5, 6], Brodskii and Kisilevskii [1], 
J. M. Freeman [1, 3], Gohberg and Krein [1, 5, 7, 8], Gol’dengerSel [1, 2], 
Kalisch [1, 2, 3, 4, 6], Kal’muSevskii [1], Kisilevskii [1,2], Macaev [1], 
Osher [1], Ringrose [2], Sahnovié [1, 6], Sarason [2], Suzuki [2]. 

Well-bounded operators. Let ¥ be a reflexive (or even weakly complete) 
B-space and let T e B(X) be such that o(7') S[0, 1]; then it is seen that 
T is a scalar type spectral operator if and only if there exists a constant 
K >0 such that 

|p(T)| S K sup |p) 
t e [0,1] 


for each polynomial p. Analogously, Smart [2] defined an operator T 
to be well-bounded if there exists a constant K > 0 such that |p(T)| < K Ilp|l, 
whence ||p|| denotes the norm on the space BV[0, 1] (i.e., 


Ipli = |p(0 +)| + x(p, [0, 1)), 


where v(p, [0, 1]) denotes the total variation of p on the interval [0, 1]). 
Smart proved that if X is reflexive, then for any real number ¢ there 
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exists a unique projection H(t) in B(X) such that: 


) E(t) commutes with any bounded operator commuting with T. 
) JEO] < 2K. 
) E(t)=0 for t<0, and E(t)=I fort21. 
(iv) E(s)= E(s)E(t) = E(t)E(s) for s < t. 
) lim E(t) = E(s)x for x e X. 
tls 
) 


o(T | E(t)X) E (— 0, t] No(T), and 
o( | (I —E()%) Slt, + 20) No 2). 


Improving a result of Smart, Ringrose [3, I] showed that 
1 
T=| tdE(t), 
f, tano 


where the integral exists as a Riemann integral in B(¥). (See also Sine [1] 
for related results.) 

The approach used by Smart and Ringrose was based in part on the 
fact that a well-bounded operator admits a functional calculus for absolute- 
ly continuous functions, but was basically “ constructive” in character. 
Subsequently, Sills [1] presented a different method of attack, which we 
shall describe. Let AC, denote the B-algebra of all absolutely continuous 
functions on [0, 1] which vanish at 0; Sills introduced the “Arens multi- 
plication ” in AO%* to obtain a B-algebra which is neither commutative 
nor semi-simple. However, he was able to identify a collection of idem- 
potents in AC%* corresponding to the non-zero multiplicative linear 
functionals on L, (0, 1) ~ AC; these can be associated with the points 
of [0, 1]. If T e B(X) is well-bounded, it generates an operational calculus 
f—> f(T) of AC, + B(X), and if ¥ is reflexive, this homomorphism can be 
extended to a homomorphism of the algebra AC#* into B(X). The extended 
homomorphism maps the idempotents of ACf* into projection operators 
from which the integral representation of T can be derived. 

Ringrose [3, II] discussed well-bounded operators in a non-reflexive 
B-space X. It turns out that well-boundedness of T e B(X) is equivalent 
to the existence of a family of projections {F(t)|t e R} in B(X*) (called 
the “decomposition of the identity for T”) satisfying certain natural 
properties, and such that the equation 


1 
were F(t) dt 
Q 
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holds in the weak operator topology. (Note that this equation is obtained 
from f3 td F(t) by “integrating by parts.’”’) In this case, the family {F(t} 
is not necessarily unique; however, if each F(t) is the adjoint of an opera- 
tor in ¥, then uniqueness does hold. 

Berkson and Dowson [2] consider well-bounded operators possessing 
a family {E(t)} of projections in ¥ such that F(t) = E(t)* for each t e[0, 1]. 
Suppose also that (i) E is strongly continuous on the right, and (ii) the 
strong limit lim,,, H(A) exists and is denoted by E(j—). (These condi- 
tions are automatic if X is reflexive.) In this case, for f e AC[O, 1] we have 


At) =| f2) dQ) 


where this Riemann integral exists strongly; moreover, E(u) — E(u—) 
is a projection of ¥ onto {x| Tx = pa}, and c,(T) = ¢. They further show 
that an operator T e B(X) with o(T) S R has adjoint of scalar type of 
class (X) if and only if T is well-bounded and the function #F(-)x* is in 
BYV(0, 1] for every x e X, x* e X*. Also, a well-bounded spectral operator 
is of scalar type and properties (i), (ii) above are satisfied. 

Unbounded spectral measures. In Section X.1 we introduced spectral 
measures Æ, defined on a field 2 of subsets of a set, which are bounded in 
the sense that for some constant K we have |H(o)| < K for all o e X. In 
the present chapter we have dealt almost exclusively with countably 
additive spectral measures defined on a o-field 2, in which case the 
boundedness condition is automatically satisfied. Since this boundedness 
and countable additivity is bound up with unconditional convergence of 
eigenfunction expansions, considerations from the theory of boundary- 
value problems for differential equations suggest that a somewhat more 
general theory might be useful. Such a theory has been developed by 
Ljance [2] in Hilbert space. He defines a generalized spectral measure 
(g.s.m.) P in a Hilbert space § to be a mapping of a set D(P) into B(H) 
satisfying: 


(i) D(P) is a collection of Borel subsets of the complex plane C 
which contains every Borel subset of any set in D(P), and the union of 
any two sets in D(P). 


(ii) For each 6,, 5, e D(P) we have P(8,)P(8.) = P(d; A 84). 


(iii) If {6,, 62, ...} is a partition of ô e D(P) into mutually disjoint 
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Borel sets and if x, y € $, then 


(P(8)z, y) = on (P(8,)2, Y). 


(iv) The sets {P(8)|8 c D(P)} and {P(8)*| 8 e D(P)} are total on $. 


It is proved that every g.s.m. can be extended to a class Do(P) of 
Borel subsets of C which is maximal (in a certain sense) and that such an 
extension is uniquely determined. In fact, let Do(P) consist of the set of 
all Borel sets ô S C such that sup{|P(c)||o e D(P), o S 8} < +00. More- 
over, if ô e Do(P), then the generalized sequence {P(c)| o e D(P), o S 5} 
converges strongly in § to an operator. If we define P (ô) to be this strong 
limit, we obtain a g.s.m. Py on Do(P) which extends P and which is maxi- 
mal in a certain technical sense. 

Let § be the set of elements x¢€§ such that x = P(8)x for some 
8 eD(P); Liance calls § the space of basic elements corresponding to P. 
If one regards D(P) as a directed set under inclusion, then we can regard 
§ as the “inductive limit” of the spaces P(S)$ with an appropriate 
topology. Similarly one defines $, the space of generalized elements corre- 
sponding to P, to be the collection of all generalized sequences £= 
{x,|o € D(P)} with x, e P(c)H and such that x, = P(a)x, if o c è. The 
space Ñ is a vector space under the obvious ‘pointwise operations and can 
be considered to be the “ projective limit” of the spaces P(5)§ with 
an appropriate topology. The space § is dense in §, and the mapping 
a —> {P(8)x} embeds § densely in $. Each operator P(8), 8 e D(P), can be 
extended. by continuity to a projection P(8) in H; more generally, for any 
Borel set o S C one can define P(o) for 4 ={x,} in $ by 


P(o)é ={x,,0|¢ € D(P)}. 


Then the function Ê is a countably additive spectral measure in B(§) 
defined on the Borel sets of C and such that P(C) is the identity operator 
in §. 

Under a certain countability condition, Ljance gives a generalization 
of the Lorch-Mackey theorem relating generalized spectral measures P 
with a self adjoint spectral measure Æ. One has a relation of the form 
P(8) = M~1E(6)M, although the one-to-one operator M is unbounded. 
on §, and is continuous only in the topologies of the spaces § and §. 
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Ljance introduces the collection W(P) of all closed linear operators 
of H into § which “commute” in an appropriate sense with the g.s.m. P. 
One can introduce algebraic and topological structures on W(P) which 
make it isomorphic and homeomorphic with the topological algebra 
M(P) (consisting of the continuous linear operators in § which commute 
with the restriction of P to §) and with the topological algebra Ñ(P) 
(consisting of the continuous linear operators in § which commute with 
the extension of P to $). An operational calculus can also be introduced: 
Let P be the class of all Borel functions f: C—C which are bounded on 
each set ô e D(P). If f e P and 6 e D(P) define 


f= Í JAPA), 


whence it follows that 


[fel S4{ sup | P(o)]}{suplfA)}- 
oe DP) 

If we define T, to be the closure in § of the operator in § which has the 
form x — fsx for x = P(8)x, then the map f— T; is a homomorphism of 
the algebra P into W(P), and is continuous with a reasonable topology 
on 2P. 

A generalization of the canonical reduction theorem can be obtained. 
We say that a closed operator N commuting with P is P-quasi-nilpotent if, 
for each ô e D(P), the restriction of N to P(5)§ is a quasi-nilpotent opera- 
tor. We say that S e W(P) is P-scalar if it is obtained via the above 
operational calculus corresponding to the function f,(A) =A, A eC. Then, 
an element T €2I(P) admits a representation T —S-+N where S is 
P-scalar and N is P-quasi-nilpotent if and only if the spectrum of T | P(8)H 
is contained in § for every ô e D(P). 

Finally, a theory of spectral representation is developed for gener- 
alized spectral measures. 

The ideas described above have applications to differential operators. 
Let R+ be the semi-axis [0, +20), let p: Rt —C be integrable on Rt, 
and let 0 eC. Let D(L) be the set of all f e L.(R+) whose derivatives f’ 
are absolutely continuous on every finite interval in Rt and satisfying 
the boundary condition 

£'(0) — @f(0) =0 

and such that 
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Uf) = —f" + pf e L,(R*). 
We define L to be the operator with domain D(L) such that 


Lf)=—f" + pf, fe D(L). 

Naimark [12] showed that there exists a function A which is analytic in 
some half-plane 2 (s) > —n(ņ > 0) such that the spectrum of L consists 
of the interval [0, + co) together with a finite number of points Aj, ..., An 
such that A, =s?, where 4(s,) >0 and A(s,) =0. The points A;,..., Àn 
are eigenvalues of finite multiplicity of L, while the points A e[0, + 00) 
are in the continuous spectrum of L. If A does not have any non-zero 
real roots, then we can write L.(R+)=M@MN where Mt corresponds to 
the continuous spectrum of L, and Jt corresponds to the point spectrum 
of L. If p satisfies the condition 


p 7 e*"| p(a)| da < +00 


for some £ >Q, then K is finite dimensional. In this case it follows from 
the work of Naimark [12] and Levin [1] that L is similar to a self adjoint 
operator on W; hence L is a spectral operator. (See Chapter XX where 
results of this character will be proved.) 

However, if the function A does have non-zero real roots, 01, -..,; Oms 
then the numbers rn =o7,k=1,...,m, are called the spectral singular- 
ities of L; they play an important role in the discussion of L and were 
studied by Ljance [4]. He showed that if L has spectral singularities, then 
L.(R*) cannot be represented as MAN, where L is similar to a self 
adjoint operator on M, and N is finite dimensional. Nevertheless, he 
shows that one can define a generalized spectral measure P on the collec- 
tion of all Borel sets which have a positive distance from the spectral 
singularities, but that |P(8)| — +% when the distance between 5 and 
some spectral singularity tends to zero. Although not every function in 
L,(R*) is the strong limit of its eigenfunction expansion with respect to 
L, the set of functions for which such expansions exist is dense in L,(R*). 
For further properties and a detailed study of the operator L see Ljance 
[4]. Spectral singularities of this character are also considered in Ljance 
[8], Pavlov [1, 2], and J. Schwartz [4]. 

Operators in Hilbert space. Some interesting expositions of the spectral 
theorem for self adjoint or normal operators have been given recently. 
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For example, see Berberian [2, 4], Bernau [1], Bernau and Smithies [1], 
Bonsall [8], Halmos [12], Halperin [11], and Whitley [2]. We remark only 
that Bernau [1], Bernau and Smithies [1], and Whitley [2] have given 
“elementary ” proofs of the fact that if T is a normal operator and p is 
a polynomial in two variables, then 


|p(T', T*)| =sup{|pQ, A|| A € (T). 


This result provides a key to a rapid proof of the spectral theorem for 
normal operators. 

There are a number of other aspects of the spectral theory of opera- 
tors in Hilbert space, such as the notion of the numerical range, Hilbert- 
Schmidt operators, the spectral sets of von Neumann, and so on, that have 
received attention. Some of these have been extended in various ways to 
B-spaces (see the remarks above on Hermitian operators in B-spaces 
and the numerical range defined by means of a semi-inner product); we 
refer the reader to a forthcoming monograph by Bonsall and Duncan [1] 
for an account of some of this work. But there still are many results 
which are meaningful only in Hilbert space. 

The reader may refer to the following articles and books: Andô [3], 
Aleksandrjan and Mkrtéjan [1], Apostol [2], Berberian [1, 3], Berberian 
and Orland [1], Bernau [2, 3], Biriuk and Coddington [1], Bonsall 
[6], Bos [1], Broido [1], Brown and Pearcy [1], Cartan [2], Coddington 
[5], Davis and Rider [1], Deckard and Pearcy [1], Dolph [1, 2], Dolph 
and Penzlin [1], Donoghue [2], Durszt [1], Foiag [1, 2, 3, 4, 5, 7], George 
[1], Ghika [1], Gohberg and Markus [1], Gonshor [1], Hadeler [1], Halmos 
[11, 14], Halmos and McLaughlin [1], Hempel [1], Hestenes [1], S. Hilde- 
brandt [1, 2], Inoue [1, 2, 3, 4, 5, 6], Istrategcu [1], Jakubov [1], G. I. Kac 
[1], Kacnel’son and Macaev [1], Kalisch [5], Kamowitz [1], Kaniel [1], 
MacCluer [1], McKelvey [1, 2], Maurin [4, 5], Maurin and Maurin [2], 
Mitjagin and Pełczyński [1], Nevanlinna and Nieminen [1], Nieminen [1], 
Olagunju and West [1], Orland [1], Putnam [30, 31], Saitô and Yoshino [2], 
Sarason [1], Schaefer [8], Schreiber [6, 7], Sheth [1], Stampfli [2, 4, 6, 
7, 8, 9], Suzuki [1], Sz.-Nagy [17], Sz.-Nagy and Foiag [1, 2, 3, 4, 5, 6, 7, 
8, 9, 10, 12], Tillmann [1], Williams [1], Yoshino [1, 2]. 

Invariant subspaces. On pages 929-930 we discussed the question of 
whether an operator in B(X) has a non-trivial invariant closed subspace. 
This question has still not been answered for X = $. However, a consider- 
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able amount of work has been done on it and related theories. The reader 
may refer to: Andé [4], Apostol [12], Aronszajn and Smith [1], Arveson 
and. Feldman [1], Bernstein and Robinson [1], de Branges [3], de Branges 
and. Rovnyak [1, 2], Brodskii and Smulyan [1], Ciorănescu [1], Crimmins 
and Rosenthal [1], Donoghue [1], Duren [1], Fan [6], Ginzburg [1], Godič 
[1], Gol’dman and Levié [1], Halmos [11, 16], Hasumi and Srinivasan 
[1, 2], Helson [1], Helson and Lowdenslager [1], Krein [28], Nikol’skii [1], 
Rota [1, 4], Saphar [3], Sarason [3], Schaefer [13], Scroggs [1], Srinivasan 
[1, 2], Sz.-Nagy and Foiasg [1, 6, 9, 10], Volk [1], Wermer [1, 2, 4]. 

Contractions and dilations. On pages 931-932 we have briefly discussed 
contractions and dilations of operators in Hilbert space. This theory, 
which was sparked by some fundamental discoveries of Sz.-Nagy, has been 
very fully developed on recent years. It has been explored from many 
points of view: prediction theory, stationary stochastic processes, Fourier 
analysis, subdiagonalization, operational calculus, invariant subspaces, 
operator valued analytic functions, and so on. To describe these researches 
is far beyond our scope. Fortunately, the recent book of Sz.-Nagy and 
Foiag [10] presents an authoritative and excellent exposition of many of 
these developments. 

Other work can be found in the following papers: Adamjan and Arov 
[1, 2], Andé [2, 3], Berberian [5], Biriuk and Coddington [1], Bram [1], 
Brehmer [1], de Bruijn [1], Coddington [5], Coddington and Gilbert [1], 
Cumakin [1], Durszt [1, 2], Foguel [9, 10, 11], Foiag [4, 5, 14], Foiaş and 
Gehér [1], Foiag and Mlak [1], Gilbert [1], Gohberg and Krein [6], Halmos 
[14, 15], Halperin [6, 7, 8, 9, 10], Ionescu Tulcea [4], Ionescu Tulcea and 
Plafker [1], Itô [1], Lebow [1,2], McKelvey [1], Mlak [1, 2, 3, 4, 5], 
Nakano [19], Orland [2], Pflüger [1], Saffern [1], Saité and Yoshino [1], 
Sarason [1], Schreiber [2, 3, 4, 5], Suciu [1], Sz.-Nagy [17, 18, 19, 20, 21, 
22], Sz.-Nagy and Foiag [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. 

Positive operators. One general class of operators that is of importance 
and has received considerable attention recently is the class of positive 
operators on an ordered vector space. We shall make a few comments 
about these operators here, after some preliminary ideas are clarified. 

A vector space $ is said to be ordered by a (reflexive, transitive, and 
anti-symmetric binary) relation < if (a) x < y implies that xv +z < y +2 
for all x, y, z in B, and (b) x < y implies that Ax < ày for all x, yin B and 
àe R, X20. If B is an ordered vector space under <, then the set 
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K ={x e V |0 < 2} is called the positive cone of B (with respect to <); it 
is easy to see that K satisfies (i) K + K CK, (ii) AK g K for all Ae R, 
à Z0, and (iii) K œ (—K) = {0}. Conversely, if K is a subset of B satis- 
fying (i), (ii), (iii), and if we define x < y to mean that y — x e K, then we 
obtain a relation ordering B. A linear topological space which is also 
ordered is said to be an ordered topological vector space in case its positive 
cone is closed. For an exposition of ordered topological vector spaces, we 
refer the reader to the books of Day [12], Kelley and Namioka [1], Schaefer 
[18] and Peressini [1]. 

The notions of order are most closely tied to real coefficients, while 
spectral theoretic notions are simpler for complex coefficients. To bridge 
this gap, we employ the following construction. If ¥ is a real B-space 
which is ordered by <, let X, =X @ ¥ and define: 


(x + iß)lz, y] =[xx — py, «y + px],  «,ß eR, x, yeX; 
[x y]] = sup |(cos @)x + (sin 8)yl; 
0s@s2n 


[%1, y1] S [X25 Y2] whenever 2, Sx, and y, <y; 


then X, is a complex B-space, the map x—>[z, 0] is an isometric isomor- 
phism of ¥ into X,, and X, becomes an ordered B-space, called the com- 
plexification of X. Finally, if T e B(X), we define T [x, y]=[Tx, Ty]; then 
the spectral properties of T can be defined and studied by examining the 
corresponding properties of T4. 

If X is an ordered real B-space with positive cone K and if T e B(X), 
then T is said to be positive in case T(K) S K (equivalently, if Tx = 0 
for all x >0, x e X). 

One of the most important and celebrated results concerning positive 
operators is: 

THEOREM. (Krein-Rutman [1]). Let X be an ordered real B-space such 
that sp(K) =X. If T e B(X) is a compact positive operator with positive 
spectral radius r(T), then r(T) is an eigenvalue and has a corresponding 
positive eigenvector. 

This theorem should be regarded as a generalization of a classical 
theorem concerning positive matrices due to Frobenius and Perron. In 
turn, the theorem of Krein-Rutman has been extended in various ways. 
For instance (see Schaefer [18; p. 264]), if we replace the compactness of 
T by the hypothesis that the resolvent operator R(A; Tı) has a pole on 
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the circle |A| =r(T), then we infer that r(T) € o(7'); moreover, if r(T) 
is a pole of this resolvent, it is of maximal order on this circle. 

In the case of “irreducible” positive operators with r(T) =1 on the 
real B-space C(Q), Q compact, it can be shown (see Schaefer [18; p. 272]) 
that the eigenvalues on the unit circle are cyclically located and each has 
multiplicity one; if this point spectrum contains an isolated point, then 
these eigenvalues are the nth roots of unity for some n. If one such eigen- 
value is a pole of the resolvent, then all are poles of order 1. The number 1 
is the only eigenvalue with a positive eigenfunction. If Q is connected, 
then 1 is the only root of unity which can belong to the point spectrum 
of T. 

The reader should consult the article of Kreïn and Rutman [1] for 
remarks concerning the history of the study of positive operators. For a 
survey of the recent work, see the forthcoming volume of Schaefer 
[20] and the following references: Andô [1], Bahtin [1,2], Bahtin, 
Krasnosel’skii, and Steéenko [1], Birkhoff [9], Bonsall [2, 3, 4, 5, 7], 
Bonsall, Lindenstrauss, and Phelps [1], V. M. Brodskii [1], Eberly [1], 
A. J. Ellis [1], Esajan and Stetenko [1], Karlin [3], Krasnosel’skii [5], 
Lotz [1], Lotz and Schaefer [1], Marek [1, 2,3], Mewborn [1], Niiro 
[1], Niiro and Sawashima [1], Peressini [1], Peressini and Sherbert [1, 
2], Phelps [1], Putnam [20, 23, 25], Riedl [1], Rota [5], Sasser [1], 
Sawashima [1, 2, 3], Schaefer [1, 3, 4, 6, 11, 12, 14, 15, 16, 17, 18, 19], J. 
Schwartz [5], and Thompson [1]. 

Generalizations of compact operators. Since the class of compact 
operators in B(¥) has such well-behaved spectral properties and frequently 
arises in problems of analysis, very many papers have been written which 
either examine special types of compact operators (such as Hilbert- 
Schmidt operators), explore the determinant theory approach to certain 
compact operators, or propose generalizations or extensions of the classical 
results of Fredholm and Riesz. 

The following list of papers are cited in this connection: Altman [6], 
Andé [4], Balslev and Gamelin [1], Bonsall [9], Bonsall and Tomiuk [1], 
Breuer [1], Breuer and Cordes [1], Buraczewski [1, 2], Caradus [1, 2, 3], 
Chung [1], Coburn [1], Coburn and Lebow [1, 2], Cordes [4], Deckard 
and Pearcy [1], Deprit [1,2], De Wilde [1, 2], Donoghue [1], Eberly [1], 
R. J. Ellis [1], Fisman and Valickii [1], Gamelin [1], Gil’derman and 
Korotkov [1], Gillespie and West [1], Gohberg and Krein [1, 7, 8], Gohberg 
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and Markus [1], Goldberg [2], Goldberg and Thorp [1, 2], Gramsch [1, 2], 
Graves [6], Grothendieck [6], Haahti [1], Halmos [11], Harazov [6, 7, 8], 
Heuser [1, 2, 3], Hukuhara and Sibuya [1, 2], Iohvidov [2], Kaashoek [1], 
Kaashoek and Lay [1], Kaniel and Schechter [1], Kleinecke [5], Kultze [1], 
Lezanski [1], Lindenstrauss [1], Lindenstrauss and Pełczyński [1], Luxem- 
burg and Zaanen [1], Macaev [1], Olagunju and West [1], Pełczyński [1], 
Pettineo [1, 2], Pietsch [1, 2, 3, 4, 5, 6, 7, 9, 10, 12], Przeworska-Rolewicz 
[3]; Ringrose [1, 4, 6], Ruston [2, 3, 5, 6], Saphar [7, 8], Schaefer [2, 5], 
Schatten [2], J. Schwartz [5], Sikorski [1, 2, 3, 4, 5, 6, 7, 8, 9], Silverman 
and Yen [1], Smithies [1], Steéenko [1], Weidmann [1], West [1, 3, 4], 
Williamson [3], Whitley [1], Zabreiko, Krasnosel’skii and Stečenko [1]. 

The index theory. In recent years the notion of the index of an operator 
has played a significant role in diverse areas of analysis and geometry. 
We shall introduce this idea for certain operators in B(X). 

Let T e B(X), let R(T) = {x e X| Tx =0} be the null space of T, 
and let «(T7') (called the nullity of T) be the dimension of R(T) if it is finite 
dimensional and + otherwise. If the range R(T) ={Tx|x eX} is 
closed in ¥, we let B(T) (called the deficiency of T) be the dimension of 
X/R(T) if this space is finite dimensional and -+ o otherwise. An operator 
T will be called a Fredholm operator in case R(T) is closed and both 
æ( T) and (T) are finite; it will be called a semi- Fredholm operator in case 
R(T) is closed and at least one of «(7') and B(T) is finite. If T is a semi- 
Fredholm operator, we define the index of T to be 


K(T) = oT) — B(T) 


(although the negative of this quantity is sometimes taken by other authors). 

It can be proved that if T e B(X) is a semi-Fredholm operator, then 
R(T*) is closed and N(7*)=R(T)* and R(T*) =R(T)+, whence it 
follows that «(T*) = 6(T) and B(7*) =«(T). Therefore T* e B(X*) is a 
semi-Fredholm operator and «(7T*)=«(7). Similarly, if T and S are 
Fredholm operators, then 7'S is a Fredholm operator and 


k(TS) = k(T) + «(S). 


Probably the most important theorems concerning the index are 
the following two results concerning the effect of perturbing a semi- 
Fredholm operator. 
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First STABILITY THEOREM. Let T e B(X) be a semi-Fredholm op- 
erator. Then there exists 8 >0 such that if S e B(X) is such that |S — T| <6, 
then S is a semi- Fredholm operator and x(S) = x(T). In addition, we have 


a(S) <Sa(T),  B(S) < RIT). 


SECOND STABILITY THEOREM. Let T e B(X) be a semi-Fredholm op- 
erator. If K e B(X) is compact, then S = T + K is a semi-Fredholm operator 
with K(S) = K( T). 


It was observed by Gol’dman [1] that both of these theorems fail if 
T is not a semi-Fredholm operator (i.e., if æ(T) = f(T) = œ). 

For proofs of these theorems we refer the reader to Kato [13], and to 
Gohberg and Krein [2] and Goldberg [2], where there are other references, 
historical remarks, and applications. We remark only that the notion of 
the index arose in 1921 in connection with the study of certain singular 
integral equations by F. Noether. In essence, the first stability theorem 
was proved by Dieudonné [22] for Fredholm operators, although he did 
not specifically define the index. In 1951 Atkinson proved. both stability 
theorems. In that same year both Yood [2] and Gohberg [7] also proved 
the second theorem. Since that time there have been a large number of 
papers generalizing and using the index. For example, extensions are 
available for unbounded closed operators, for perturbations K more 
general than compact operators, for operators in B(X, 9), or in linear 
topological spaces. Applications are made to equations in linear spaces, 
to integral equations, and to differential operators on manifolds. We refer 
the reader to the following books or papers: Atkinson [2, 4], Breuer [1], 
Breuer and. Cordes [1], Caradus [1, 2], Coburn and Lebow [1, 2], Cordes 
[3,4], Cordes and Labrousse [1], Dieudonné [22], Gamelin [1], Gohberg 
[4, 7], Gohberg and Krein [2], Goldberg [2], Gol’dman [1], Gol’dman and 
Kraékovskii [1], Gramsch [1, 2], Kaashoek [1, 2], Kato [11, 13], Krein and 
Krasnosel’skii [1], Martirosjan [1], Neubauer [3], Newberger [1], Paraska 
[1], Pettineo [1], Przeworska-Rolewicz and Rolewicz [1, 2, 3, 4], Saphar 
[3, 4, 5], Schaefer [2], Schechter [1, 2], Seeley [1], Švarc [1], Tég6 and 
Shiraishi [1], and Yood [2]. 


CHAPTER XVI 


Spectral Operators: Sufficient Conditions 


1. Statement of the Problem 


In the preceding chapter we studied the properties of bounded spectral 
operators, that is, operators which have a countably additive resolution 
of the identity defined on the field of Borel sets. These operators were 
found to have a number of interesting properties which generalize those 
of a bounded normal operator in Hilbert space, and which also generalize 
those of an arbitrary linear operator in a complex finite dimensional space. 

In this chapter we shall give conditions that are sufficient for a 
bounded operator T to be a spectral operator. The conditions given will be 
expressed in terms of the resolvent R(é; T) and the analytic extensions 
a(€) of R(é; T)x. We have already established a number of key properties 
of the resolvents of spectral operators. First of all, by Theorem XV.3.2, we 
have 

(A) For each x in X the function R(E; T)x has the single valued extension 
property. 

Secondly, we have 


(B) There is a constant K, depending only upon T, such that for every 
pair x, y of vectors with o(x), o(y) disjoint we have 

|x| SK|x+ yl. 

To see this, note that it follows from Theorem XV.3.4 and Corollary 
XV.3.7 that E(o(x))x = x and that the spectrum of H(o(x))y is void. Thus, 
by Corollary XV.3.3, H(o(x))y = 0. Hence 

|x| =|E(o(x)\(a@+y)|<SK|u+yl, 


where K is a bound for Æ. 
Finally, it follows from Corollary XV.3.6 that spectral operators have 


the following property. 
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(C) For every closed set 5 of complex numbers the set of all vectors x 
with o(x) = ô is also closed. 


In this chapter we shall see that the properties (A), (B), and (C) come 
near to being sufficient for an arbitrary operator T to be a spectral 
operator. 

The present chapter is divided into two main parts, Sections 2, 3, 4 
being the first part and Section 5 the second. In the first part it is shown 
that an operator T (in a weakly complete space) which has the properties 
(A), (B), and (C) has a uniquely determined countably additive resolution 
of the identity defined on a certain o-field (T) of sets. In general, this 
field need not contain all Borel sets and may not even contain enough sets 
to be particularly useful. Thus our analysis is only perfected in the second 
part (Section 5), where conditions are given which guarantee that M (T) 
contains the field of all Borel sets. 

The conditions of Section 5 require first of all that the spectrum of T 
lie in a rectifiable Jordan curve and that the resolvent R(A; T) of T have a 
finite rate of growth as A approaches o(T). Operators satisfying these 
conditions automatically satisfy conditions (A) and (C). Thus the rate of 
growth conditions of Section 5, and the boundedness assumption (B), are 
together almost sufficient to guarantee that T is a spectral operator. 

For this reason the problem of verifying the boundedness condition 
(B) must be regarded as a key problem in applying the theory of spectral 
operators. The reader will readily perceive that (B) is not the sort of condi- 
tion that is likely to be easy to verify. This is not surprising, for what (B) 
amounts to in the final analysis is the assertion that the resolution of the 
identity is countably additive. Thus (B) is the condition which gives rise 
to the phenomenon of unconditional convergence of the eigenvalue 
expansions. 

What we mean, in more detail, is this. It is because of the countable 
additivity of the resolution of the identity that spectral operators have 
important expansion theorems associated with them. For example, if T 
is a spectral operator and its spectrum is denumerable, then every 2 in X 
has an unconditionally convergent expansion of the type r=) z, 
(=} eom) E(A)z) where the spectrum of z, consists of just one point 
A,» 80 that x, is a kind of “ generalized eigenvector ” associated with A, . If 
T is a spectral operator of scalar type, then the generalized eigenvectors 
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are simply eigenvectors in the ordinary sense. If T is a spectral operator 
of type m, then the generalized eigenvectors x, satisfy the equations 
(A,f —T)"*12, =0, n=1,2,.... Thus, as long as T has a countably 
additive resolution of the identity, we are not far from the simple situation 
characteristic of normal operators in Hilbert space. If the countable 
additivity of the spectral resolution fails, so do many other convenient 
eigenvalue expansion properties. 

It should be noted that it is by no means the case that all the familiar 
eigenvalue expansions of classical analysis are unconditionally convergent. 
Indeed, there are many examples, such as Fourier series expansions in 
L,(0, 27) with 1 < p < œ, p ~ 2, where the expansion converges, but only 
conditionally. Other examples will be encountered later, in Chapter XIX. 
This seems to indicate that further developments in spectral theory will 
include a theory of conditionally convergent expansions associated with 
discrete and continuous spectra. Nevertheless, the cases where one does 
have unconditionally convergent eigenvalue expansions are of sufficient 
importance to justify studying them for their own sake. It is this fact that 
lends importance to the problem of discovering which operators are spectral 
operators. 


2. Consequences of the Condition (A). 


In this section we shall be concerned with a bounded linear trans- 
formation T in a complex B-space X. We shall establish a few properties 
of T on the basis of the single assumption (A), which is repeated here for 


convenience of reference. 


(A) For each x in ¥ the function R(€; T)x has the single valued extension 
property. 

Since T satisfies condition (A) we recall (cf. Definition XV.2.6) that 
the resolvent set of x, which is denoted by p(x), may be defined as the union 
of all the domains D(f), the union being taken as f varies over all analytic 
extensions of R(é; T)æ. Thus p(x) is an open set containing p(T), and its 
complement o(x) is a closed subset of o(T). The set o(x) is called the 
spectrum of x. It is clear that there is a unique maximal analytic extension 
of R(é; T)x. This extension, which is a single valued analytic function 
defined on p(x), will be denoted by 2(-:). Thus the function 2(-) has, by 
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definition, the properties 
(ÉI —T)x(f)=2, €€ p(x), 
a(f) = R(g; T)x, fe p(T). 


Even though (A) is taken as a standing assumption throughout this 
section, it will be indicated parenthetically in the statement of each lemma 
in the proof of which it is used. 


1 Lemma (A). If «, B are complex numbers and x, y are vectors in X, 
then 
o(z + y) S o(2) U ofy), 
ags(é) + By(E) = (xx + By)(E), Ée p(x)ply). 
Proor. The function «x(€) + By(£) is an analytic extension of 
R(E; Tax + RE; T)By = RE; T)(ax+ By),  € € p(T), 
defined on the open set p(x)p(y). Thus p(a#-+ By) 2 p(x)p(y). For 
ée p(x)p(y) we have 
(«x + ByE) = aE) + By(E), 
by (A). Q.E.D. 

2 Lemma (A). The spectrum o(x) is void if and only if x =0. 

Proor. The proof of Corollary XV.3.3 may be used to prove the 
present lemma. Q.E.D. 

3 Lemma (A). Let o be a set of complex numbers, and o' its com- 
plement. If x + y = 2, + Yı, where o(x), o(xı) S o and o(y), o(y1) S 0’, then 
£= %1, Y = Yı. 

Proor. By Lemma 1 

o(x — z1) S o(x) U o(z1) Sa, 

o(yı —Y) S oly) Y oy) So", 
and so the vector x — 2, =y¥, — y has a void spectrum. Thus Lemma 2 
shows that x = 2, Y = Yı. Q.E.D. 

4 Lemma (A). If P is a bounded linear operator in X which commutes 
with T, then 


o(Px) S o(x), xex. 
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PRoor. Since P commutes with T, it commutes with the resolvent 
R(Eé; T) for every é in p(T). From the equation R(é; 7) Px = PR(E; T)x it 
is clear that Px(€) is an analytic extension of R(é; T)Px to the domain p(z). 
Thus p(Px) 2 p(x) and hence o( Px) S o(z). Q.E.D. 


3. Consequences of the Conditions (A) and (B) 


Throughout this section it will be assumed that the operator T 
satisfies condition (A) of Section 2 as well as the fundamental boundedness 
condition (B), which is stated as follows. 


(B) There is a constant K, depending only on T, such that for every pair 
x, y of vectors with o(x), o(y) disjoint we have 


|æ] < K |æ + yl. 


Although the assumptions (A) and (B) will be standing assumptions 
throughout the section, they will be indicated in the statement of each 
lemma where they are used. 

Assumption (B) allows us to associate projections Æ(ô) with certain 
sets ô of complex numbers. 


1 DEFINITION. The symbol S (T) will be used for the family of all 
sets o with the property that vectors of the form x+y with o(x) So, 
o(y) S o’ are dense in X. 


It is clear that if o is in S(T), then the complement o’ is also in 
S(T). 


2 Lemma (A, B). If o is in F,(T), there is one and only one bounded 
projection E(o) on X with the properties H(c)x =x if o(x) S o and E(ojx =0 
if o(x) S o'. Moreover, 

E(o) + E(o’) = J, E(o)E(o’) =0, |E(o)| < K. 

Proor. The properties 
(*) E(ojx =x if o(x) So, E(o)z=0 if oft) So’ 
define the projection H(c) on the dense set D={x+y]|o(x) So, 


o(y) S o’}. Thus the uniqueness of E(c) is assured by the requirement that 
it be bounded. 


XVI3.3 CONSEQUENCES OF THE CONDITIONS (A) AND (B) 2139 


To prove that an H(c) with the properties (*) exists, note that by 
Lemma 2.3 the properties (*) define a single valued projection on D. 
Assumption (B) merely states that this projection is bounded, with bound 
at most K. Thus it has a unique extension by continuity to a projection, 
with bound at most K, defined on X. Since it is clear that (E(c) + E(o’))x 
=g and H(c)H(o')x =0 for x in D, it follows by continuity that these 
properties hold for all x in X. Q.E.D. 


3 Lemma (A, B). If P is a bounded linear operator which commutes 
with T, then 


PE(o) = E(o)P, oe S(T). 


Proor. For o in S, vectors of the form z = g + y with o(x) & o and 
o(y) S o’ are dense in X. For such a vector z we have Pz = Px + Py and, 
by Lemma 2.4, o(Px) € cand o(Py) S o’. Thus, by Lemma 2, H(o) Px = Px 
and E(o)Py = 0 and so 


Ei(o) Pz = Px = PE(o)z. 
Since the vectors z are dense in X, we have E(c)P = PE(o). Q.E.D. 


We now introduce a subclass of F (T), which will be shown to be a 
Boolean algebra. 


4 DEFINITION (A, B). The symbol S(T) will be used for the family 
of all sets o having the property that for every x in ¥ and every € > 0, 
there are vectors x, 2, with o(%,) So(x)o, o(xi) So(x)o’, and 
la, + zi — z| <e. 

It is clear that S(T) is closed under complementation, and contains 
the void set and the whole plane. 


5 Lemma (A, B). The family F(T) is a Boolean algebra. 


Proor. Since S(T) is closed under complementation, to prove the 
lemma it is sufficient to show that it contains the union of every pair of its 
elements. 

Let c, and og be sets in S(T) and, for every set u of complex numbers, 
let 


Mu) = {z| olt) S ph. 


If z is in ¥, then, since o, is in S(T), x is in the closure of M(co(x)) 
+ M(o,o(z)). On the other hand, it follows, since og is in F(T), that 
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Moz 0; o(z)) + Mog o40(x)) is dense in Mi(ojo(x)). Since, by Lemma 
2.1, Mt(o,0(x)) + Mio, o10(x)) is contained in M((o, U o2)o(x)), it follows 
immediately that x isin the closure of M((o, U og)o(x)) + Mt((o, U og)'o(z)). 
But this means that o U oa is in F(T). Q.E.D. 

6 Lemma (A,B). The restriction of the projection valued function E 
from F(T) to the Boolean algebra S(T) is a spectral measure. 

Proor. We use the notations of the proof of the preceding lemma 
and let o be in ¥,(7). Since an arbitrary vector is in the closure of 
M(co(x)) + M(o'o(x)) and since, by Lemma 2, H(oc)(z-+ y) =z for z in 
M(co(x)) and y in M(o’o(x)), it follows that H(c)z is in M(co(x)), and that 
E(o)x = x for x in Mt(co(x)). Thus, if o1, og are in S(T), then E(o,)E(o2)x 
is in M(o,020(x)). Hence 

E(o10)E(o,)E(o2)% = E(o,)E(og)e. 
Since 
E(o3,02)% S M(0103 o(x)) S M(o,0(z)) n Mog o(z)), 
we have 
E(0,)E(02)E(o102)" = E(o,02)2. 
Since all the projections H(-) commute with 7 and hence with each other, 
by Lemma 3 it follows that H(o,)E(o2) = E(o,02). Then we have 
E(0,) V E(o2) = E(0,) + E(o2) — E(o102) 
=I — (I — E(o,))(I — E(o)) 
= I — (E(o})E(o3)) = I — E(o405) 
= E((o,03)') = Blo, Ug). Q.E.D. 
7 DEFINITION (A, B). The symbol F(T) will be used for the collec- 


tion of those sets o € S a(T) for which there exist closed sets pn, Vn E S2(T) 
with un S 0, vn So’, n= 1, 2,..., and 


x = lim [E(v,) + E (pa) ]2, xexX. 


8 Lemma (A, B). The family S(T) is a Boolean algebra. 


Proor. It is clear that S(T) is closed under complementation. 
Hence, in order to show that S(T) is a Boolean algebra, it will suffice to 
show that it is closed under the operation of forming unions. 
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Let o, E A(T). Let {un} and {v,} be as in Definition 7, and let 
{An} and {¥,} be sequences of closed sets in S(T) such that An S46, 


f, = 6’, and 


x= lim {E(x + E(f,)x}, rex. 


Since the sequence {H(v,) + E(p,)} is strongly convergent, it is bounded 
(cf. II.3.6) and the operators E(v,) + E(un) are therefore equi-continuous. 
Thus we have 


=lim{E (py fin U Pa Pn U Vn fin) + E (vy Fn) 2}, xex. 
n> æ 


Since {un fn U Hn Pn U Vn Ün} and {v,%,} are sequences of closed sets in 
FAT) contained in o U6 and (o UG)’, respectively, it follows that 
o U õis in S(T). Q.E.D. 


9 Lemna (A, B). The set o(T) belongs to F(T), and E(o(T)) =I. 
Furthermore, every subset & of the resolvent set p(T) is in P(T) and has 
E(8) =0. 


Proor. Since o(x) S o(T) for all xe X, it is clear from Definition 4 
and Lemma 2 that o(T) is in F(T) and that H(o(T))z =x for all xe X. 
Since o(T) is closed (cf. VII.3.2), it is clear from Definition 7 that o(T) is 
in F(T). If è S p(T), then the void set ¢ and the spectrum o(T) are closed 
subsets of 5, 5’ respectively and H(¢)x + E(o(T))x = x, which proves that 
dis in A(T). Since E(p(T)) =0, we have H(8) = H(8)E(p(T)) =0. Q.E.D. 


10 Lemma (A, B). Let {om} be a decreasing sequence of sets in S(T) 

whose limit o is also in F(T). Then 
E(o)x = lim E(o,)2, xex. 

Proor. We wish to show that limp- o E(o,, — o) = 0 for all x. Thus 
we may pass without loss of generality from consideration of the sequence 
{o,,} to consideration of the sequence {om — o}; that is, we may and shall 
assume without loss of generality that o is void. Since H(o,,) = E(o,,0(T)), 
by the preceding lemma, we may also assume that om S o(T). 

Suppose that our assertion is false, so that there is a p >0 and a 
vector x such that |H(o,,)x| 2 p for arbitrarily large m. Passing without 
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loss of generality to a subsequence, we may assume that |E(o¢,,)2| 2 p for 
all m. 

For o in S(T) let M(c) = sup, so |E(p)2|, u E€ F(T). It is clear that 
if v, Sv, then M(v,)< M(v.). Let pov, Uva. Since |E(p)z] = 
|E(uvi)x + E(pvve)2| < M(v,) + M(va), it follows immediately that 


M(vy U va) S M(v,) + (Mva). 
Since 
|E(p)2| =| E(u) E(o)2| < K |E(o)x| 
for u S o, it is seen that 
M(o) < K|E(o)z]. 


Since o,, is in S(T), we can find closed sets um and vm in S(T) such 
that um E Om» Ym S Om, and 


|E( (um U Va)’ e| S pK~12-™— 3. 
Then 
M((Hm U Va) ) £ p27", 


so that, putting Ôm = Om — Hm , We have Òm = Om Um E H’ O Vm = (Hm U Ym)’ 
and so 


M(8q) £ p2-"-2. 


It follows that no finite sum 6, U... U 8, can cover o,. Indeed, 
Mè U. U8) SY p2-* < bp, 
i=1 
while |H(o,)2| = p. Hence 


n 
On HiH e Pn = Fn — U On Ôi 
i=1 


is non-void. Since (\?_1 p; is a decreasing sequence of non-void closed 
subsets of the compact set o(T), we have ()j21#;4#¢. Thus, since 
Hi S 0; it follows that eres o; #¢, contrary to assumption. Q.E.D. 


The following three theorems summarize the results of this section 
and at the same time lay the foundation for the studies to be made in 
Sections 4 and 5 that follow. 
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11 THEOREM (A, B). Let T be a bounded linear operator in the complex 
B-space X. Then there is a unique spectral measure on the field S(T) with the 
properties 


E(8)x# =x, ôe S(T), olx) S 8, 
=0, 8e F(T), o(x) <8’. 


This spectral measure is bounded, is countably additive on F(T), and com- 
mutes with T. 


Proor. From Definitions 1, 4, and 7 it is seen that S(T) S F,(T), 
and thus for each 6 in A(T) there is, by Lemma 2, one and only one 
projection (8) with H(d)z=-2 if o(z) cô and H(d)x=0 if o(x) g 8’. 
Lemma 2 also shows that |H(8)| is bounded in 6. Lemma 3 shows that 
(8) commutes with T and Lemmas 6, 8, and 10 show that H is a countably 
additive spectral measure on (7). Q.E.D. 


Since the field Z (T) is not necessarily a o-field, it is natural to ask 
whether or not the spectral measure E may be extended to the o-field 
generated by F(T). The following definition and theorems are concerned 
with this question. 


12 Dertnition. The symbol M(T) will be used for the o-complete 
Boolean algebra (or o-field) determined by the Boolean algebra S(T). The 
sets in M (T) are called sets measurable T or T-measurable sets. 


13 THEOREM (A, B). Let T be a bounded linear operator in the complex 
B-space X and let E be the associated spectral measure whose existence was 
established in Theorem 11. Then, in the conjugate space X*, there is a unique 
extension of the adjoint E* to a spectral measure on the o-field M(T) of sets 
measurable T which is countably additive on M(T) in the X topology of 
X*. This unique extension is bounded and commutes with T*. 


Proor. For every x in ¥ and 2* in X* there is, according to the Hahn 
extension theorem (cf. Corollary TII.5.9), a unique countably additive 
extension m(e, x, x*) of x*H(e)x from F(T) to M(T). From its uniqueness 
it is seen that m(e, x, x*) is bilinear in x, x*, and from the boundedness of 
|E(e)| follows the boundedness of m(e, x, x*). Thus for each e in .4(T) 
there is a uniquely defined bounded linear operator A(e) in X* for which 


xA(e)x* = me, x, x*). 
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Tt will next be shown that the mapping e > A(e) of M (T) > B(X*)isa 
spectral measure. It clearly preserves finite disjoint unions, takes com- 
plements into complements, is countably additive in the X topology of 
X*, and is bounded. It remains only to show that 


A(o)A(8) = A(o8). 


It is seen, by using the above remarks, that for a fixed o the family of 6 
for which the equation is valid is a o-field. Thus if o is in F(T), the 
equation holds for all 6 in .@(7). Analogously, if 6 is fixed in (7), then 
since the equation holds for o in a o-field containing F(T), it must hold 
for all o in A(T). 

Since T and H(é) commute and since A(5) = E(8)* for 6 in F(T), we 
have 

xT*A(d)u* = 2 A(d)T*x*, xex, z* eX*, ôe S(T). 


Since A is countably additive in the ¥ topology of X*, this identity holds 
for every ô in the o-field determined by F(T) and this proves that A(8) 
commutes with 7* for every T-measurable set 5. Since m(e, x, x* ) = 
x*A(e)x is bounded in e, it follows from the principle of uniform bounded- 
ness (cf. 17.38.21) that |A(e)| is bounded for e in M(T). Q.E.D. 


=> 14 THEOREM (A,B). Let T be a bounded linear operator in the weakly 
complete complex B-space X and let E be the associated spectral measure 
whose existence was established in Theorem 11. Then there is a uniquely 
determined extension of E to a spectral measure on the o-field M(T) of sets 
measurable T which is countably additive on M(T) in the strong operator 
topology. This extension is bounded and commutes with T. 


Proor. Let A be the spectral measure in the adjoint space X* which 
is associated with T* as in the preceding theorem. If X is weakly complete, 
A(6) is the adjoint of an operator H(8) in X. To see this, note that the 
family of all sets 6 for which there exists an operator H(8) in X with 
A(ò) = E(8)* contains S(T). This family is also a Boolean algebra since A 
is a spectral measure. Since X is weakly complete, it is a o-complete 
Boolean algebra and hence coincides with .@(7). Since H(6)* commutes 
with 7*, it follows that E(8) commutes with T for every 8 in M(T). 
Theorem 13 shows that E is countably additive on .@(T), and Corollary 
XY.2.4 shows that H is countably additive on (T) in the strong operator 
topology. The boundedness of E follows from that of A. Q.E.D. 
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4. Consequences of the Conditions (A, B, C): 
Necessary and Sufficient Conditions for Spectral Operators 


Theorem 3.14 falls short of proving that T is a spectral operator in 
two ways. First of all the spectral measure Æ is not necessarily a resolution 
of the identity for 7, for, even though it commutes with 7, it may not 
satisfy the inclusion relation o(7';) S 5 (cf. Definition XV.2.2, or Definition 
1 below). Second, the field F(T) or the o-field (T) may not contain all 
Borel sets. The first of these difficulties will be eliminated by the hypo- 
thesis (C), to be made presently. The second of these difficulties leads us 
to consider operators which are spectral relative to a field other than the 
field of Borel sets. Such operators are described as follows. 


1 DEFINITION. Let 2 be a field of sets in the complex plane and let 
T be a linear operator in the complex B-space X. Then a spectral measure 
E on Zis said to be a resolution of the identity for T if it commutes with T 
and satisfies 


(T's) = 5, ô E 2, 


where T, is the restriction of T to H(8)X. The operator T is said to be a 
spectral operator of class (Z, ¥*) if it has a bounded resolution of the 
identity on Z for which the set functions x*H(-)x, with x in ¥ and x* 
in ¥*, are all countably additive on 2’. An operator U in X* is said to be a 
spectral operator of class (X, X) if it has a bounded resolution of the identity 
A on 2 for which the set functions xA(-)x*, with x in ¥ and 2* in X*, are 
all countably additive on 2. 


Thus T is a spectral operator if and only if it is a spectral operator of 
class (Z, X*), where 2 is the field of Borel sets in the plane. 

Besides conditions (A) and (B) of Sections 2 and 3, the following 
condition (C) will be assumed in most of what follows. However, when any 
of the assumptions (A), (B), (C) are made in a lemma or theorem, they will 
be indicated parenthetically. 


(C) For every closed set 8 of complex numbers the set of all vectors x 
with o(x) = 8 ts also closed. 


2 Lemma (A, B,C). For every set 5 in S,(T) and every vector z in 
X we have o(E(8)z) S ŝo(2). 
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Proor. Since 6 is n £,(7), an arbitrary vector z in ¥ is the limit of 
a sequence 2, =£, + Yn With o(#,) S ô and o(y,) = 8’. Thus 


o(H(8)z,) =0(%,)S 5, 
and since E(6)z, > E(8)z, it follows from (C) that 
o(E(8)z) = ô. 


Since E(8) commutes with T (cf. Lemma 3.3), it is seen from Lemma 2.4 
that o(H£(8)z) S o(z). Thus o(£(8)z) = õo(2). Q.E.D. 


3 LEMMA (A, B,C). For 6 in S(T) let T, be the restriction of T to 
E(8)X. Then 
o(T,) S 8, ôe S(T). 


Proor. It follows from Lemma 3.3 that T commutes with Æ(8) and so 
T maps H(5)X into itself. It is therefore meaningful to speak of the 
spectrum of the restriction of T to H(5)X. 

Let é ¢ 5. It will first be shown that éI — T is one-to-one on E(8)X. If 
x is in H(5)¥ and (éI — T)x =0, then, since 
e, (Té 
RA; T) > py (A ce Eyer? 
for all large A, it is seen that 2(A) =a/(A — é) for A # £. Thus the spectrum 
o(x) contains at most the point é, and therefore 5o(x) is void. Since 
x = E(8)z it follows from Lemma 2 that o(x) is void and from Lemma 2.2 
that x =0. This shows that éI — T is one-to-one on H(8)X. 

It will now be shown that (ÉI — T)H(6)X = H(8)X. Let x = E(ô)x be 
an arbitrary point in E(8)X. Then, by Lemma 2, o(x) S ô and so £ € p(x). 
Thus (éI — T)x(é) =a and hence (éI — T)H(8)x(€) = E(8)z =x, which 
shows that (ÉI — T)H(8)X = E(6)X. The operator éI — T therefore maps 
E(6)X, in a one-to-one manner, onto all of itself. This means that é is in 
p(T.) and thus o(7';) S ò. Q.E.D. 


4 THEOREM. A spectral operator T has the properties (A), (B), and 
(C). Conversely, if the bounded linear operator T has these properties, it is 
a spectral operator of class (F(T), X*). Moreover, T has a resolution of the 
identity which is countably additive in the strong operator topology. 


Proor. It was shown in Theorem XV.3.2 and Corollary XV.3.6 
that the spectral operator T has the properties (A) and (C). Let Æ be the 
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resolution of the identity for T and let |£(5)| < K for all Borel sets 8. Let 
o(x) and o(y) be disjoint. Then by Theorem XV.3.4 we have EH(o(x))x = zx, 
E(o(y))y =y. Hence 


0 = E(o(x)o(y))y = E(o(x)) E(o(y))y = E(o(z))y. 
Thus 
|x| =|E(o(x))x| =|H(o(x))(z + y)| SK |e + yl. 

Conversely, let the bounded linear operator T satisfy conditions 
(A), (B), and (C). Then, by Theorem 3.11 and Lemma 3, T is a spectral 
operator of class (F(T), X*) with a resolution of the identity which is 
countably additive in the strong operator topology. Q.E.D. 


-> 5 THEOREM. Let T be a bounded linear operator in a weakly complete 
space. Then T is a spectral operator if and only if T satisfies conditions (A), 
(B), (C), and the following condition (D): 

(D) Every complex number is interior to a set of arbitrarily small diameter 
belonging to S(T). 


Proor. It was noted in the preceding theorem that a spectral operator 
has properties (A) through (C). To show that a spectral operator T has 
property (D), let 5 be a closed set in the complex plane, and let {6,} be an 
increasing sequence of closed sets whose union is the complement 6’ of ô. 
Let E be the spectral resolution of T. Then 


x =lim{H(d)x + E(8,)}. 


By Theorem XV.3.4, o(E(ô)x) S ô and o(H(8,)x) S ô. This shows that 6 
isin S(T). Lemma 2 shows that 6 is in F(T), and since ô, is closed, the 
above equation proves that ô is in F(T). Thus F(T) contains every closed 
set, and property (D) is evident. 

Conversely, if the operator T satisfies conditions (A) through (D), 
then, by Theorem 4, it is a spectral operator of class (F(T), ¥*). According 
to Theorem 3.14, the resolution of the identity for T has a unique exten- 
sion to a countably additive spectral measure E on M(T). It will next be 
shown that .#@(7’) contains all Borel sets. 

To do this, let U be an open set of the complex plane and let K be a 
compact subset of U. Then, by (D), each point p in K is interior to a 
certain set o, in S(T) with o, S U. Since K is compact, it is contained in 
the union o of a finite collection of the sets o,. Thus we have shown that 
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if K is a compact subset of U, there exists a o e S(T) such that K Go g¢ U. 
Since U is the union of a countable infinity of its own compact subsets, it 
follows that U is in .@(T). Since .@(T) contains all open sets, it contains 
the family Z of all Borel sets. 

To complete the proof it will suffice to show that o(7';) S 5 for every 
Borel set 8. If À ¢ 5, then, using (D), the compact set ŝo(T) may be covered 
by a set o in the field F(T) with A¢ a. Since T is a spectral operator of 
class (f(T), ¥*), we have o(T,) S and consequently A is in p(T), which 
means that AI — T is a one-to-one map of H(c)X into all of itself. Since 
o 2 $0(T), we have E(c) 2 E(80(T)) = E(8) and consequently H(5)X is an 
invariant subspace of H(c)X. Thus AJ — T is a one-to-one map of H(8)X 
into all of itself. This proves that A.is in p(7’;) and thus that o(T,) S ò. 
Q.E.D. 


We conclude this section with two results on adjoint operators. 


6 Lema. Let » be a field of sets in the complex plane and let T be a 
spectral operator of class (X, X*). Then its adjoint T* is a spectral operator 
of class (X, £). 


Proor. Let E be a resolution of the identity for T. Then the mapping 
o + E(o)* of X into B(X*) is a spectral measure in ¥*. Moreover, xE(o)*x* 
is evidently countably additive on X for each xe X and x*eX*, Let 
A¢oa. Then the restriction of AI — T to E(c)X has an inverse R,. Define 
the operator P, in X by putting P, = R, H(c). Then clearly E(c)P, = 
P, =P, E(o). Hence 
P$E(0)* = E(o)*P3, 


so that P* maps E(c)*X* into itself. Also (AI —T)P, =E(c), and 
PAI — T) = P, E(o)(AL — T) = P,(Al — T)E(c) = E(c). Thus 

PR(AI* — T*) = (Al* — T*)T* = E(o)*. 
Consequently the restriction of P* to H(o)*X* is the inverse of the restric- 
tion of AI* — T* to H(c)*X*. Hence À is in the resolvent of the restriction 


(7*), of T* to H(c)*X*. This shows that o((7*),) S g and completes the 
proof. Q.E.D. 


=> 7 THEOREM (A,B,C, D). Let T be a bounded linear operator in the 
complex B-space X and let B be the field of Borel sets in the plane. Then T* 
is a spectral operator of class (B, X). 
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Proor. In view of condition (D), we have Z c M(T). By Theorem 
3.13 the spectral measure H* of the preceding lemma may be extended 
from S(T) to a spectral measure defined on .@(T). Then, as in the proof 
of Theorem 5, it may be shown that o(T | E(8)¥) = ò for each ô in M(T). 
Q.E.D. 


5. Operators Whose Spectra Lie in a Jordan Curve 


In the preceding section it was seen (4.5 and 4.7) that operators 
satisfying the conditions (A), ..., (D) are spectral operators. In this 
section it is shown that, in certain important special cases, all of these 
conditions, except possibly the boundedness condition (B), are auto- 
matically satisfied. Thus, for the special types of operators, condition (B) 
becomes the condition which is necessary as well as sufficient for the oper- 
ator to be a spectral operator. 


1 Lemma. Condition (A) of Section 2 is satisfied if the spectrum of T 
is nowhere dense in the complex plane. 


Proor. If the resolvent set is dense, then any two analytic, or even 
continuous, extensions of R(A; 7')x must coincide on their common domain 
of continuity. Q.E.D. 


All of the special type operators to be considered in the present section 
will have nowhere dense spectra so that, according to Lemma 1, condition 
(A) will be satisfied by all of the operators that will be studied here. 

The following theorem, which applies in particular to compact 
operators, gives a topological restriction on the spectrum of T which 
guarantees that (A), (C), and (D) are all satisfied. 


->. 2 THEOREM. If the spectrum of an operator in a weakly complete space 
is totally disconnected, then it is a spectral operator if and only if the bounded- 
ness condition (B) of Section 3 is satisfied. 


Proor. Let T be a bounded linear operator in the weakly complete 
B-space X. To prove the theorem it will, in view of Theorem 4.5, suffice to 
show that T has properties (A), (C), and (D). Since the spectrum o(T) of T 
is totally disconnected, it is nowhere dense and, according to Lemma 1, 
condition (A) is satisfied. 

It is clear from Theorem VIT.3.20 that every spectral set belongs to 
FAT), and hence it follows from Definition 3.7 that every spectral set 


2150 XVI. SPECTRAL OPERATORS: SUFFICIENT CoNDITIONS XVI.5.3 


belongs to F(T). Since the spectrum is totally disconnected, every 
spectral point is contained in a spectral set of arbitrarily small diameter 
and thus in an S(T) set of arbitrarily small diameter. Since it is clear that 
every subset of the resolvent set is an F(T) set, condition (D) is im- 
mediate. 

To verify condition (C), let ô be a closed set of complex numbers and 
let 


MUS) = {a | o(x) S 8}. 


Condition (C) will be proved by showing that (5) is closed. Since 
a(x) S o(T) we have Md) = M(So(7T)), and it may therefore be assumed, 
without loss of generality, that 6 S o(T). Since o(T) is totally discon- 
nected, the closed set ô is an intersection (|, 5, of spectral sets 5,. Now 
clearly 


MS) = M) Sa) = () Ma), 


and so to see that 9t(5) is closed it will suffice to see that M(5,) is closed. 
Since 6, is a spectral set, this follows from Theorem VII.3.20. Q.E.D. 


Theorem 2 suggests that the difficulties which may be encountered 
in verifying conditions (C) and (D) are, in some way, related to the presence 
of connected components of the spectrum. The remainder of the present 
section will be devoted to a study of the case where the spectrum is 
contained in a finite disjoint union of connected sets each one of which is 
a Jordan arc. Before passing to the details of this study, the following 
result will be introduced to allow us, without any loss of generality, to 
study the case where the whole spectrum is contained in one Jordan are. 


3 THEOREM. Let T be an operator in the B-space X. If X is the direct 
sum of two of its closed subspaces X, and Xa, each invariant under T, and 
if the restrictions of T to X, and X_ are both spectral operators, then T is a 
spectral operator. 


Proor. This is a corollary of the case n =2 of Theorem XV.3.10. 
Q.E.D. 


In most of the remainder of the present section it will be assumed 
that the spectrum o(T) of T is contained in a closed Jordan curve I. In 
order to avoid technical complications it will be convenient to assume also 


XVI.5.4 OPERATORS WHOSE SPECTRA LIE IN A JORDAN CURVE 2151 


that To is smoothly embedded in a one parameter family of closed recti- 
fiable Jordan curves. More specifically, and as a basis for the analytical 
discussion that follows, it will be assumed that there is a function £ = &(t,6) 
which is twice continuously differentiable on its domain —1 St, ô <1 of 
definition and which has the following properties. The equation é(—1, 8) = 
&(+1, 8) holds for all § in the interval —1 <8 <1, whereas &(s, 8) # 
é(t, 8) unless s =t or the pair s, t is the pair —1, 1. Thus &(-, 5) is the 
parametric representation of a simple closed rectifiable Jordan curve I’, . It 
is assumed that the curves I’; are mutually disjoint, that T, lies inside 
Py, if —1 < 8, <8, < 1, and that I, contains the spectrum o(7'). There 
will be occasion to integrate around the curve I, with respect to its arc 
length, and for this reason it is supposed that the curves I, are oriented in 
the positive sense customary in the theory of complex variables. The 
simple Jordan are 4,, which is parametrized by the function (fp, +) is 
called the transversal through the point Ay = E(t) , 0). The principal assump- 
tion that will be made throughout most of this section is that the resolvent 
R(A; T) has a finite rate of growth as À approaches a spectral point Ay along 
the transversal 4,, through ào. This rate-of-growth hypothesis is stated 
formally as follows. 


(G) The spectrum of T is contained in the rectifiable Jordan curve To 
described above. Moreover, for each spectral point ào there are two positive 
integers v = v(ào) and M = M (ào), depending upon ào, and such that 


(A — Ag)” R(A; T| <M, AFA, rE lao- 


Although the rate-of-growth condition (G) will be assumed in most 
of what follows, it will be stated either explicitly or parenthetically (as 
was done with conditions (A), ..., (D)) in any theorem where it is used. It 
will be seen that this growth condition implies conditions (A) and (C) and 
that the boundedness and growth conditions (B) and (G) together come 
very near to insuring that the operator T is a spectral operator. 


4 LEMMA. An operator with property (G) also has properties (A) 
and (©). 


Proor. If the operator T in the B-space X satisfies the growth 
condition (G), its spectrum lies in the rectifiable Jordan curve I. Thus 
the spectrum is nowhere dense, and condition (A) follows from Lemma 1. 
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To prove (C), let ô be a closed subset of the complex plane and let 
M8) ={x |x € X, ofa) S 8}. 


It will be shown that M(8) is closed. For every x we have o(z) S o(T) SI 
and thus 9t(6) =M(dIy), which allows us to assume, with no loss of 
generality, that ô is a subset of the curve I). The set 6 is therefore an 
intersection 5 =(), 5 of sets 6, each one of which is the complement in 
I, of an open subinterval of I, . Since 


M(E) = W) Sa) =) M(S.), 


in order to see that t(d) is closed it will suffice to prove that Mt(d,) is 
closed. In other words, we may and shall assume that 6 is the complement 
of an open subinterval y of I). Let {x,} be a sequence in X, convergent to 
the point x, and with p(x,) 2 y. To prove (C) it will be shown that p(x) 2 y. 
To do this it is evidently sufficient to show that p(x) contains an arbitrary 
open subinterval yo of y. Let a and b be the end points of y and let C be 
a simple Jordan curve composed of the transversals 4,, 4, and arcs 
connecting their end points in such a way that C includes yp in its interior, 
intersects I) only at the points a, b, and includes the rest of Ig in its 
exterior. 
Condition (Q) shows that there is an integer N such that 
lim(A — a) (A — b)%ar,(A) = lim(A — a)" (A — 8) %x,(A) = 0 
Awd 


ava 
Aec Aec 


uniformly in n = 1, 2,.... Thus there are open subares N,, N, of C 
containing a, b, respectively, and such that the vector y,(A)= 
(A — a)n (À — b)” x£, (A) has norm 


IAE  mB1, eMU M. 
Since x, >x we have 
lim y,(A) = (A — a)" (A — 8)" RA; T)e 
nwo 
uniformly for A in C — N, —N,. This fact, together with the preceding 


inequality, shows that for some integer no depending upon € we have 


|yn(A) —Ym(A)| <E, À eC, n,m No> 
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and thus proves that the sequence {y,(A)} converges uniformly for A in C. 
By the maximum modulus principle this sequence converges uniformly 
on the union of C and its interior to an analytic function y(A). Since 


y(A) = lim y,(A) = (A — a) "(A — B)¥2(A) 


for À ¢ Ig, the vector 
yA) 


XO = Gary 


is an analytic continuation of (à) into the interior of C. Since 
(AI — T)x(A) =x for A¢ Ig, it follows that (AJ — T)X(À) =x for all à 
interior to C. Thus p(x) includes the interior of C and, since the interior of 
C includes yo, the proof is complete. Q.E.D. 


According to the preceding lemma and Theorem 4.5, an operator T 
in a weakly complete space will be spectral if it satisfies (B), (G), and (D). 
We shall now study condition (D) more carefully and see that conditions 
(B) and (Q) come very near to implying condition (D). This will allow us 
to replace condition (D), and in a variety of ways, by more satisfactory 
conditions. For example, it will be seen that an operator T in a reflexive 
space which satisfies (G) and whose adjoint satisfies (B) is a spectral 
operator. 

Before starting this study, it will be convenient to restate condition 
(G) in a form more suitable to the ana'‘ysis that follows. In the first place, 
it is clear that the integers v =v(àọ) and M = M{(A,), with the required 
properties, exist for every Ap in I’) even if Ag is not in the spectrum. Also, it 
may be assumed that for each Ay in I) the transversal 4,, lies within the 
circle of radius $ and center Ay. This shortening of the transversal 4,, may 
be achieved by replacing &(A, ô) by &(A,8,) where 6,=K6 with K 
sufficiently large. Now, if every point of 4,, is within a distance of 4 from 
Ao, it follows from (G) that 

lim (A —A,)* RA; T) =0 
N>% 

uniformly for A in 4(ào). Thus there is an integer valued function v = v(ào) 
defined for every Ay in I, and such that |(A —A,)"40 RA; T)| <1 for 
every A in 4,, except A = Ào. In other words the function M = M(ào) of 
condition (G) may, without loss of generality, be assumed to be identically 
one. Thus condition (G) may be restated in the following equivalent form. 
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(G) The spectrum of T is contained in the rectifiable Jordan curve 
I. Moreover, there is an integer valued function v defined on Ig such that 
for every Ag in Ig, 


(A — APRA; T)| <1, AFA, ÀE lao. 


In the analysis to follow, it is this inequality that will be used rather 
than the one in the earlier formulation of growth condition (G). 


5 DEFINITION. An integer valued function v defined on I) and 
satisfying the preceding inequality is called an index function for T. An 
interval of constancy relative to T is a non-void open subinterval of I’) upon 
which some index function for T is constant. A point A in I) is said to be 
regular relative to T if it belongs to an interval of constancy and if, in 
addition, there is an integer n such that the manifold 


(AI — T)*¥ + {x | (AI — T)"x = 0} 
is dense in X. 
It should be noted that if 
X = (T —XI)*X + {x | (T — Myx =0}, 


then, by applying the operator (T — AJ)" to both sides of this equation, 
one obtains the inclusion relation 


(T —AL)"X c (T M)”. 


Thus, since the manifolds (T — AZ)"X decrease as m increases, it follows 
that 


(T — MYX s (T MP+. 
Since the manifolds {z| (T —AI)"™x =0} increase with m, it follows that 
(T —AD +E + {e| (T — M) +e =0} 
is dense in ¥. By induction, it is seen that the manifold 
(T —AD)***¥ + {e| (T —AN***x =0} 


is dense in X for all k = 0. This fact will be stated in the following lemma 
for future reference. 


6 Lemma. A complex number À is regular relative to T if and only 
if it is contained in an interval of constancy relative to T and, for all sufficiently 
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large integers n, the manifold 
(T —AD*X + {e| (T — Myx =0} 
is dense in X. 


It should also be noted that every point A of Iy which is in the 
resolvent set of T is regular relative to T. This follows since the resolvent 
set is open and R(A; T) is continuous so that A is interior to an interval 
where some index function is constant. Also, for À in the resolvent set, the 
density requirement of Definition 5 is satisfied, since for such À, 
(T —ADX = &. 

7 Lemma (A). If (Aj fl —T)"x=0 for some integer n and some 
x 40, then o(x) = {Ao}. 


Proor. Since it is finite, the series 


= Z SEa (AoT — Tix 
Ho (A—Xo)i*? o 

converges for every À Æ Ào and satisfies the equation (M — T)X(A) =z. 
Thus X(A) is an analytic extension of R(A; 7)x to the complement of {ào}. 
This means that o(x) S {Ao}. Since, by Lemma 2.2, o(x) is not void, we have 
a(x) = {Ao}. Q.E.D. 

8 Lemma (B, G). Every closed subinterval of Ig whose end points 
are regular relative to T belongs to P(T). 


Proor. Let y be a closed subinterval of I whose end points Aj, Az 
are regular relative to T. Itis clear that, by making a suitable change in the 
parameter s in the function &(s, 5), it may be assumed that A, = é(—4, 0) 
and A, = &(4, 0). Since A, and A, are interior to intervals of constancy 
relative to T, there is an e > 0 such that for |Ay —A,| < € or |Ayp — Aol < € 
the inequality 

(i) |A —A|*| RA; D| < 1, Ao Æ À E€ L10» 
holds for all sufficiently large values of N. In view of Lemma 6 the integer 
N may be fixed so that the inequality (i) holds and also so that the mani- 
folds 

M, = (ÀI — TIYE + {2| (A I — T)s = 0}, i=1,2, 
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are both dense in ¥. Since Mt, is dense in ¥, the manifold 
(AL — TMa + {x| (AL — 7)"x =0} 
is dense in X, so that 
(Al — TIY (Ag I — TIYE + {æ | (AV — T) =0} 
+ {z| (Agi — T)*%x =0} 


is also dense in X. By Lemma 7, o(x) c y if (A, — T)%2 =0 for i =1 or 
i = 2, so that to prove the present lemma it will be sufficient to show that 
every element of the form y = (A,J — T)*(A,J — T)%x may be approxi- 
mated arbitrarily closely by a sum z,-+ 2, where o(z,) is contained in 
y and o(z2) is contained in the complement y’. 

Actually more will be proved, for it will be shown that z, and za may 
be chosen so that z, + 2 is arbitrarily close to y and the spectra o(z,), 
a(zg) are contained in the interior of y, y’, respectively. Using the opera- 
tional calculus of Chapter VII, we have 


Gi) y = (A — T) (Àa — T)%x 
1 
~ Dari 1 =f | (Ar —A)¥(Ag — AJY R(A; T) x dA. 


The transversals 4,, and 4,, divide the annular region between T, and 
T, into two simply connected areas, each bounded by a curve consisting 
of the ares 4,,, lag and portions of I’,, ['_,. Let the area containing y be 
called A,, and its positively oriented bounding curve C,. Let the area 
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containing the complement y’ be called A,, and its positively oriented 
bounding curve C,. Then, since the integrand in the expression (ii) for y 
is bounded on C, and C,, we have 


Y =Ycı + Yeo» 
where 


1 
(ii) Yoa =— f (Ay — AWA — AROA; Pædà, = i= 1,2. 
2midc 


It will be shown that yc} can be approximated arbitrarily closely by 
vectors whose spectra lie interior to C4, and that yc, can be approximated 
arbitrarily closely by elements whose spectra lie interior to C. The details 
will be given only for yc, but the proof for yc, is quite similar. 

Let 4;, A} be the transversals through the points é((—4 — e), 0), 
&((4-+ £), 0), respectively. Let Aj, A$ be the two simply connected 
regions into which the annular region between J’, and T, is divided by 
the transversals A; and 4;. Let A§ be that one of these areas contained 
in A3, and let C3 be its bounding curve. In view of (i), the integrand in 
(iii) is uniformly bounded, and it follows from an elementary calculation 
using Lebesgue’s dominated convergence theorem that 


Yco = lim Yc§> 
é>0 
where 
1 
Yog =a fye As ZAA — A)" RA; Te dd. 
3 2mi Jcs 


Thus, to see that yc, is the limit of a sequence of vectors whose spectra 
are interior to C,, it will suffice to show that the spectrum o(yc§) is con- 
tained in 4$. It is evident that the integral 

1 


Qari. 


NE = [pg Oa — "a — AME — NERO; Th dd 


is analytic for é outside 43. Since 


1 
(EL — DIE = z5 fog Or — A Aa — AE — A)“ ET — TIROA; T)e dd 


ci 


1 


~ Qari 


Jog Oa =N Aa — ME —A)- ME — AROA; Tx dd 


=Ycék> 
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it follows that I(£) is an analytic extension of R(é; T)yc£. Thus p(y¥c§) 
includes the entire complement of A$, and so the spectrum o(y,§) is 
contained in A$. Q.E.D. 


9 CoroLLARY (B, G). Let y be a closed subinterval of To whose end 
points r,, Àg belong to intervals of constancy relative to T. Then, for sufficiently 
large N, the manifold (À I — T) (Àa I —T)*¥ is contained in the closed 
manifold determined by vectors of the form zı + za where o(z) is interior to y 
and o(z2) is interior to the complementary arc y’. 


Proor. The above statement is what was actually proved in the 
preceding proof. Q.E.D. 


10 Lemma (B, G). If the set of points regular relative to T is dense on 
Io, then every closed subinterval of T, whose end points are regular relative 
to T is in S(T) and every Borel subset of the plane is measurable T. 


Proor. Let y be a closed subinterval of T, whose end points are 
regular relative to T. Since the points regular relative to T are dense in 
Io, there is an increasing sequence {y,} of open subintervals of I, each 
member of which has regular end points in the are y’ complementary to 
y, and whose union is the whole are y’. By Lemma 8 the intervals y and 
Pn, n =1,2,..., are all in S(T). Since y is in S(T) there are, for each 
x in ¥ and « >0, vectors y and z such that 


ly+2—a] <e, oy) Sy; a(z) Sy’. 


Since o(z) is compact, we have ¥, 2 yn 2 o(z) for all sufficiently large n. 
Thus, by Lemma 3.2, [E(y) + E(¥,)y +z) =y+z for all large n. By 
the boundedness assumption (B) the norms of the projections E(y) + E(y,) 
are bounded in n, and since « > 0 is arbitrary, we have 


(i) x = lim [E(y)x + E(y,))2, xex. 


Now it follows from Lemma 4 that T has properties (A) and (C), and thus 
it is seen from Lemma 4.2 that 


(ii) o(E(y)z) = yo(z), o( E(¥,)%) S Vn a(x). 


These relations (i) and (ii) show that y is in #,(7). Since y is an arbitrary 
closed subinterval of I) whose end points are regular relative to T, this 
proves that the closure 7, is also in Y,(7). Thus it follows from (i) and 
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Definition 3.7 that y is in S(T). It follows that every Borel subset of 
D, is measurable 7. By Lemma 3.9 every subset of p(T) is in F(T) and 
hence in a set measurable 7’. Thus, since o(T) S I, every Borel set in 
the plane is measurable 7’. Q.E.D. 


In view of Lemma 10, it behooves us to seek conditions under which 
the points on I) which are regular relative to T are dense on I,. Some 
results in this direction will be found in the next four lemmas. 


11 Lemma (G). The union of all intervals of constancy relative to T 
is an open set dense in Io. 


Proor. It is clear that the union of intervals of constancy is open. 
To see that it is dense, let y be a closed subare of I’) having positive length 
and let 


Yn = {No| Ao ey, Jà —A,|"| RA; T)| Ss 1, Xo xX E li 
F {Ao|Ao ey, BUS ô) — do| R(Elo, ô); T)| S10< |l <1} 


Tt is clear from the second expression for y, that it is closed, and it follows 
from (G) that every point in y is in one of the sets y, . Thus, by the Baire 
category theorem (cf. 1.6.9), one of the sets y, contains a non-trivial sub- 
interval of y. Q.E.D. 


12 Lemna (G). If the point spectrum of the adjoint T* contains no 
non-trivial subarc of To, then the set of points regular relative to T is dense 
in Io. 


Proor. If A is not in the point spectrum of the adjoint of T, then 
there is no functional «* 40 for which #*(AI — T)¥ =0. In view of the 
Hahn-Banach theorem, this means that (AI — T)X is dense in ¥. Hence if 
A is also in an interval of constancy for T, then A is regular relative to T. 
The present lemma thus follows from Lemma 11. Q.E.D. 


13 Lemma (G). If the space X is reflexive and if the function identically 
one on D, is an index function for T, then every point of T, is regular relative 
to T. 


Proor. It is clear that Ig itself is an interval of constancy relative 
to T. Let x be an arbitrary vector in X, A, an arbitrary point on I), and 
{A,} a sequence of points in the transversal 4,, with A, 4A, and Ay = lim À,- 
Since X is reflexive, the bounded sequence {(A, —Ao)R(A,; T)2} contains a 
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subsequence weakly convergent to an element y of X (cf. Theorem I1.3.28). 
By replacing the sequence {A,} by a suitably chosen subsequence, it may 
therefore be assumed that, in the weak topology, we have 


lim (A, —A,)R(A,; Tx =y. 


Then (Aj I — T)y is the weak limit of 
(An T Xo) (Aol ms T) R(Àn; T)x = (An —Ao)% = (Ao —A,)P RAS T)z, 


and this limit is clearly zero. Thus (ào Z — T)y =0. 

It will next be shown that the vector x — y is in the closure of the 
manifold (A, J — T)¥. To see this it will, in view of Corollary IT.3.13, 
suffice to show that x*(x —y) =0 for every linear functional x* which 
vanishes on (Aj J — 7)X. If x* is such a functional, then T*x* = Ay2*, 


* 


An — Ào 


R(àn; T)*a* = 


and so 
s*y =lim x*(A, — Ao) R(A,; Tje =x*a, 
n> o 
and z*(x —y) =0. It has been shown that an arbitrary vector x in ¥ 
is the sum of a vector y with (A, Z — T)y =0 and a vector x — y in the 
closure of (Ag I — T)X. Since A, is interior to an interval of constancy 
relative to T, it is therefore a regular point relative to T. Q.E.D. 


14 Lemma (G). If X is reflexive and if the adjoint T* satisfies the 
boundedness condition (B), then the regular points relative to T are dense in 
I, and, in particular, every interval of constancy relative to T consists entirely 
of regular points. 


Proor. In view of Lemma 11 it suffices to show that a point A, in 
an interval of constancy relative to T is regular. Since o(T*) = o(T) and 
R(A; T*) = R(A; T)*, it follows that T* also satisfies the growth condition 
(G) and that every index function for T is also an index function for 
T* and vice versa. By applying Corollary 9 to T* and the interval con- 
sisting of the single point Ag, it is seen that, for N sufficiently large, every 
element in the manifold (A, I* —7*)"X* may be approximated by 
elements z* with Ay ¢ o(z*). To prove that A, is regular relative to T it will 
be shown that, for such N, the manifold 


(i) (Ag I — TIYE + {x| (Ag I — T)%a = 0} 
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is dense in ¥. To do this it will, in view of the Hahn-Banach theorem 
(cf. Corollary 11.38.13), suffice to show that the functional x* =Q is the 
only functional which vanishes on the manifold (i). Let x* be such a 
functional. Then 

(ii) (Ag l* — T*)*x* =0. 
To see that x* =Q it will first be shown that 

(iii) a* e (Ay I* — T*)"X*, 
If (iii) is not true, then, since X is reflexive, it follows from the Hahn- 
Banach theorem (cf. Corollary 11.3.13) that there is an x in ¥ with x*2 £0 
and [(A,1* — 7'*)"¥*)x =0 which means that (Aj, I — 7)%x =0. Since z* 
vanishes on the manifold (i), we have x*æ =0, which contradicts the 
inequality «*x 40 and establishes (iii). 

Now from (ii) and (iii) together it may be concluded that z* — 0. To 
do this, note first that, according to Lemma 7, o(%*) = {Ao}. By Corollary 9, 
applied to 7* and the interval consisting of the single point Ag, there is a 
sequence {a*} converging to «* with Ào ¢ o(x*). Since 7* satisfies condition 
(B), we have 

|x*| < K |x* — 2%| +0, 

and so #* = 0. This completes the proof that the manifold (i) is dense in ¥ 
and thus proves that A, is regular relative to T. Q.E.D. 


The preceding lemmas, when combined with the general criteria given 
in Theorems 4.5 and 4.7, allow us to summarize a set of conditions that 
are sufficient to guarantee that an operator is a spectral operator. This will 
be done in the following two results. 


-> 15 THEOREM. If a bounded linear operator in a weakly complete space 
satisfies the boundedness condition (B) and the growth condition (G), then it 
is a spectral operator provided that any one of the following conditions holds. 

(a) The point spectrum of the adjoint contains no non-trivial subarc 
of To. 

(b) The space is reflexive and the function 

v(A) =1, Aer, 

is an index function for the operator. 

(c) The space is reflexive and the adjoint operator satisfies the bounded- 
ness condition (B). 
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Proor. If the bounded linear operator T in a weakly complete space 
has properties (B) and (G) then, by Lemma 4, it has properties (A) and (C). 
Thus, in view of Theorem 4.5, to prove the present theorem it suffices to 
show that T has property (D). According to Lemma 10 condition (D) will 
be satisfied if the points regular relative to T are dense on I). Thus 
Lemmas 12, 13, 14 give the desired conclusions. Q.E.D. 


16 THEOREM. Let T be a bounded linear operator in the B-space X 
which satisfies conditions (B) and (G) and let B be the field of Borel sets in 
the plane. Then the adjoint T* is a spectral operator of class (B, X) provided 
that any one of the conditions (a), (b), (c) of the preceding theorem hold. 


Proor. The proof is the same as that of the preceding theorem except 
that Theorem 4.7 is used instead of Theorem 4.5. Q.E.D. 


It is to be expected from analogies with finite matrices, as well as by 
comparison with Theorem XV.6.7, that a spectral operator T which 
satisfies the growth condition (G) will be a spectral operator of type m —1 
if and only if the constant function v(é) =m is an index function. For 
convenience of reference this finite rate of growth condition is stated 
formally as follows. 


17 DEFINITION. The bounded linear operator T is said to satisfy 
the growth condition (Gm) if its spectrum lies in the curve I, and if, for 
some constant M, 


I(E —€.)"R(E5; T)| S M, ée Io, 0<|s| <1, 
where é, is the intersection of the transversal 4, with the curve I;. 


-> 18 THEOREM. A bounded linear operator T in Hilbert space whose 
spectrum lies in the Jordan curve I, will be a spectral operator of type m — 1 
if and only if both T and its adjoint satisfy conditions (B) and (Gm). 


Proor. If T is a spectral operator in the Hilbert space ¥ then, since 
¥ is reflexive, the adjoint T* is, by Lemma 4.6, a spectral operator. By 
Theorem 4.4 both T and T* satisfy the boundedness condition (B). Now 
if T is of type m — 1 with radical part N and resolution of the identity F, 
then 


T Nef E(dà) ¿e p(T), 


Reet 2, ar) (E —A)*+” 
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from which it is apparent that T, and consequently T* also, satisfies the 
condition (G,,). 

Conversely, let T and its adjoint satisfy conditions (B) and (Gm). It 
is clear from Theorem 15(c) that T is a spectral operator, and so it suffices 
to prove only that T is of type m —1. 

The proof will involve Riemann integrals of the type 


(i) [POE 


where Æ is the resolution of the identity for T and F is an operator valued 
function defined on o(T) continuous in the uniform operator topology, and 
for which 

(ii) F(@)T=THE), €€o(T). 


It is seen from Corollary XV.3.7 that F(é) also commutes with the projec- 
tions in the range of E, that is, 


(iii) F()E(c) = E(o)F(é), £e p(T), 
for every Borel set o. If 7={o,,...,0,}, m’ ={o;'..., 0’,/} are two 


partitions of o(T) and if é& € 0,, é& € 05, i=1,..., n, j =1,..., n’, then 
using (iii) and Lemma XV.6.8, it is seen that, for some constant K, 


È FEE) =È FEB) 


È $ PE) — FE Moa) 


< K sup| F (é) — F(é;)|, 


where the supremum is taken over those i and j for which o;o; is not void. 
If by the norm |z| is understood the quantity 
|7| = max diam o,, 
1sisn 
it is seen that the limit 
n 
lim >}, F(é&)E(0;) 
|z[-0 i=1 
exists in the uniform topology of operators for every function F on o(T) 
which is continuous in the uniform operator topology and satisfies (ii). This 
limit defines the Riemann integral (i). It is clear that the integral is linear 
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in F and satisfies the inequality 
(iv) I| FEAE SK sup |F(E). 
a(T) sea(T) 


If F and G are two continuous operator valued functions both satisfying 
(ii) then, since 


(È, Rene) (¥ CEE) =È PEEBO, 
it follows that 
w f| rozan)fj aoran) =f TOcoBag. 
a(T) a(T) a(t) 
It will next be shown that 
(vi) Í (él — T)™E (dé) =0. 
o(T) 


The proof of (vi) will use the integral 


1 
(vii) I(p, y) = ne (e — £)™(y — &)"R(E; T) dé, 


where p, y are points on I) and, for 0 <ô < 1, the contour C,(y, y) is the 
positively oriented contour through p, y which is defined as follows. For 
an arbitrary é in I let é, be the intersection of the transversal through 
é with the curve I,. The curve C;,(p, y) is a positively oriented Jordan 
curve through the points us, Ys» y-5, p- and consisting of subarcs of 
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the curves T, 4,, T, 4,. The curve C,(p, y) is defined so as to contain 
in its interior the interior of the directed segment (u, y) on the oriented 
contour I). The integrand f (é) in I(p, y) is defined and continuous at 
every point of C,(u, y) except at u and y. In view of the condition (Gm), 
f(E) is bounded on C,(p, y). Hence I(p, y) exists and is clearly independent 
of ô since f (£) has its only singularities on I). It will first be shown that 
I(p, y) > 0 as |u — y| + 0. Let £ > 0 be arbitrary and fix 6 >0 so that the 
arcs usp and yaya both have length less than e. Fix K, so that 


RE D| SK, éen uT, 


and fix «, >0 so that the arcs y_,_, and usys both have length less than 
/K, provided that |u — y| < as. Then, for |u — y| <«,, we have 


1 E 
E [2em +2x, ral 


Qn : 


which shows that I(p, y) + 0 as |u — y| > 0. 

It will next be observed that the spectrum of any vector of the form 
I(p, y)x is contained in the directed closed subare py. To see this, let A 
lie in p(7’) and outside C,(p, y). Then it is seen from the resolvent equation 
that 

1 (u — "(y — £)” 
RA; T) (p, y£ =— ——— RE; T)ad 
A; PM ve = a fop AE RE: Tied 
and the integral on the right of this equation gives an analytic extension 
of R(A; T)I(p, y)x to all points outside of C(u, y). Thus the spectrum 


o(I(p, y)x) is contained in the closed are uy. Thus if the closed intervals 
[u y] and [p’, y’] of To are disjoint we have, from Corollary XV.3.3, 


E((p, yM e, y’) =0. 
Let un, H, Y, Yn be an ordered set on the oriented curve I with u, > p 
and Yn? Y: Then E([p, yM (Ya , En) = Q. Since 


(I — TYI — T)” = uns p) + Mp, Y) + IY, Ya) + Lyn Ha) 
and I(un, p) —> 0, I(y, yn) > 0, it follows that 
E([p, y — T)” — T)” = Ip, y). 


Now let I be divided into n disjoint subintervals c4, ..., C, each of 
length L/n where L is the length of I, and let é, 2, ..-, Eno Envi = &1 
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be their positively ordered sequence of end points. Then, according to the 
preceding equation, 
(viii) E(o,)(€ I — TYE p — T)” = E, Ezaa) 
Now let 6 = ljn so that the length of C,(&;, E; 1) is of the order of 1/n. It 
follows from (vii) and (viii) that 
C. 

Elo éI — TE —T)"| S ari 

and thus that 
n x Ca 
py (éI — T) (E5417 — T)"E(o;)) < Pari 


An elementary continuity argument shows that the sum, whose norm 
appears on the left of the preceding inequality, approaches the integral 
fen (EI — T)?"E(dé) as n> œ, and thus this inequality establishes the 
equation (vi). 

It will next be proved that 


(ix) bg (él —TYE(dé) =0, j2m. 


In view of (vi) this equation may be proved by induction downward. Thus 
it will be shown that (ix) holds for the integer j = m provided that it holds 
for the integer j + 1. To do this, let é, be the point of intersection of the 
curve I, with the transversal 4, through the point é on I and let 
R(é;) = R(E,; T). Then, from (iv) and the hypothesis (Gm), we have 


I| (EEV REENE < Olé — él, 
a?) 
which shows that 


E J (T) (É — éY + R(E) Eld é) = 0. 


On the other hand, it is seen by writing (€ — é) = (éI — T) —(é,1 — T) 
that 


f p ETEV REMEG = | (God — TYRES) EAE) 


r 


+5 + ') G = Tyit1-1(é, I = TY- E(dé). 
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But, in view of (v) and the induction hypothesis, 
f 1-7) RE) EE) =0, 0<8<1. 
a(T) 


Thus, since lim, o (és Z —7)~1=(€1 — TY? in the uniform operator 
topology, it follows from (iv) that 


lim f EGF REBUS = — f (GI —TYE(AE), 


which establishes the equation (ix) for every j 2 m. Now if 8 is the scalar 
part of 7’, then 


0= f (él — T)"E(dé) = Dy C VI. is ér- EdE TY 
aeey 
=(S —T)"=(—N)", 


which shows that N” =0. The fact that T is of type m — 1 now follows 
from Theorem XV.5.4. Q.E.D. 


The spectral theorem for a bounded self adjoint operator T in Hilbert 
space follows from Theorem 18. This will be shown in the next section. 

Another special case is one whose unbounded analogue (XVIII.2.39) 
is useful in the discussion of the nonselfadjoint second order singular 
differential boundary value problems discussed by Naimark. Because of 
its special nature, however, an independent proof, shorter than that of 
Theorem 18 is possible and will be given here. In this theorem the operator 
T has its spectrum in the smooth curve I, as described in the discussion 
of the growth condition (G). It will not be necessary, however, to assume 
the growth condition as it will follow from the other assumptions. 


-> 19 THEOREM. Let the operator T in the reflexive space X have its 
spectrum in the curve To. In addition, let Xo, X% be dense linear manifolds 
in the spaces X, X*, respectively, with the following three properties, 
(i) For xo in Xo and zf in X% there is a constant K(x%, xo) with 
|p R(E(t, 5); Txo] = K(xs, Xo), =l <s t, 8 < l, ô #0. 
(ii) For each xo in X, and x} in X% the limits 


R+ (À, xž, xo) = lim xf R(E(t, 8); T)xo 


ô> 0+ 
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and 


R-(A, 28, £o) = lim zë R(Elt, 8); T)xo 
ô> 0- 


exist for each point À = E(t, 0) in Ig. 
(iii) There is a constant M depending only on T such that 


[  [R*A, 28, čo) — R-(A, 28, zo)| ds < M až] |x, £o € X, a* € X*, 
o(T) 


where s is the arc length on I. 
Then T is a scalar type spectral operator whose spectral resolution is given 
by the formula 


1 
(iv) x$B(o)rp =— Í {R*(A, 28, xo) —R-(A, £$, xo)} A. 
2i Jo 


Proor. Let ô >0 and let f be single valued and analytic in a neigh- 
borhood of the annular region bounded by the curves T, and I"_,. Then 
(cf. Definition VI.3.9) 


1 
ND = 5 |f SaR aS AWR na], 


where both integrals are taken in the positive sense. Then, in view of 
hypotheses (i) and (ii), this formula may be written as 


1 
af (Teo =z | JOKR O, 28, 20) — R-(A, 28, £o)} dà, 
0 


for % € Xo, xå € X%. Since the integrand vanishes if À is in the resolvent 
set. 


(v) aE (Tyro=z— | SONR O, af, zo) —R-(A, 28, 2} dà 
277 oT) 


In view of hypothesis (iii) the right side of this equation (v) defines, for 
each bounded Borel function f on o(7), a continuous bilinear form 
(f, £, £o) which, since X, and Xj are dense, has a unique extension to a 
bounded bilinear form (f, x*, x) defined for all x in ¥ and x* in ¥*. Since 
Æ is reflexive, it follows that there is a unique operator f(T) in X for 
which (v) holds. The mapping f — f (T) isa homomorphism on the algebra 
of analytic functions f, and since every continuous function on I is the 


XVI.6 SELF ADJOINT OPERATORS IN HILBERT SPACE 2169 


uniform limit of analytic functions, it follows that this map is also a 
homomorphism on the algebra of continuous functions. To see that it 
is a homomorphism on the algebra of bounded Borel functions, note 
that for a fixed continuous function g the set of all bounded Borel 
functions f for which 


(vi) (T) =f (TYT), 

includes all continuous functions. Furthermore, if the equation (vi) holds 
for each function in a uniformly bounded pointwise convergent sequence 
{fa} then it follows from (v) that it holds for the limit function f = lim f, . 
This shows that (vi) holds for every bounded Borel function f and every 
continuous function g. A repetition of this argument shows that it also 
holds if f and g are both bounded Borel functions. Thus the operators 
f(T) and g(T) commute and also, as (v) shows, satisfy the inequality 


(vii) If(Z)| S M sup |f(A). 
Aga(T) 


These facts show that the operator H(c) defined by (iv) is a bounded 
spectral measure which, in view of the Orlicz-Pettis Theorem IV.10.1, is 
countably additive in the strong operator topology. To see that E is a 
spectral resolution for T it will therefore be sufficient to show that, for 
each Borel subset o of o(T), the spectrum of the restriction T | H(o)X is 
contained in 6. For every é¢ ð, let the bounded Borel function r be 
defined by the equation r,(A) = (E — A)~1y,(A), where y is the charac- 
teristic function of o. Then r.(7)(éI —T) =E(c), which shows that 
(7'| E(c)X) S č and proves that T is a spectral operator. It follows from 
(vii) that T is a scalar operator. Q.E.D. 


6. Self Adjoint Operators in Hilbert Space 


Tt is the purpose of this section to show how the theory of spectral 
operators may be applied to yield the classical spectral theorem in Hilbert 
space, that is, the theorem asserting that a bounded self adjoint operator 
in Hilbert space is a scalar type spectral operator. To this end the reader 
should recall that the bounded operator T in Hilbert space X is self adjoint 
if it coincides with its Hilbert space adjoint, that is, if T =—7*. The 
scalar product of the vectors x and y in X will be denoted, as usual, by 
(x, y). In order to apply the theory of spectral operators, the following two 
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lemmas will be needed. These lemmas will show that the hypotheses of 
Theorem 5.18 are satisfied by a self adjoint operator in Hilbert space. 


1 Lemna. If T is a bounded self adjoint operator in Hilbert space, its 
spectrum is real and for every non-real a we have 


l 

R(a; T)| < ——. 
Bos OS aa 

Proof. If a is not real, an expansion of the scalar product ((aJ — T)z, 
(al — T)x) shows that 

[(ool — Pyx|? =| F(a)? + |(A(a)L — Pal? 2 |4 (0)? a? 
so that 
| ¥(a)| 

This shows that (xI — T)~1 exists as a bounded operator, from which it 


readily follows that (x7 — 7)X is closed. Hence it remains only to prove 
that (x7 — 7)X is dense. If y is orthogonal to this manifold, then 


0 =((al —T)a, y) = (x, («I —T)y), xEX, 


from which it follows that («J — T )y =0. Since « is not real, this shows 
that y =0 and proves (cf. Lemma IV.4.4) that («J —T)X =X. Q.E.D. 


2 LEMMA. A self adjoint operator in Hilbert space satisfies the bounded- 
ness condition (B). 


Proor. Since orthogonal vectors x, y satisfy the relation |x + y|? = 
|z|? + |y|?, it will suffice to show that x is orthogonal to y if their spectra 
a(x) and o(y), relative to the self adjoint operator T, are disjoint. In this 
case the function 

(RA; T)x, y) = (x, RO; Ty) = (RA; Ty, 2) 
is analytic if either À ¢ o(z) or A ¢ o(y). By Lemma 1, o(y) is real, so that 
the function (R(A; T)x, y) is everywhere analytic. The expansion (cf. 
VII.3.4) 
(zy) | (Tz, y) 

RA; T)z, y) = he 

(RA; T)z, y) y ty 
shows that (R(A; 7')x, y) vanishes at infinity and hence is identically zero. 
Thus the coefficient (x, y) = 0. Q.E.D. 
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-> 3 THEOREM. A bounded self adjoint operator in Hilbert space is a 
scalar type spectral operator. 


Proor. In view of Lemmas 1 and 2, Theorem 5.18 shows that a 
bounded self adjoint operator in Hilbert space is a spectral operator of 
type 0, which means that it is of scalar type. Q.E.D. 


7. Exercises 


Some of the exercises will use the following notation. The symbol T 
is a bounded linear operator on a complex B-space X. For each x in X the 
symbol [x] will be used for the closed linear manifold determined by all the 
vectors R(é; T)x with é in p(T). If o is a closed set of complex numbers, 
the symbol Nt(c) will denote the set of all vectors x whose spectrum is 
contained in o, and, as usual, F (o) will denote the class of all complex 
functions which are single valued and analytic on an open set con- 
taining o. 


1 For every x in ¥, 


(a) x e [z]; 

(b) fT sele, feF(o(T)); 

(c) x(é)e[z],  €€p(x); 

(d) [W] sir] ye[a). 

(e) If o is a connected component of p(x) containing a point of p(T), 


then x(A) e [x] for à € o. Show that this may fail if o ^ p(T) = ¢. 


2 If T satisfies condition (C), then for every closed set o of complex 
numbers the set Nt(c) is a closed linear manifold with 7M(c) S Mt(c) and 


o(T'| Mic)) S o. 


3 If 7 has the property (C), then for every pair o,, og of disjoint 
closed sets of complex numbers there is a constant K depending upon 
o and o, and such that 


|a(€)| < K ||, É E 01, £ E Mag). 


4 IfT has the property (C), then for every x in ¥ we have T[a] € [x] 
and o(2'|[x]) = o(z). 


5 If 7 has the property (C), then 


o(fy)So(z), yelz). 
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6 DEFINITION. An operator T e B(X) is said to be a spectral 
operator of class (T`) in case T'is a linear manifold in ¥* which is total, i.e., 
Tx =0 only when x =0, and T has a resolution of the identity E defined 
on the Borel sets in the complex plane such that x*E is countably additive 
for every x* in T. 

7 (Fixman) Let ¥ =1,, and let T be defined for x = (é, &,...) in 
lo to be the element y = (11, 2, ...), where 


1 
m= 613 m= (1—=) ee, n = 2. 


Let I" be the linear manifold in (1,,)* spanned by the coordinate func- 
tionals 

Yat) = Én, nzil. 
Let E(o)z =y where ņ, = &, if and only if leo and y, =€,, n= 2, if 
and only if 1 —1/n € o. Show that T is a spectral operator of class (T`), but 
that it is not a spectral operator of class (X*). 


8 (Fixman) Let T be as in the preceding exercise and let p in (lo)* 
be a Banach limit as in Exercise IT.4.22. Let A be defined on le by 


Ax = A(b,;:-693 £53.42.) = (p(2), 0, 0, ...). 
Show that A? =0 and that p(Tx)=ọ(x) and AT = TA. However, if 
o ={1}, then AE(o) =0 and E(c)A = A. Hence A is a nilpotent operator 
which commutes with T but which does not commute with the resolution 
of the identity E. 
9 (Fixman) Let T, E, and A be as in the preceding exercise and let 
F be defined tor each Borel set o by 


F(o) =E(c) + AE(c) — E(o)A. 

Show that F is a bounded spectral measure and that x*F is countably 
additive for every x* in the manifold I’, spanned by the linear functionals 
{yı —Ọ, Y2> Y3> oe a 
Show that F is a resolution of the identity for T and that T is a spectral 
operator of class (T) but the resolutions Ẹ, F are not the same and they 
do not commute. [Hint: AE(c)A =0 and F(c) = E(6)F(o) for all Borel 

sets o.] 
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8. Notes and Remarks 


Characterization of spectral operators. This chapter is concerned with 
determining conditions which are sufficient to guarantee that an operator 
in B(X) is spectral. The results presented here are due to Dunford (see 
especially [16, 17, 19]). Some of the results from Chapter XVII can also be 
used to obtain sufficient conditions for spectral operators. For example, if 
X is a weakly complete B-space and T e B(X) has real spectrum, then T is a 
scalar type operator if and only if there exists M >O such that for every 
polynomial p one has 


|p(T)| SM sup |p(A)|. 
Aca(T) 


(See Theorem XVII.2.5.) Similarly, an operator T e B(X) is scalar type 
if and only if the set 


{p(T)x| p a polynomial, sup |p(d)| < 1} 
Aeo(T) 


is weakly sequentially compact for each x e X. (See Kluvdnek [1].) Other 
results of this type were given by Fixman [1]. 

Although it is not difficult to give examples of operators which are 
not spectral operators, it is instructive to mention certain “well-behaved ” 
operators which are not spectral. An operator U e B(X) which is isometric 
and maps X onto ¥ is sometimes said to be a unitary operator on Æ. It is 
easy to see that if U e B(X) is unitary, then (i) |U"| =1 for n =0, +1, 
+2,..., (ii) o(U) s {Ae C||A] = 1}, and (iii) | R(A; V)| < |1 —|All~? for 
A€ p(U). Moreover, if U is a unitary operator which is spectral, then it is 
scalar type. 

Let K be a compact Hausdorff space, then the most general unitary 
operator in C(K) has the form 


(Uf)(%) = p(z) f (p(x), we K, 
where ¢ is a homeomorphism of K, p € C(K) and |u(x) | = 1. It was proved 
by Fixman [1] that if ọ is not periodic, then the operator U is not a spectral 
operator. 
Let 1,(—o, œ), 1 < p < œ, denote the space of complex sequences 
x ={x,|k =0, +1, +2, ...} with |z| ={>° |a,|?}” < œ, and let U be the 
shift operator defined by 


U({%4}) = {tk +1}; 
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then Fixman [1] showed that if p42, the unitary operator U is not 
spectral. See also Krabbe [3] where it is also noted that the Hilbert trans- 
form on 1,(— oo, œ) generated by the matrix (1/(n — m)) is not a scalar 
operator; on the other hand, Krabbe [6] shows that although certain 
convolution operators are not spectral operators, they have the property 
that they can be represented in the weak operator topology by an integral 
of the form f AH(dA) where E is an additive operator-valued function 
defined on rectangles. 

In a Hilbert space the condition that |e?| < M for all te R implies 
that T is equivalent to a self adjoint operator and hence is a scalar type 
operator with real spectrum. (This follows from Lemma XV.6.1 which 
implies that the bounded group G = {e!” |t e R} is equivalent to a group 
of unitary operators. By Stone’s theorem, the latter group has an infinitesi- 
mal generator 1A, where A is self adjoint. Thus T is equivalent with A.) 
However, if ¥ isa B-space and T e B(X) the condition |e] < M forte R 
need not imply that T is spectral, even when X is reflexive. To see this, 
note that if S and T are commuting scalar operators with real spectrum 
then |eS| < M, and |e”| < M, for all te R. Hence we have 


jesan] = Jetset] 
< Jets] Je? < MM, 


for all t e R. Hence if this boundedness implied that S + T was a spectral 
operator, we would have a contradiction to McCarthy’s [2, I] modification 
of Kakutani’s example. In the positive direction, Berkson [2] proved that 
if ¥ is reflexive, then T e B(X) is a scalar type operator if and only if 
there exist commuting operators A, B such that T =A +iB and such 
that {e | P e R(A, B)} is bounded in B(X), where R(A, B) denotes the set 
of polynomials in A, B with real coefficients. Similarly, Kantorovitz 
[7; p. 545] showed that if X is weakly complete and if for some M > 0 and 
every polynomial p with real coefficients we have |e”™|< M, then T 
is a scalar type spectral operator with real spectrum. 

It was noted by Kantorovitz [4] that if 7 is a scalar type operator 
with real spectrum, then e~ ?7#? is the Fourier-Stieltjes transform of its 
resolution Æ of the identity; hence Æ can be considered to be the inverse 
Fourier-Stieltjes transform of the group {e-#*"7|te R}. Assuming that 
this group is bounded in B(X) where ¥ is reflexive, Kantorovitz obtained a 
characterization of scalar type operators with real spectrum by adding 


XVI.8 NOTES AND REMARKS 2175 


appropriate analytic conditions to insure that the inverse Fourier-Stieltjes 
transform exists. The following result was proved by Kantorovitz [4]: 


THEOREM. Let X be reflexive and let T e B(X). Then the following 
statements are equivalent: 


(1) T is a scalar type spectral operator with real spectrum. 
(2) There exists an M >0 such that for every f e L,(R) 


[fen ase dt| < M sup | f(s) |; 


where f denotes the Fourier transform of f. 


(3) There exists an M >0 such that for every real vector (f1,..., ta) and 
every complex vector (C1,..., Cn) n =L, 2, ..., we have 


n n 
5 Ck e` 2niikT 2 Cpe — Qniths 
k=1 k=1 


(4) There exists an M >0 such that for every x e X, x* e X* with unit 
norm, then 


< M sup 


seR 


sup Í je*{ RE — ie; T) — R(t + ie; T)}a| dt < M. 
e>0"R 


Similarly, if X isan arbitrary B-space, then T is a scalar type operator 
with real spectrum if and only if for each x e ¥, the set 


[f fie anu vdt:|fl.<lfe Lm) 


is weakly sequentially compact (see Kluvánek [2]). 

Operators whose spectra lie on the real line R or the unit circle and 
whose resolvents satisfy a growth condition are specific examples of 
generalized scalar operators in the sense of Colojoară and Foiag [4; Chapters 
4, 5}. The reason for this is that, as observed by Wolf [4] and Tillmann [2], 
they satisfy an operational calculus. The earliest work of this type stems 
from E. R. Lorch [7] who considered operators T which are power-bounded 
in the sense that {|7'"||n =0, +1, + 2, ...}is a bounded set in B(X), Such 
operators have their spectra in {A||A| =1} and their resolvents satisfy 
a growth condition of the form 

K 


RA; T)| < ——_| 
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for |A| #1. If X is a Hilbert space, then it follows from the theorem of 
Sz.-Nagy [7] mentioned earlier that such an operator is similar to a 
unitary operator; hence it is a scalar type operator with a resolution Æ of 
the identity which can be taken to be defined on the unit circle. In the 
case of a B-space the unitary operators show that power-bounded operators 
need not be spectral. However, when ¥ is a reflexive B-space, Lorch was 
able to construct for each 6 €[0, 27] a pair (E4, a) of closed subspaces which 
are invariant under T and which resemble the manifolds corresponding 
to a resolution of the identity. Alternatively, there exists a family {P,} of 
closed (but possibly unbounded) projections playing the role of a resolution 
of the identity in many ways. The work of Lorch was simplified and ex- 
tended by Leaf [1] to cover operators satisfying (a) |7"| =o(|n]) as 
|n] > œ, and (b) o(T) =o,(7’), without the hypothesis that X be reflexive; 
these operators have their spectrum on the unit circle and satisfy a second- 
order growth condition. See also Leaf [2] where the case |7"| = O(|n|%) is 
treated. 

Bartle [6, 7] and Kocan [1] considered operators with real spectrum 
and a growth condition | R(A; T)| < K/|4(A)|" for |.4(A)| > 0, and such that 
o(T) =o,(T). It is proved that for each real number t there exists a closed 
(but possibly unbounded) densely-defined projection operator P, which 
commutes with T and any operator commuting with 7’, and such that the 
family {P,|t € R} “increases” from 0 to I as t varies over R, and that 
to € p(T) if and only if P, is constant on a neighborhood of tọ. If n =1 
and ¥ is reflexive, then the condition that o(T) =o,(T) can be dropped 
and analogous results obtained. Similar results were also obtained by 
Dollinger [1] and Sine[1] under the hypothesis that 7 satisfies certain types 
of operational calculi, although their assumptions were quite different in 
nature. Stampfli [12] has considered operators with spectra in a C? curve 
and whose resolvents have finite rates of growth. He has obtained gen- 
eralizations of the results of this chapter, as well as analogous theorems. 


CHAPTER XVII 


Algebras of Spectral Operators 


1. Introduction 


The sum and product of two commuting bounded normal operators 
in Hilbert space is normal and hence spectral. In Corollary XV.6.5 it was 
seen that this principle could be extended to the sum and product of two 
commuting spectral operators in Hilbert space. The attentive reader may 
have noticed, however, that no attempt has been made to prove the corres- 
ponding theorem in arbitrary B-spaces. In fact, as an example of Kakutani 
[15] shows, such a generalization would be false. In this chapter a syste- 
matic survey of the algebraic and analytic properties of families of spectral 
operators will be undertaken, in order to find sufficient conditions that the 
sum and product of two commuting spectral operators be spectral. At the 
same time, various sufficient conditions that the uniform, weak, and strong 
limits of sequences of commuting and non-commuting spectral operators 
be spectral will be developed. 

In brief, the organization of the present chapter is as follows. In 
Section 2 a representation for uniformly closed commutative algebras of 
spectral operators is given. In Section 3 weakly and strongly closed 
commutative algebras of spectral operators are discussed. Finally, in 
Section 4, will be found two results concerning the strong limit of a sequence 
of non-commuting spectral operators. 

To be more specific we take, in Section 2, a family r of commuting 
spectral operators, and consider not only the algebra but the full algebra 
generated by 7, which is defined as follows. 


1 DEFINITION. A full algebra of operators is a uniformly closed 
algebra of operators which contains the inverse of each of its non-singular 
elements. The full algebra generated by a family of operators is the inter- 
section of all the full algebras containing the given family of operators. 
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The reader should note that a full algebra of operators is closed in the 
uniform operator topology, while an algebra containing all inverses as 
defined in Definition XV.13.4 is not required to be closed. 


Taking, then, a family r of commuting spectral operators, adjoining 
to it the family of all projections in the spectral resolutions of the operators 
in 7, and forming the full algebra Qf generated by this extended family of 
operators, we begin Section 2 by showing that under suitable hypotheses 
Q is decomposable as a vector direct sum 


U=SOR, 


where § is the radical in W, and © is a semi-simple full subalgebra of W 
algebraically and topologically equivalent to the set of all continuous 
functions on its own space of maximal ideals. This theorem generalizes 
the Gelfand-Naimark theorem (cf. IX.3.7) to algebras of spectral operators. 
It is, moreover, similar to the second principal Wedderburn theorem of 
abstract algebra. Section 2 continues with a discussion of algebras of 
operators which are isomorphic to algebras of continuous functions, and 
with general theorems on functional calculi which generalize Corollaries 
X.2.9 and X.2.10 from Hilbert space to arbitrary B-spaces. 

In Section 3 we take a commuting family r of scalar type spectral 
operators, and ask the two following questions. 

(i) When are all the operators in the weakly closed algebra generated 
by 7 scalar type spectral operators? 

(ii) What are the operators in the weakly closed algebra generated 
by 7? 

As will be seen in Section 3, it is possible to give satisfactory answers 
to these questions in a surprisingly wide variety of cases. 

It should also be noted that in the course of Section 3 a number of 
results about Boolean algebras of projections are proved, some of which 
are needed to answer questions (i) and (ii), and some of which are appended 
for the sake of completeness and for their own intrinsic interest. Many of 
these deep results were developed by W. G. Bade. 

Finally, in Section 4, it is shown that, under certain conditions, the 
strong limit T of an arbitrary sequence {7’,} of scalar type spectral 
operators is a spectral operator, and that the resolution of the identity of 
T is, in a suitable sense, the limit of the resolutions of the identity for the 


operators T}. 
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2. The Structure of Commutative B-Algebras of Spectral Operators 


This section will be concerned with commutative algebras of spectral 
operators which are closed in the uniform operator topology. It will first 
be shown that such algebras X may be decomposed into vector direct sums 
of the form UA = S © R, where R is the radical in W and G is an algebra 
of scalar type operators which is equivalent to an algebra of continuous 
functions. 


1 Lema. The uniformly closed algebra of operators generated by a 
bounded Boolean algebra of projection operators is a full algebra equivalent 
to the algebra of continuous functions on its own space of maximal ideals. 


Proor. Let B be a Boolean algebra of projections, and ,(B) the set 
of all operators U of the form 


(i) U =} a F,, 
where 
(i): OS Mer. SST, SOs AS Se: 
izi 


Then %,(B) is clearly an algebra of operators containing B. Hence, if 
M(B) = M(B), then M(B), is the uniformly closed algebra of operators 
generated by B. 

To show that (B) is a full algebra, let the operator A in A(B) have 
an inverse A71 in the ring of bounded operators. Let {A,} be a sequence 
of elements of 9[,(B) converging uniformly to A. Then, by Lemma VII.6.1, 
A,, has an inverse for sufficiently large n, and A, + — A~? uniformly. To 
show that A ~? is in N(B) it is consequently sufficient to show that Az? is 
in M(B). Thus we may suppose without loss of generality that A is in 
Q(B), that is, that A is of the form specified by equations (i), (ii). Then, 
if x; = 0 for some i, we have E; #0, AE; = 0, contradicting the assumption 
that A~? exists. Thus œ; 40, i=1,..., n, and so the operator A`! = 
Yto1 ær 1H, is in W(B). This shows that (B) is a full algebra. 

Let x be the canonical mapping of N(B) into the ring of continuous 
functions on its own space ./@ of maximal ideals (cf. 1X.2.9). To show that 
k establishes an equivalence of 2I(B) with all of C(.@), it is sufficient to 
show that «7+ is bounded, and that «QI(B) is dense in C( 4). To show 
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that x71 is bounded, the existence of a finite constant M such that 


|U| <4M sup |U(m)| 
mem 


will be established. Since both sides of this inequality are continuous 
functions of U, it is sufficient to establish the inequality for U in Q,(B). 
Thus let U have the form given in equation (i) with the auxiliary condi- 
tions (ii) satisfied. For 1 < k < n it is possible, since Æ, is not a quasi- 
nilpotent, to find a maximal ideal m in M such that E (m) 40. Since 
E, E; =0 for j + k, we have E,(m) = 0 for j + k, and since H?(m) = E,,(m), 
we have E,(m) =1. It follows that U(m) == «,. On the other hand, it is 
clear that every maximal ideal m in æ has the property that H,(m) = 1 for 
one and only one integer i < n and that for other integers j < n we have 
E,(m) =0. Thus 


sup |U(m)| = sup |«,| - 
meM 1sign 


Let M be an upper bound for the norms |£| of the projections Æ in 
B. It will be shown that 


n 
(i) > |æ*E,x| < 4M |a|\z*|, vex, z*ex*. 
{=1 
To see this, note that 
X |A@*E,x)| =) + R(x*E,x) —)- R(a*E, x) 
= B(x*()'* Ee) — R(ax*())~ Ei, )a) 
< 2M |x| |x", 
where X + (X~) represents the sum over those ¢ for which &(x*H,x) = 0 
(<0). By treating the imaginary part in the same way and adding, it is 
seen that 
> |2*H,a| < 4M |x| |x*|, 
so that (i) is proved. It follows immediately that 
n n 
|U|=| } «8| = sup |} a atH,2| 
i=l |z*|.|2]51 {51 


< 4M sup|a;| < 4M sup |U(m)|, 
meM 


proving that x71 is bounded. 
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To show that «(B) is dense in C( M), it suffices to show, in view of 
the Weierstrass theorem (cf. [V.6.17), that «2I)(.B) distinguishes between 
points of æ and contains the complex conjugate of each of its elements. 
Since «21 (B) is dense in «2I(.B), and M is the space of maximal ideals of 
Q(B), it follows immediately that «QI,(B) distinguishes between points of 
M. TE m is in M and E is in B, then E(m)? = E(m), so that E(m) is 0 or 
1, and hence real. Thus 


(Exam T ($an) (m), 


proving that KW,(B), and hence KA(B), contains the complex conjugate of 
each of its elements. Q.E.D. 


Some of the inequalities established during the preceding proof will 
be of use later, and consequently these are collected and stated explicitly 
in the following lemma. 


2 Lemma. Let M be a bound for the Boolean algebra B of projection 
operators and let M be the structure space for the uniformly closed algebra 
N(B) generated by B. Then 


sup |U(m)| < |U| S$ 4M sup |U(m)|, U e M(B), 
meM mem 
and, in particular, 


n 
sup |a| <| X} «#,| <4M sup |a], 
1sisn f=1 1Si<n 
whenever the projections E, ..., E, are disjoint. 


The preceding lemmas prepare us for a basic result describing the 
structure of a uniformly closed full algebra (7) generated by a commuting 
family r of spectral operators together with the Boolean algebra B deter- 
mined by their resolutions of the identity. As will be seen, under certain 
conditions, such an algebra is a vector direct sum (7) = 21(.B)@ R, where 
R is the radical in (7) and where N(B), the uniformly closed algebra 
generated by B, is equivalent to the algebra of continuous functions on 
the space “æ of maximal ideals in Q(z). It should be noted, and it follows 
from this decomposition, that the space M is homeomorphic to the space 
M, of maximal ideals in N(B). To see this it suffices to note that every 
complex homomorphism (complex multiplicative linear functional) on (7) 
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vanishes on the radical and thus the equation U(t) = 2(B) © R determines 
a natural one-to-one correspondence between the non-zero complex homo- 
morphisms on %(7) with those on Q(B). It follows (cf. [X.2.2 and IX.2.7) 
that M and M, are homeomorphic. If there is no radical in Q{(r), as is the 
case with commutative B*-algebras of operators in Hilbert space, then 
U(r) is equivalent to the algebra of continuous functions on its structure 
space. Thus the following theorem is an extension of the Gelfand-Naimark 
theorem (cf. [X.2.7). 


— 3 THEOREM. Let Q(7) be the full algebra generated by a family r of 
commuting spectral operators together with their resolutions of the identity. If 
the Boolean algebra B generated by the resolutions of the identity of the operators 
in r is bounded, then U(r) is a vector direct sum 


Wr) = WB) OR, 


where R is the radical in U(r) and where N(B), the uniformly closed algebra 
generated by B, is equivalent to the algebra of continuous functions on the 
structure space of U(r). 


Proor. Once the decomposition is established, the final assertion 
concerning the nature of %(B) will follow from Lemma 1 together with the 
remarks in the paragraph preceding the statement of the theorem. 

The first part of the theorem will be established by constructing a 
projection P in the space W(r) such that P(r) = W(B),(J — P)W(r) = R. 
This will be accomplished in two steps. First P will be defined on a dense 
subset B of Q(z), and then it will be shown that P is bounded on 8 so 
that it may be extended by continuity to a projection defined on all of 
Wr). 

Note to begin with that if T, U e r have resolutions of the identity 
E(-; T), E(- ; U), respectively, then for every pair o, pof Borel sets in the 
plane the projections E(o; T), E(u; U) commute. This follows from a 
double application of Corollary XV.3.7. Thus the various projections 
E(o; T) determined by Borel sets o and operators T in r determine a 
Boolean algebra B. 

Let B denote the family of all elements U in Q(7) which have the 
form 


(i) U=S+N, 
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where N is in the radical R of W (7), and 


n 
(ii) S=} uF, 
v1 
where 
(iii) OAK, € B; EH, HE, =0,1 £j; E +: +E, =I. 


Let PU = S. By the uniqueness assertion of Theorem XV.4.5, P is a well- 
defined linear map of $ into itself. Moreover, P is evidently a projection 
in B. 

The set B is clearly a subalgebra of A(r). Let B denote its closure in 
the uniform topology of operators. By Theorem XV.4.5 and the fact that 
a scalar type operator is clearly in the uniformly closed algebra generated 
by the projections in its resolution of the identity (cf. Definition XV.4.1), 
B 27. It will be shown below that B is a full algebra, from which it 
follows that B = Q(r). It will also be shown that P is bounded on B, so 
that P can be extended by continuity to a projection (which will still be 
denoted by the symbol P) of Q(z) into itself. Since it is obvious from the 
definition of P that PB S WB), it will follow that P(r) = WB). On 
the other hand, since PB contains all the elements of N(B) which have 
the form (ii), and since this set of elements is dense in Q(B), it will be seen 
that P(r) = Q(B). Moreover, it is clear that (I — P)B = R, and since R 
is closed, it will follow that (J — P)Q(r) = R. 

Thus, to show that A(T) = Q(B) ® R, it is sufficient to show that P 
is bounded on 8, and that %(.B) ® & is a full algebra. To show that P is 
bounded on B, consider an element of the form (i), where (ii) and (iii) are 
satisfied. If æ is the space of maximal ideals in (7), then since Æ, is not 
quasi-nilpotent there is an element m in M with Ei(m) ~0.Since E? = E,, 
E, E, =0 for i Æj, it is seen that E;(m) =1, E,(m) =0 for i Æj. Hence 
U(m) =S(m) + R(m) = S(m) =a;; thus sup|a;| < supne,g |U(m)| < |U], 
and by the preceding corollary, 


|PU| =|S| < 4M sup an) < 4M |U], 


which proves that P is bounded on 8. 

To show that Q(B) @R is a full algebra, we let T be in M(B) OR, 
and suppose that 7'~/ exists as an element of B(X). We wish to show that 
T-1 is in W(B)OR. Let T =S +N, where S is in W(B), and N is in R. 
Since N is a topological nilpotent, the operator S = T — N has the inverse 
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£o (T-1)*+1N" and this inverse is, by Lemma 1, in 9{(.B). An elementary 
multiplication shows that the equation (S + N)(S-!+-C) = J is satisfied 
by the operator C= —NS-1T-1. Since N is in the radical R, so is C, 
which shows that T71 = S~1+-C is in the algebra M(B) AR and proves 
that this algebra is a full algebra. Q.E.D. 


Having established the general structure described in the preceding 
theorem, we now study in more detail the algebras of the type Q(B). It 
will be seen in the following theorem that an arbitrary isomorphic homeo- 
morphism of the algebra N(B) onto the algebra of continuous functions 
on its structure space may be represented by an integral with respect to 
a uniquely determined spectral measure. This is the analogue of the general 
spectral theorem for algebras of normal operators in Hilbert space 
(cf. X.2.1). 


4 THEOREM. Let A be an algebra of operators in the complex B-space 
X which is the homomorphic image under a continuous homomorphism S of 
the algebra C(A) of all complex continuous functions on a compact space A. 
Then there is a unique spectral measure A in X* defined on the Borel sets in A 
such that xA(-)x* is regular and countably additive for x in X and x* in X*, 
and for which 


SP) = f FOAM), feo. 


Proor. For each x in ¥ and z* in X* the number 2*S(f)« depends 
linearly and continuously upon the function fin C(A) and hence (cf.IV.6.3) 
determines a unique regular measure u(', x, x*) on the Borel sets in A for 
which 


(i) a*S(f)e = f fAuldà, z, 2*), fei). 
The left side of this equation is bilinear in x and 2*, and since the measure 


p(-, x, x*) is uniquely determined by this equation, the number u(ò, x, x*) 
is consequently bilinear in x and x*. Furthermore, since 


|(5, x, x*)| < o(A, pl, x, £*)) = sup |a*S(f)x| < K |x| |x*|, 
l=1 
it is seen that (ô, x, 2*) is continuous in x and x*. Thus, for each Borel 
set ô in A and each 2* in X*, there is a vector A(8)z* in ¥* with ` 


p(d, x, x*) = 2A(d)a*, rex 
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It follows from the bilinearity and boundedness of u that A(d)z* is linear 
and continuous in x*, that is, A(5) exists as a bounded linear operator in 
X*. Since every function f in C(A) is bounded and Borel measurable, the 
integral f f (A)A(dA) exists and it is seen from (i) that 


(i) Sf) =| FAM, fe). 


It will now be shown that A is a spectral measure in ¥*. By placing 
f =1 in (ii), it is seen that I* = A(A) and, since A(8) is additive in ô, that 


A(8)' = I* — A(8) = A(A) — A(8) = A(8’). 


To prove that A is a spectral measure it will therefore suffice to show that 
A(8 ^ o) = A(8)A(o) for every pair 5, o of Borel subsets of A. Now, for 
every pair f, g of functions in C(A), 


J FO) f amano ad) = | FOIA = S* (fo) 
A A A 
=A) = | FOYS*()A(AY 


=| FO) f Aaya). 
A A 
Thus for x in ¥ and 2* in ¥*, 
(iit) f SO) f gazdu n ddje* =f fA) f gizalde”. 
A A A A 


Since the measures xA(-)z* are all regular and the integral (as a functional 
on O(A)) uniquely determines the regular measure, it follows from (iii) that 


f, glp)rA(dp n 8)x* = i) g(u)eA(dp)A(8)a*, g ECA). 
This uniqueness argument may be repeated to conclude that 


A(a ^ 8) == A(o)A(8), 


for every pair o, ô of Borel subsets of A, and this proves that A is a 
spectral measure. Q.E.D. 


The following theorem gives more specific information in case the space 
X is weakly complete. 
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5 THEOREM. Let Q be an algebra of operators in the weakly complete 
complex B-space X which is the image under a continuous homomorphism S 
of the algebra C(A) of all complex continuous functions on a compact space A. 
Then there exists a uniquely determined spectral measure E in X defined on 
the Borel sets in A which is countably additive in the strong operator topology 
and for which 


S(f}= f PAEAN, fed). 


Proor. For a fixed x in ¥, consider the map f —>KS(f)x of C(A) into 
Æ. Since every bounded linear map from C(A) into a weakly complete 
space is weakly compact (cf. VI.7.6), it is seen from Theorem VI.7.3 that 
the map f — S(f)x uniquely determines a regular ¥-valued measure v(- , £) 
such that 


(i Sf e= f FWA z) fe CA). 


Comparing the above equation with equation (ii) of the proof of Theorem 4, 
and using the uniqueness assertion of the Riesz representation theorem, it 
is found that 


(ii) vA(8)n* =a*r(8,2), ate X*, 


from which it follows that v(6, x) is linear and continuous in x. Thus for 
every Borel set ô in A there is a bounded linear operator #(d) in ¥ with 
v(ô, x)= E(8)x, Equation (ii) shows that H*(5) = 4A(ô), so that E is a 
spectral measure. The desired integral representation follows immediately 
from equation (i). Q.E.D. 


Next, algebras representable in terms of a spectral measure as in 
Theorem 5 will be analyzed. 

Throughout the remainder of the present section the letter Æ will 
stand for a countably additive spectral measure in the complex B-space X. 
Sometimes Æ will be defined on an arbitrary o-field XY of subsets of an 
abstract set A, and at other times its domain will be the field of Borel sets 
in the complex plane. In either case it will be convenient to use the notion 
of an E-essentially bounded function described in the following definition. 


6 DEFINITION. Let Æ be a countably additive spectral measure 
defined on the o-field 2 of subsets of a set A. Then a function f on A is said 
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to be H-essentially bounded on A if 


E-ess sup |f(A)| = inf sup | f (A)| 
AeA E(6)=I Aeé 
is finite. 


Since Æ is countably additive on X, there is a set 5) in Z with E(6,) =I 
and 


E-ess sup | f (A)| = sup |f(A)|, 
AeA Aco 


and hence there is a bounded function fy on A with f(A) =fo(À) except for 
Ain an £-null set. If f is X-measureable, so is fọ, and it is clear that the 
integral f f,(A)E(dA) is independent of the particular bounded function fo 
which coincides H-almost everywhere with f. Thus the integral of an 
E-essentially bounded 2-measurable function f may be defined as the inte- 
gral of a bounded X-measurable function which coincides with f, H-almost 
everywhere on A. It should also be noted that the space of all H-essentially 
bounded 2’-measurable functions on A is a B-algebra under the natural 
operations 


(i) (af + BIA) = af (A) + Bg(A), eA; 
(FOA) = F (AIÀ), eA; 
e(A) =1, AEA; 


| fle = E-ess sup IFO) : 
AEA 


As in the case of a self adjoint spectral measure in Hilbert space, it 
is possible to define an operational calculus which establishes an isomor- 
phism between the algebra of H-essentially bounded 2-measurable func- 
tions on A and a B-algebra of spectral operators. 


7 DEFINITION. Let ¥ be a complex B-space and let E be a spectral 
measure in ¥ which is defined and countably additive on the o-field 2 of 
subsets of a set A. Then the algebra of all complex X-measurable H-essen- 
tially bounded functions on S will be denoted by E B(4, X). The operations 
in HB(A, X) are defined by the equations (i) above. If A is a topological 
space and if 2’ is the field of Borel sets in A, then the symbol E B(4) will 
sometimes be used instead of HB(A, ~). 
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The following lemma gives a change of measure principle slightly more 
general than that which has been used before. It will be used frequently 
in what follows. 


8 Lemma. Let E be a spectral measure in the complex B-space X which 
is defined and countably additive on a o-field X of subsets of a set A and let g 
be a bounded Borel measurable function defined on the complex plane. Then 


f (fO)E@)=[ gw EF-dy), — fe BBA, 2). 
A f(A) 


Proor. Let f be in HB(A, X), and for every Borel set 6 in the complex 
plane let #,(5) = E(f —1(8)). If g is the characteristic function of such a set 
ô, then since E, vanishes outside f(A), 


f 94E u) = E) = EF“) =f gf) BCA). 
f(A) A 


Now the set of bounded Borel measurable functions g for which 


f Edm = f of) B(@2) 
f(A) A 


is clearly linear and closed in the set of all bounded Borel functions. Since 
this set contains every characteristic function of a Borel set, it contains 
every bounded Borel function. Q.E.D. 


9 Lema. Let E bea spectral measure in the complex B-space X which 
is defined and countably additive on a o-field X of subsets of a set A. Then 
the map 


S(f) = f Fema, fe EBA, 3), 


is a continuous homomorphism of EB(A, X) onto an algebra of scalar type 
spectral operators. Moreover, the resolution of the identity for S(f) is given by 
the equation 


E(8; S(f) = Ef -¥(8)), 

where 5 is an arbitrary Borel set in the complex plane. 
Proor. It is clear that S(f) is linear in f and that 
(i) If) S4Klfle, fe BBA, 2), 
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where K is a bound for the numbers |£(c)|, o e X (cf. Lemma 2). Since 
E(o8) = E(o)H(8), it is also clear that 

(i) SD = SPS) 
if f and g are characteristic functions of sets in X. For a fixed characteristic 
function f the set of g in E B(A, X) for which (ii) holds is linear; and, in view 
of (i), it is closed. Thus, since it contains all characteristic functions of 
sets in 2, it must contain every function in E B(A, X). Hence for an arbi- 
trary g in E B(A, X), equation (ii) holds for every characteristic function f 
of a set in X. But the set of f for which (ii) holds is linear and closed and 
therefore coincides with E B(A, Z). Thus the map f > S(f) is a continuous 
homomorphism of E B(4, X) onto an algebra of operators S(f). 

To see that S(f) is a scalar type operator with the stated resolution 
of the identity, let f be in HB(A, 2’) and, for every Borel set ô in the plane, 
let #,(8) = E(f ~1(8)). Then, by taking g(u) = p in Lemma 8, 


(ii) )= J FEY = fa HE dp) = f pE: (p), 


where the last of the above integrals is “is over the whole complex plane. 
Now Æ; is defined and countably additive on the field of Borel sets and it 
commutes with S(f). Thus to see that Æ, is the resolution of the identity 
for S(f) it will suffice to show that 


(iv) o(S(f)| #,(8)%) = 6 
for every Borel set 5 of complex numbers. Let 5 be such a Borel set and 
let po ¢ 5. Then 


(2) o-nnan) -faun -ro 


This shows that uo € p(S(f) | #1(8)X) and proves (iv). Since H, is the resolu- 
tion of the identity for S(f), it follows from (iii) that S(f) is a scalar type 
operator. Q.E.D. 

10 THEOREM. Let X be a complex B-space and let E be a spectral 
measure which is defined and countably additive on a o-field Z of subsets of a 
set A. For each E-essentially bounded 2X'-measurable function f in A, let the 
operator S(f ) be defined by the equation 


S(f)= | FAVE), fe EBIA, 2). 
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Then the map f > S(f) is an isomorphism between the B-algebra EH B(A, X) 
and a full B-algebra of scalar type spectral operators. The resolution of the 
identity for K(f) is given by the equation 


E(o; S(f)) =E(f-*(o)), 


where o is an arbitrary Borel subset of the complex plane. Moreover, there is 
a constant K such that 


IfleS|SP)|SK|fle, fe HBA, 2). 


Proor. From the preceding lemma it is seen that the map f> S(f) 
is a continuous homomorphism of E B(A, X) onto an algebra of scalar type 
spectral operators. Thus for some constant K we have |S(f)| < K|f| and 
to prove the final inequality of the present theorem it will suffice to prove 
that |f] <|S(f)|. Since both terms in this inequality are continuous 
functions of f, it will suffice to prove it for every function f in a set dense 
in EB(A, X). Thus, let f=), &i Xo where the sets o1, ..., On are dis- 
joint sets in 2 whose union is A. There is an ig < n with E(o,,) 40 and 
lf le =|o4,| - I£ E(o4,)% = £o £0, then S(f)£o =a,, £o and 


IS(P)| = lool = [fle - 


This establishes the final inequality of the theorem. From this inequality it 
is evident that the homomorphism f > S( f ) is an isomorphism and that the 
algebra {S(f)|f € EB(4, 8)} is a B-algebra. 

’ To complete the proof of the theorem it only remains to show that 
the algebra of all the operators S(f) with f in EB(4, 8) is a full algebra. 
This means that if S(f)~ 1 exists as a bounded everywhere defined operator, 
then S(f)-! =S(g) for some g in EB(A, X). It will be shown that if 
S(f)~} exists, then f ~1 is H-essentially bounded and S(f)~+ = S(f ~+). For 
each m =1, 2,..., let 8,, ..., 8,,, be disjoint Borel sets of diameter less 
than 1/m whose union is the disk {A| JÀ] <|f|z}. Let o; =f ~7(6,) and let 
À; be a point in o,. Then the functions 


Sm ie > LAD 


have the properties 


l K 
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Since S(f)~1 exists as a bounded everywhere defined operator, it follows 
from Lemma VII.6.1 that, for sufficiently large values of m, the operators 
nm 


Sl fin) =E falà) Elo) 


have bounded everywhere defined inverses. This shows that, for sufficiently 
large m, fm(à) #0 if E(0:) 40, which proves that f z+ is in EB(4, X) and 
that S( fm)! =S(f n1). Now since 


lfm? Sa N SEa SAS A = Sa) — Sa) > 0, 
the sequence {f+} converges in HB(A, X) and it follows that f7? is 
E-essentially bounded and that S(f)~? =lim, S( fm)! =lim, Sfat) = 
S( f-t). Q.E.D. 


11 CoroLLARY. The isomorphism f—>S(f) of Theorem 10 has the 
following additional properties. 
(i) The operator S(f) has a bounded everywhere defined inverse if and 
only if f —1 is E-essentially bounded on A. In this case S(f)-1 =S(f 71). 
(ii) The spectrum of S(f) is given by the formula 


(Sf) = f) FO), fe RBA, 2). 
(6) = 

(iii) If {fa} ts a bounded sequence in EB(A, X) and if f(A) = lim, f,(A) 
except for those Xin a set of E-measure zero, then S(f,)u > S(f yx for every x 
in X. 

Proor. The first statement was established at the end of the proof 
of Theorem 10, and the third one follows from Theorem IV.10.10. To prove 
the second, let § be a set in Y with ÆA(8) = Z. If às ¢ f (8) then the function 
h defined by the equations 

1 
H(A) = Ao —f (A) 
0, AES 


Aes 


is -essentially bounded on A and 
SAAI —S(f)) =I, 
which shows that Aq is in the resolvent set p(S(f)). Thus f (8) 2 o(S( f)) if 
(8) =I, and hence 
(\_ f(8) 2 o(S(f)). 
E(6) =I 
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Conversely, if Ay € p(S(f)), it follows from (i) that (Ag —f(A))~? is 
E-essentially bounded on A. Hence there is a set o in X with E(o) = I and 


1 


ec ey - eee: 
y= FO ° 


Thus, à is not in f (o). This shows that 
ASF NO 


and completes the proof of the lemma. Q.E.D. 


12 COROLLARY. Let W be an algebra of operators in a weakly complete 
B-space X. Suppose that A is topologically and algebraically isomorphic to 
some B-algebra of bounded continuous functions. Then every operator in W is 
a scalar type spectral operator. 


Proor. This follows from Theorem 5 and Theorem 10. Q.E.D. 


13 CoroLLARY. Every operator in the uniformly closed algebra genera- 
ted by a bounded Boolean algebra of projection operators in a weakly complete 
B-space is a scalar type spectral operator. 


Proor. This follows from Corollary 12 and Lemma 1. Q.E.D. 


14 COROLLARY. Let X be a weakly complete B-space. Let U(r) be the 
full algebra generated by a family r of commuting spectral operators. If the 
Boolean algebra B generated by the resolutions of the identity of the operators 
in r is bounded, then every operator in U(r) is a spectral operator. 


Proor. Since every operator in the radical of Q(z) is quasi-nilpotent, 
this follows immediately from Theorem 3, Corollary 13, and Theorem 
XV.4.5. Q.E.D. 


15 COROLLARY. The full algebra W generated by a finite number 
T,,..., Tp of commuting spectral operators in Hilbert space and their resolu- 
tions of the identity has the form 


W=BOR, 


where R is the radical in W and where B is the algebra generated by the pro- 
jections in the resolutions of the identity for T,,..., Ta. Furthermore, every 
operator in UW is a spectral operator. 
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Proor. It follows from Corollary XV.6.3 that the projections genera- 
ting B are all contained in a bounded Boolean algebra B of projections, 
and thus the desired decomposition of 2 follows from Theorem 3. The final 
assertion follows from Corollary 14. Q.E.D. 


The preceding corollary is not true if the Hilbert space is replaced by 
an arbitrary B-space, for it has been shown by Kakutani [15] that the sum 
of two commuting scalar type spectral operators in a space of continuous 
functions need not be a spectral operator. However, if n = 1 in Corollary 15, 
then the Hilbert space may be replaced by an arbitrary complex B-space. 
That is, the full algebra Q{ generated by a spectral operator T and the 
family B of projections in its resolution of the identity is not only the 
vector direct sum BA R, where B is the operator algebra generated by B 
and SR is the radical in N, but every operator in Q is a spectral operator. 
In this situation we have two representations for B, for B is equivalent to 
the algebra of all continuous functions on the space of maximal ideals in 
QI, and if E is the resolution of the identity for T, B is also equivalent to 
the algebra of all H-essentially bounded Borel measurable functions on the 
spectrum of T. This latter representation is sometimes more useful because 
it furnishes an operational calculus of functions defined on the spectrum 
of T rather than an operational calculus of functions defined on the compact 
Hausdorff space of maximal ideals in N. This situation will now be de- 
scribed. 


-> 16 THEOREM. Let T be a spectral operator, E its resolution of the 
identity, and S its scalar part. Then the full algebra generated by T and the 
family B of projections in the range of E is the vector direct sum 


A = WB) SD R, 


where N(B) is the algebra generated by B and R is the radical in W. Further- 
more, U(B) is a full operator algebra of scalar type spectral operators equiva- 
lent to the algebra of all H-essentially bounded Borel measurable functions 
on the spectrum o(T) = a(S) and consists of all operators of the form 


f=] SAEN, — fe EBUS). 


Moreover, every operator in W is a spectral operator. 
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Proor. The first statement follows from Theorem 3. Let M, be the 
algebra of all operators of the form f f(A)E(dA) where f is H-essentially 
bounded on a(S). It follows from Theorem 10 that Q, is a full algebra of 
scalar type spectral operators which is equivalent to HB(A, 2). It follows 
from the definition of the integral that MW, S M(B). On the other hand, 
every projection (6) in B is in W. Thus M(B) c M and M(B) = M. The 
final statement follows from Theorem XV.4.5. Q.E.D. 


3. Strongly Closed Algebras and Complete Boolean Algebras 


In this section an attempt will be made to characterize the strong 
closure of a commutative algebra of spectral operators. It has been observed 
(cf. VI.1.5) that a convex set in the space of all bounded linear maps 
between two B-spaces has the same closure in the weak as in the strong 
operator topology. Thus the strong and weak operator closures of an algebra 
of operators are the same. This section, like the last one, starts with a 
commuting family r of spectral operators together with their resolutions 
of the identity and endeavors to determine all operators in the strongly 
(or, equivalently, weakly) closed operator algebra generated by r. The 
following discussion will be restricted to the case where all the operators 
in the given commuting family are spectral operators of scalar type. Since 
every scalar type operator is in the strong (even in the uniform) closure 
of the algebra generated by the projections in its resolution of the identity, 
the problem of the present section amounts to characterizing the operators 
in the strong (or weak) closure of the operator algebra generated by a 
Boolean algebra of projection operators. The basic result in this direction 
is the following theorem of W. G. Bade. 


THEOREM. Let B be a bounded Boolean algebra of projection operators 
in a weakly complete B-space X. Then the weakly (or, equivalently, strongly) 
closed operator algebra generated by B consists of all operators in ¥ which 
leave invariant every closed linear manifold which is left invariant by every 


member of B. 


The proof of this theorem, which will follow the lines of Bade, is based 
upon a careful analysis and comparison of various notions of completeness 
of a Boolean algebra. In fact, as will be seen in Corollary 8 to follow, a 
bounded Boolean algebra of projections in a weakly complete space is 
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strongly closed if and only if it is complete in the sense of the following 
definition. 


1 Dertyirion. A Boolean algebra B of projections in a B-space X 
is said to be complete (o-complete) as an abstract Boolean algebra if each 
subset (sequence) of B has a greatest lower bound and a least upper bound 
in B. The Boolean algebra B is said to be complete (c-complete) if it is 
complete (o-complete) as an abstract Boolean algebra and if, for every set 
(sequence) Bo in B, 


(MZ) =sPR| He Bo}, (/\ HX = () BE. 


EE€Bo EEBg EEBo 
The Boolean algebra B is said to be bounded if there is a constant K with 
|E| < K, EeB. 


The first two lemmas to follow serve merely to show that a Boolean 
algebra which has the weakest of the four completeness properties of the 
preceding definition (that is, the property of being o-complete as an ab- 
stract Boolean algebra) is necessarily bounded. The arguments used in 
proving these lemmas depart somewhat from the main line of thought 
involved in the proof of Bade’s theorem, and the reader who wishes to get 
more rapidly to the core of the problem may omit these lemmas by simply 
adding the redundant hypothesis of boundedness throughout the discussion 
beginning with Lemma 4. 


2 LEMMA. If a set {b,} in an abstract Boolean algebra B has a least 
upper bound, then for every b in B the set {b Nba} of intersections has a least 
upper bound and 


bA(Y ba) = V (bAb,), beB. 


Proor. It is clear that 6A(\/q ba) Z b Abe for each æ. Now let a= 
b Nb, for each « so that 


av[(V ba) Ab] 2 (b Aba) V (ba AD’) = by 


and therefore 


ev{(V be) Ab’) > V ba. 
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Thus, by intersecting both sides of this inequality with 6 and using the 
distributive law bA (a Vc) = (b Aa) V (b Ac), we obtain 


(Aa)V ATV be] At’) =bAaz BA(V ba) 
and so 


azbnazbA(V ba)» 


which shows that b A (V « ba) is the least upper bound for the set of all the 
elements b Aby. Q.E.D. 


3 Lemma. If a Boolean algebra of projections is o-complete as an 
abstract Boolean algebra, it is bounded. 


Proor. Suppose that the Boolean algebra B of projections is not 
bounded. It will first be shown that B contains a monotone decreasing 
sequence {H',} such that 


|En] 2n+|£,-1|, n= 2, 3,.... 


A projection Æ is said to have property (æ) if supp, |F| = œ. Clearly, for 
any Æ in B, either E or I — E has property (a), and if E has the property 
(x) and F < E, then either F or E — F has the property (æ). Let E, have 
the property (æ). Then there is an F, < Æ, such that |F,| 2 2+ 2|£,|. 
Let E, be a member of the pair F,, E, — F, with property (æ). The 
inequality |Z, — F,| =|F,| —|#,| shows |E] = 2+ |E]. An F, is now 
selected in Hg such that |F,| = 3+ 2|H,|, and so on. The construction 
proceeds by induction. 

Now for each n let G, = En — E,,,. The projections G, are disjoint 
and liM,- o |G,| = 00. By selecting subsequences from the sequence {Gn}, 
a collection of mutually disjoint sequences of projections {H,,}, j = 1, 2,..., 
k =1, 2,..., is obtained such that 


lim |Ha] =o, j=1,2,.... 
Define P;=\/%-1 Hju. Then it follows readily from Lemma 2 that 
P,P, =0 for n~m. The relation 


|Zmnt| _ |Hmn Pm] — |Prol|Hnn Pm | 


< ; Pax #90, 
|æ] [æl | Pra] 
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shows that 
|H nn| 
|Pral 


|H mnl Pm% = 


where the left side is the norm of H „n as an operator in P,,X. Consequently, 


lim |Analems = ©, m=1,2,.... 


nae 
Select a subsequence {n,} and unit vectors x; in P, ¥ such that |H in; zi] >t, 
i=1, 2, .... The projection Q = V 2, Hin, cannot be bounded since 
(Qr =|QP:x,| = |H m xil >i, i=l, 2, see 
and this contradiction completes the proof. Q.E.D. 
4 Lemma. Let B be a complete (o-complete) Boolean algebra of pro- 


jections in the B-space X and let {E,} be a monotone generalized sequence (a 
monotone sequence) in B. Then, if {E} is increasing, 


lim Bik Ne Be\e, LEX, 


while if {Eu} is decreasing, then 
lim Bea) i xEX. 


Conversely, if every monotone increasing generalized sequence (monotone 
increasing sequence) of elements of a Boolean algebra B of projections con- 
verges strongly to an element of B, then B is complete (o-complete). 


Proor. Let Ey = \/, Ex be the union of the increasing generalized 
sequence {#,} and let £ >0 and z € ¥ be arbitrary. Since Eo ¥ = sp E, X 
there is a vector y =} f=; z; and indices a, such that H,,2,=2, and 
|Eox —y| Se. If æ Z o;,,1=1,...,n, then E, y = y. Thus, since Eg Eo = Eg 
it follows that, for « = &;, 

|H,« — Eox| < |E £ — y| + |y — Eo z| 
= |H (Hox =. y)| + ly ga Eo x| < (K F l)e, 
where K is a bound for the norms of the projections in B (cf. Lemma 3). 


This proves that lim, Ex = Eo x. The dual statement concerning decreas- 
ing sequences now follows from the formula 


A £.=1-\V U—#,). 
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The proof in the c-complete case is quite similar. 

To prove the converse, let {E} be a subset of B and let {F,} be the 
generalized sequence of finite unions of elements of {E} ordered in the 
natural increasing order of projections. A projection F is an upper bound 
for {E} if and only if it is an upper bound for {F,}, and since 


(vv By = 35 ( C ma) 


for any finite set of projections, to construct a least upper bound for {E} 
with the property required by Definition 1, it suffices to make the corres- 
ponding construction for {F,}. To do this we let Fo lim, F, in the 
strong operator topology. Since F, F; = F,, if B = «, we have 


F, Fo =lim F, F, =F,, 
B 
which shows that F,, 2 F, and thus that F „ is an upper bound for {F,}. 
If F is another upper bound, then 
FF, =lim FF, =lim F= Fo, 
a a 
which proves that F = F, and thus that F,, is the least upper bound 
Va Fa of {F,}. Since 
F „x = lim F,x esp {U FX), 
a a 


it follows that F..X S sp {|] F. ¥}. On the other hand, F,,X 2 F,X for 
a 
all «, which shows that 
FX =sp {U FX}. 
a 


If every increasing generalized sequence {F,} of projections in B converges 
strongly, it is evident (by considering the sequence {J — F,}) that every 
monotone decreasing generalized sequence of projections in B converges 
strongly also. With this observation in mind, a greatest lower bound for 
{E} which has the property of Definition 1 may be constructed in a fashion 
analogous to that used for constructing the least upper bound. The proof 
in the o-complete case follows similar lines. Q.E.D. 


5 Lemma. A strongly closed bounded Boolean algebra of projections in 
a weakly complete B-space is complete. 
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Proor. If the strongly closed bounded Boolean algebra B of projec- 
tions is not complete, there is, by the preceding lemma, a vector x and an 
increasing generalized sequence {H,,} of projections in B such that the 
limit lim, #,x does not exist. It follows from Lemma I.7.5 that {£2} is 
not a generalized Cauchy sequence. Consequently there is an € > 0 and, 
for each a, a B(x) = « such that 


|B gq)¢ —Ly2| > e. 


Let «, be arbitrary and, for n 2 1, let a,.1 =A(a,) and E, = H,,. Then 
{#,} is an increasing sequence of elements in B for which the lim, Ep% 
does not exist. A contradiction of this statement will now be obtained by 
considering the uniformly closed operator algebra N(B) generated by the 
projections in B. By Lemma 2.1 the algebra 9I(B) is equivalent, under an 
isomorphism S(f)<>f, to the algebra C(A) of continuous functions on the 
space A of maximal ideals in {(B). Moreover, by Theorem 2.5, this iso- 
morphism S(f) is given in terms of a countably additive spectral measure 
E defined on the family of Borel sets in A by the equation 


Sif) =| FOYE, feola 


The projection Æ, is the image under S of a continuous function f,, and 
since E? = E, we have f? =f,, which shows that f, assumes only the 
values zero and one and is therefore the characteristic function of a set e, . 
Since f, is continuous, the set e, is open and closed. Furthermore, since 
EnEn =H, we have fnpifn = fn and en 41, = en, which shows that the 
sequence {e,} is increasing. Thus, since 


E, = Sa) = | ANEAN = Bley), 
the limit 
lim E, x = lim E(e,)x 


exists because of the countable additivity of the spectral measure Æ. This 
contradiction completes the proof of the lemma. Q.E.D. 


6 Lemma. A complete Boolean algebra of projections contains every 
projection in the weakly closed operator algebra it generates. 


Proor. Let S(B) and W(B) be the strongly closed and the weakly 
closed operator algebras generated by the complete Boolean algebra B of 
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projections in the B-space X. Since, by Corollary VI.1.5, S(B) = WB), to 
prove the theorem it will suffice to show that every projection F in ©(B) 
is in B. The proof that F is in B will be made by showing that to each pair 
(y, z) where y is in M = FX and z is in N = (J — F) X, there can be asso- 
ciated a projection E, in B such that E.y =y = Fy, and F,,z =0 = Fz. 
For, if this is granted, the projection 

E = /\ V E, 


ZEN YEM 
is in B since B is complete. If £o = Yo + Zo, where yọ is in W and zo is in 
R, then (Vsem Lyz)Yo = Yo for each zin R, and (Vy em Eyzo)20 = 0. Thus 
Eyo = Yo, Ezo = 0, and E = F. 

The projections H',, will now be constructed. It should be remarked 
that the construction uses only the fact that B is o-complete. Let y and z 
be fixed elements of M and R, respectively, and let £ be a given positive 
number. Since F is in the strongly closed operator algebra generated by B, 
there is an operator A having the form A =)... a, E,, where 


OAH,eB, } E,=1, E,E,=0, 1<ijsn, 
t=1 


ly—Ayl<e, |Aal<e. 
By Lemma 3 there is a bound K > 1 for the norms of the projections in 
B, and thus if 
E= > E, ? 


jai >112 


it follows from Lemma 2.2 that 


|Æz| a X ar Kyaa] <8Ke. 


lai] >12 


In the same way it is seen that 


È Buy 


lail £12 


ly — Ey| = 


(a %0 29 Bi —An)| £ 8e. 


By choosing € so that 8Ke< 27”, we see that there is a sequence {#,,} in 
B with 


1 1 
(i) ly = Eny] < z? Enz] <a 
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Let the projection H,, m be defined by the equation 


nem 


E,, ni V E, G 
kan 
nm Z En, (T — En m) SI — E,, and thus 
(I g E,,, mY = (I a E,, mT = E,)y, 
from which it follows that 


Then E 


i K 
(ii) ly— En. myl So 


Since 
En, m+1 = E, m + (I —E,. m)Enim+n 
it follows inductively from (i) that 
a 1 K K K 
(iii) |En.m2] 3 55+ gana tt germ “gant: 


Now the sequence {H,, m} is increasing in m and the sequence 


m=0 k=n 
is decreasing. Thus, by Lemma 4, the limit 
E= N VErnm=lim lim Ep m 
n=0 m=0 n> m> 


exists in the strong operator topology. It follows immediately from (ii) 
and (iii) that this limit has the desired properties as expressed by the 
equations E 2Y = yY, Ey, =0. Q.E.D. 


7 COROLLARY. A complete Boolean algebra of projections is strongly 
closed. 


Proor. Since every operator in the strong closure of a bounded 
Boolean algebra of projections is itself a projection, this corollary follows 
immediately from Lemmas 3 and 6. Q.E.D. 


8 CoroLLary. A bounded Boolean algebra of projections in a weakly 
complete space is complete if and only if it is strongly closed. 


Proor. This follows from Lemma 5 and Corollary 7. Q.E.D. 
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9 Lemma. Let Q(B) be the uniformly closed operator algebra generated 
by the complete Boolean algebra B of projections in a B-space X. Then W(B) 
is equivalent to the algebra of continuous functions on its own set A of maximal 
ideals, and any homeomorphic isomorphism T between these algebras uniquely 
determines a regular countably additive spectral measure E in X defined on 
the family of Borel sets in A and such that 


TA) =f ANEAN, fecta 


Moreover the range of E is precisely the Boolean algebra B. 


Proor. By Lemma 3 the Boolean algebra B is bounded, and by 
Lemma 2.1 the algebra N(B) is equivalent to the algebra of continuous 
functions on the structure space A of W(B). It follows from Theorem 2.4 
that there is a spectral measure A in X* defined on the Borel sets in A and 
such that 


xT (f)a* = f fea aye, xEeX,x*®*eX*. 


This spectral measure A is uniquely determined and has the property that, 
for each x in X and each x* in ¥*, the numerical measure xA(-)x* is regular 
and countably additive. It will now be shown that, because of the complete- 
ness of B, the operator A(e) is, for every Borel set e, the adjoint of a pro- 
jection in B. To this end let be the family of those Borel sets e in A for 
which A(e) = H(e)* for some projection H(e) in B. Since B is a Boolean 
algebra, the family 2 is a field. To see that & is a o-field, let {e,} be an 
increasing sequence of sets in 2. Since 


Eens 1)*E(e,)* = A(en+ 1€n) = A(e,) — E(e,)*, 


the sequence {H(e,)} is increasing, and since B is complete it follows from 
Lemma 4 that the strong limit E = lim, E(e,) exists and is a projection in 
B. Thus 


za( U enjet = lim xA(e,)x* 
n=1 


n> O 


= lim xE(e,)*x* = xEh*x*, xeEeX, c*eX*, 
n> © 
which shows that the union | )7°_, €n is in X and proves that 2 is a o-field. 
Hence to see that 2 contains all Borel sets it suffices to show that 2 
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contains every open set. Let e be an open subset of A, let x and x* be 
elements of X, ¥*, respectively, and let e>0. Then, because of the 
regularity of xA(-)x*, there is a closed subset 5 of e such that 

(i) |xA(d,)a* —xA(e)x*|<e, 
for every Borel set 5, with ôs ô Ge. To each E in B corresponds a 
continuous function fg which is uniquely determined by the equation 
E=T(f;). Since E? = E we have f? = fp, that is, fg is the characteristic 
function of a set o(#). Since fp is continuous, the set o(#) is open and closed. 
The mapping H<>+o(E) is clearly an isomorphism between B and the 
Boolean algebra of all open and closed subsets of A. These open and closed 
sets o(H#) form a basis for the topology in A. To see this, note that sets 
of the form {A||(77~14)(A)| <a}, with A in N(B) form, by definition, a 
subbasis for the topology of A, and since B generates %(B), the sets o(Z) 
form a subbasis for the topology of A. Since o(£)o(F) = o(EF), the sets 
o(£) actually form a basis for the topology in A (cf. Theorem IX.2.11 and 
its proof). 

Consider now a closed set ô with ô ¢ 8, Ge. Each point A in ô; is 
interior to some set o(H#) S e. Since 8, is compact, a finite number of sets 
o(H,), ..., o(E,) cover ô, and thus if E, is the union of the projections 
E,,..., H,, then 


ôscôð sS Ù o(H,) =0o(Eo) Se. 


1=1 
Thus if Æ is a projection in B with o(Eo) S o(E) Ce, it follows from (i) 
that 


(ii) |xA(o(H))a* —xA(e)x*| < e. 
Since 
A(o(B)) =f A@A) =f xee(XAM@) 
o{E) A 


= P(X ou) = E, 
it follows from (ii) that 
(iii) |e*Ex — xA (ejx*|< e 


for every projection E in B with o(Eo) S o(E) Se. Thus if {E,} is the 
generalized sequence of projections E in B with o(H) & e, directed in the 
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natural increasing order of projections, it is seen from (iii) that 


xA(eje* = lim z*E, x. 
a 


On the other hand, it follows from Lemma 4 that 
E. =\/ E, =lim E, 
a æ 


in the strong operator topology. Thus x*E „ x = xA (e)x*, which proves that 
e isin 2’ and shows that consists of all Borel sets in A. This means that 
for every Borel set e in A there is a projection H(e) in B with A(e) = E(e)*, 
and thus the proof is complete. Q.E.D. 


10 CorotuaRy. A Boolean algebra of projections in a B-space is 
o-complete if and only if tt ts the range of a countably additive regular spectral 
measure defined on a o-field of subsets of a compact space. 


Proor. Let B be a o-complete Boolean algebra of projections. Then 
the proof of the preceding lemma shows that it is the range of a countably 
additive regular spectral measure E defined on a o-field 2 of sets in the 
compact space A. Conversely, suppose that B is the range of a spectral 
measure Æ which is defined and countably additive on a o-field & of subsets 
of a set A. Let {E,} be an increasing sequence of elements of B. If E, = 
E(e,) then 


Ee, —€n41) = Ee,) — Ee, +1€n) = E, — FE, 41H, = E, — E, = 0, 


and so, except for a set of H-measure zero, we have e, S ¢,,,. Since Æ is 
countably additive, we have the limit 


lim E, = lim E(e,) = z( © en) 
n n> o n=1 
existing in the strong operator topology, and furthermore it is in B. It 


follows from Lemma 4 that B is o-complete. Q.E.D. 


11 CorotiaRry. The restriction to an invariant subspace of a o-com- 
plete Boolean algebra of projections is o-complete. 


Proor. This follows immediately from the criterion for c-completeness 


as given in Corollary 10. Q.E.D. 


A Boolean algebra B of self adjoint projections in a Hilbert space § 
has the property that for every x) in § the scalar product (Exo, £o) is 
non-negative and vanishes only if Hx )=0. In order to continue ‘the 
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analysis of Boolean algebras in arbitrary B-spaces, this useful property 
of the scalar product in Hilbert space may be replaced by the following 
ingenious result of Bade. 


12 Lemma. Let B be a o-complete Boolean algebra of projections in 
the B-space X. Then, for each xo in X there is a linear functional zë in ¥* 
with the properties 


(i) ajEx,20, HeB; 
(ii) if x*Hx, =0 for some E in B, then Ex) =0. 


Proor. By Corollary 10, B is the range of a countably additive 
spectral measure E defined on a o-field X. In view of Corollary 11 and the 
Hahn-Banach theorem, it may be assumed that X = sp {Ex,| E e B}. For 
every linear functional y* in ¥*, let the measure u, be defined on 2 by 
the equation 


pyle) =y*B (ez, ee Z, 


and call a set ô in X a y*-carrier if p (ô) 40 and if every measurable 
subset e of ô upon which the total variation v(p,,., e) = 0 has H(e) = 0. We 
note that with this definition a y*-carrier may have proper subsets which 
are y*-carriers. This fact will be unimportant in what follows. An appli- 
cation of Zorn’s lemma yields a maximal family {5,} of disjoint sets each 
of which is a yž -carrier for some y* in ¥*. It will first be observed that {8,} 
is at most denumerable. To see this, note that, since the spectral measure 
E is strongly countably additive on X, every series Z, E(ô„)£o of a count- 
able number of terms converges and hence contains at most a finite number 
of terms whose norms exceed a given positive number. Since 


0  prya(8,) = y*E(8,)£0 


for all «, it follows that the sequence {6,} is at most countable and it will 
therefore be written as {5,,} in what follows. Let 4 =|)*%_, 5,, so that the 
complementary set 4’ contains no carrier. It will next be shown that 
E(4’) =0. For if E(4') 0 it follows readily, from the fact that 
{E(e)ao|e e X} spans X, that E(4’)xz, 40 and hence, for some functional 
ys, that yp E(4')zo #0. Let y* = E(4')*y% so that p, vanishes on subsets 
of 4, and thus the total variation o(u,,, 4) = 0. Now, by Lemma IV.10.5, 
the vector measure E(-)2, is continuous with respect to a finite positive meas- 
ure v on &. The measure v cannot be p,,-Singular, for if it were there would 
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be a set e in X with o(pu,,, e) =0 and v(e’) =0, in which case E(e’)xy ==0, 
(py, e’) ==0. It would follow that o(u,,, A) = v(a, €) + (p> e) =0, 
which contradicts the fact that p,,~0. It follows from the Lebesgue 
decomposition theorem (III.4.14) that there is a set e, with p,,(e:) £0 
and such that v, and hence Æ, vanishes on any subset ô of e} upon which 
the variation v(u,,, 6) == 0. If ô =e,4’ we have p,,(8) = p,,(e1) £0, and 
at the same time 6, S ô and o(p,,, 8&1) = 0 imply £(8,) =0. Thus ô is a 
carrier contained in 4’ which is a contradiction of the fact that 4’ contains 
no carriers. This completes the proof that E(4’) =0. 

Let y* be a functional such that 5, is a y*-carrier. Consider now any 
measure of the form 


(a) He) =È Coty e) ee 2, 


where c, >0, n =1, 2,.... If (e) =0 then v(uy„+, €) =0 for alln and thus 
E(e8,) = 0 = E(e4). Since E(4') =0 we have E(e) =0. Consequently the 
proof of the lemma may be completed by showing the existence of an 
xg such that u, has the form given in equation (a). 

Before constructing such an xf, we note that the Radon-Nikodym 
theorem (IIT.10.7) yields a function fẹ, for which 


O(plyge €) = f frlA)ey, (ddr), e€ 3, nl. 
Since, by Theorem ITT.2.20(a), 
Vh Hynt , e) = f | fn(A)| V( Hynt > da), ee 2; 


it follows that | f,(A)| = 1 for p,„-almost all À. It may thus be assumed that 
|fa(A)| ==1 for all A in A. Let z¥ = Ty% where the operators 7’, are 
defined by the formula 


Tu= f ANEAN, n21. 
A 
Since the functions f, are bounded, so are the operators 7’, . Then 
Henele) = (Ty) Elezo = yn Ee) Ta To 
= yk | ANDEAN Eo = f aAa) 


= Vh Hynt» &)- 
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Thus the functional 


0 1 
aX — — z* 
S= ra p” 
has 
2 1 
Mor 2, ot ea 
which is the form expressed in equation (a) above. Q.E.D. 


13 Lemma. Let B bea o-complete Boolean algebra of projections in the 
B-space X. Assume that for some xo in X the vectors Ex, with E in B form 
a fundamental set in X. Let xX be a functional with the properties (i) and (ii) 
of Lemma 12. Then the X-closure of the linear manifold in X* determined by 
the vectors E*x* with E in B is the whole space X*. 


Proor. By Corollary 10, Bis the range of a countably additive regular 
spectral measure Æ on a o-field 2’ of subsets of a space A. Thus, in order 
to show that the set sp{Z*2$ | H* e B*} is dense in ¥* with its X-topology, 
it suffices to show that x =Q is the only vector x in X for which 


E*(o)x3x = xg E(o)x =0, ced. 


Since vectors of the form E(o)z 9 with o in Z form a fundamental set in X, 
there is a sequence {fa} of finite linear combinations of characteristic 
functions such that 


z= lim f fr(A)E(AA) a1 - 
n> 0Y A 
Thus, since B is bounded (cf. Lemma 3), 
lim f Salje E(dàjzo = xf E(o)x = 0, 
uniformly for o in 2. Since 
f [fa(2)] 27E (dA), £ 4 sup | Í frlA)U E(AD)x| , 


it is seen that f„, approaches zero in the space L,(A, X, x H(-)xo). Thus a 
subsequence {gn} of {f,} converges to zero almost everywhere and almost 
uniformly. Let {8,,} be a decreasing sequence of setsin 2 with £ E(êm)£o > 0 
and such that g, converges to zero uniformly on the complement of each 
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of the sets ôm, m = 1. Then 


«= lim f gn(A)E(dA)aty + lim f Gal AYE (AA) arg 
om N>O “dm 


= lim E(8,) f JalAE(dA zo =E(Sn)zo m21, 
n> O A 


which shows that 
x = lim E(8,,)x -z( () By )zo : 
m => © m=1 


Since x3 E((\ 2-1 5n)% =0 we have E(() f=; Sm)£o =0 and hence z =0. 
QED. 


The following lemma is a weakened form of the theorem of Bade 
stated in the introduction to this section. 


14 Lemma. Let B be a o-complete Boolean algebra of projections in a 
B-space X. Suppose that for some x in & the set {Ex| E € B} is fundamental 
in X. Then the uniformly closed operator algebra generated by B consists 
precisely of those bounded linear operators in X which commute with every 
element of B. 


Proor. It is clear that every element in the uniformly closed algebra 
generated by B commutes with every element of B, and so to prove the 
lemma it will suffice to show that every operator A which commutes with 
every element of B is in the uniformly closed operator algebra generated 
by B. By Corollary 10, B is the range of a countably additive spectral 
measure E on a o-field 2 of subsets of a set A. Let y* be associated with 
x as in Lemma 12. Then, by the Radon-Nikodym theorem, there is a 
&-measurable function h with 


y* AB(e)a = [POE aN, eed. 
Let 
en ={A||MA)| Sn}, 4, = f, h(A)E(AA), 
so that 
y* {E(e) E(e,)AE(8) — E(e)A,, E(8)}x 


= f (MA) —A(A))y*E(dA)z =0, e, BED. 
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Thus, since the set {H(5)z| 8 e 2} is fundamental in X, we have 
E(e)*y*E(e,)Az = E(e)*¥y*A, 2, zeX. 

By Lemma 13 the manifold in X* spanned by vectors of the form E(e)*y* 

with e in Z is X-dense in X*. It follows then from the preceding equation 


that H(e,)A =A, and thus, since A is a bounded operator, the sequence 
{|A,|} is bounded. By Theorem 2.10, 


sup E-ess sup |A,(A)| < ©, 
n AEA 


and hence A is H-essentially bounded. Consequently it may be assumed 
that h is bounded and therefore that e, =A for all large n. This means 
that 


A=A,= f h(AJE(dÀ) 


for sufficiently large integers n, from which it clearly follows that A is in 
the uniformly closed algebra generated by B. Q.E.D. 


15 CoRroLLARY. The weakly closed operator algebra generated by a 
a-complete Boolean algebra B which satisfies the condition of the preceding 
lemma is the same as the uniformly closed algebra generated by B. 


Proor. It is clear that every element in the weakly closed operator 
algebra generated by B commutes wtih every element of B, and so the 
corollary follows immediately from Lemma 14. Q.E.D. 


-> 16 THEOREM. The uniformly closed operator algebra generated by a 
complete Boolean algebra B of projections in a B-space X consists of all 
bounded linear operators in X which leave invariant every manifold which is 
invariant under every member of B. 


Proor. It is clear that every operator in the uniformly closed algebra 
generated by B has the required invariance property. 

Before proving the converse, a few general observations will be made. 
If A is the structure space of the uniformly closed operator algebra A 
generated by B then, by Lemma 9, there is a homeomorphic isomorphism 
T of C(A) with W. Thus each projection # in B determines a function fg 
in C(A) for which E = T( fz). Since E? = E we have ff —f,, and thus fg 
is the characteristic function of a set o(Z) in A. Since fy is continuous, the 
set o(£) is both open and closed. It will be observed that 


(i) the sets o(#) form a base for the topology in A. 
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To see this, let A» be a point of the open set N. Since distinct points in A 
may be distinguished by functions in C(A) and since B generates the 
algebra Qf which is equivalent to C(A), it is seen that distinct points in A 
may be distinguished by characteristic functions of the sets o(£) with E 
in B. Thus if A, is in the complement N’, there is a projection E in B with 
ào E€ o(E), À ¢ o(E). This shows that the intersection of the closed sets 
o(H£)N’, where E varies over all projections in B with A in o(£), is void. 
Since A is compact, some finite intersection o(#,)...o(H,)N’ is void. Thus, 
if E = H,E,...H,,, we have ào € o(E) S N, which proves the statement (i). 

Since B is complete, the projections 

(ii) E,=/ E, «eX, 

Er=2 

exist and the corresponding open and closed set o(£,) will be denoted by 
o,. It follows from Lemma 4 that 


(iii) E,x =a. 
It will next be observed that 
(iv) if f(A) =0 for à ¢ o, and if T(f)xz =0, then f =0. 


To prove this, let us suppose that f 40 so that, by (i), there is an £E 0 in 
B such that f(A) 40 for À in o(#). Since o(£) is compact, the function g 
defined by the equations 


gQ)=—~, Aeo(B), 


=0, A €¢ o(L), 

is continuous and 7'(g)7(f) =H. Now Ex = T(g)T(f )x =0 and using (iii) 
we have (H, — E)x =x, from which it follows that E, — E 2 E,. But, 
since f(A) = 0 on o, , we have o(#) S o, and thus E < E, and E, — E < E, 
Hence E, — E = E, and E =0, a contradiction which establishes (iv). 

Now let A be a bounded linear operator in ¥ which leaves invariant 
every manifold which is invariant under every member of B. Then 
AEX s EX and 4(I — E)X g (I — E)X, from which it follows that 

EAE = AE, EA(I — E) =0, 
and thus that 
AE =EAE = EAE + EA(I — E) = EA. 
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Hence 
EA = AE, E eB. 


By Lemma 9 the Boolean algebra B is the range of a countably 
additive spectral measure Æ on the family Z*of Borel subsets of A. For each 
xin &, let 


X(x) = sp {Ex| E e B}. 


Since ¥(x) is invariant under every member of B, it is also invariant under 
A, and in view of (v), the argument used in the proof of Lemma 14 shows 
that the restriction of A to ¥(x) is given by the formula 


A|X(x) = f PANE | ¥(æ))(AA), 
where h, is a bounded Borel measurable function on A with 


sup |h.(A)| =|(4] X(@))] S |A] - 
If the operator A, is defined by the formula 
A, =E, Í h(E), 
A 


then clearly 
AEM, A,x = Ax, A, E, =4,, |A,| < KJA], 
where K is a bound for B. Since A, is in N, there is a uniquely defined 
continuous function f, in C(A) with A, = 7(f,). This function f, has the 
properties 
(vi) T(fa)x = Az, f(A) =0, À ¢ oz. 
Moreover, if g also has properties (vi), it follows from (iv) that f, =g, so 


that the properties (vi) characterize f, . 
It will next be observed that 


(vii) Ops = 0(F )o,, Feb. 


To prove this, note first that (E, F) Fx = FE,x = Fx, so that E, F = E,,. 
Conversely, if E, F > Eps, there is a G 40 with G < E, F and GE p, =0. 
For such a G we clearly have GF2 = GE,, Fx = 0 and G(I — F) =0. Thus 


Gx =GF2+GI—F)xc=0 


2212 XVII. ALGEBRAS OF SPECTRAL OPERATORS XVII.3.16 


and hence (I —G)x = x, I —G 2 E, and so G < I — E,. This shows that 
Gs (I—£H,H, =0, which is a contradiction proving that E, F = Ep,, 
from which statement (vii) follows immediately. We next establish the 
equation 

(viii) Sire =f: Xom Feb. 
To prove this, let g =f, Xer) so that, using (vii), we have g(A) =O for 
A ¢ 0,0(F) = dps. Also 

T(g) Fx = T(f2)T (Xom) Pa 
=FT(f,)c = FAx = AF x. 

Thus statement (vi), with f, replaced by g and x replaced by Fx, shows 
that g =f,,, which establishes (viii). We now establish the relation 

(ix) fA) =f,(A), NEO, Oy. 


To prove (ix) it may be assumed that o, =o,, for if z =H, x and w = E, y 
it follows from (vii) that o, = 0o, 0, =o, and from (viii) that f, = x.,f, 
and fo = xo,f,- Thus if f,(A) =f,,(A) on o, =0,, equation (ix) will be 
established. Hence we may and shall assume, in the proof of (ix), that 
Os = Oy- 


Since A(x — y) = Ax — Ay it follows that 
T(fe—y(" =i) = T(f2)e iA TW 


and consequently that 


P(fe-» —fix)% = T(fs-v — fay. 
To complete the proof of (ix) an indirect proof will be used by supposing 
that this equation is false; that is, we shall assume that the functions f, and 
f, are not identically equal and one of them, say f,, differs from both f, 
and f,- at some point Ay in o, . Thus from (i) there is a projection E and an 
e >0 such that o(E) S o, =o, and 
| fr—y(A) —fi(A)| Zg, ÀE o(E). 
Since o(Z) is open and closed, the function 
= 1 
fe—y(A) —f.(A) 

=0, à ¢ o(E), 


9(A) Ae o(E), 
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is continuous and hence in C(A). Let AA) = (f,_,(A) —f,(A))g(A). Then 
=T(Xou@y)e = Ex, 
and so 
T(f.)Ex = AEx = AT (h)y = T(f,)T (h)y = T(f,)Ex. 


Thus 7(f, Xem) Ex =AEx and f,(A)xe@(A) =0 for A ¢ oy A o(E)= 
o, N o(E) = og, (using (vii)). Since equations (vi) determine f, uniquely, it 
is seen that 


Ío Xow) = frz- 


On the other hand, it follows from (viii) that fes = fs Xow- Thus fy(A) = 
f,(A) for A in o(E), and this contradiction proves (ix). 
In view of (ix), the function 


(A) =f,(A), re Or, 
=0, Aglo, 
is defined and continuous on the open set U: o,. Since 
[Al =|7~*A,| S$ |P~"| |A,| S KTA], 


the functions f, are uniformly bounded and § is therefore a bounded Borel 
function. Let 


(x) A= | BAEAN). 
A 
Then 
A,2 =A, E, £= f &(A)E(dA)x 


=f fO)E@Aj2=A,B,2=Ax, vež. 


Since A, = A, equation (x) shows that A is in the uniformly closed algebra 
generated by the projections H(e) and thus in the uniformly closed 
algebra generated by B. Q.E.D. 


17 CoroLLARY. The weakly closed operator algebra generated by a 
complete Boolean algebra B of projections is the same as the uniformly closed 
operator algebra generated by B. 
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Proor. By Corollary V1.1.5, the weakly closed operator algebra 98(B) 
generated by B is the same as the strongly closed algebra generated by B. 
Thus every A in 98(B) is the strong limit of finite linear combinations of 
elements of B. It follows that A leaves invariant every closed linear 
manifold which is invariant under every member of B. The theorem shows 
that A is in the uniformly closed algebra N(B) generated by B. Thus 
W(B) S WB). On the other hand, it is clear that 2(B) < WB). Q.E.D. 


The preceding material of the present section was largely preliminary 
to the following basic result of Bade, which was described in the introduc- 
tion. 


18 THEOREM. Let B be a bounded Boolean algebra of projections in a 
weakly complete space. Then an operator is in the weakly closed algebra 
generated by B if and only if it leaves invariant every closed linear manifold 
which is invariant under every member of B. 


Proor. It was observed in the preceding proof that an operator in the 
weakly closed algebra generated by B has the required invariance property. 
To prove the converse, let A leave invariant every closed linear manifold 
which is invariant under every element of B and let B, be the strong 
closure of B. Then it is clear that A leaves invariant every closed linear 
manifold which is invariant under every member of B,. By Corollary 8, 
B, is complete, and by Theorem 16, A is in the strongly (or weakly) closed 
algebra generated by B. Q.E.D. 


The following is a closely related result also due to Bade. 


19 THEOREM. Let B be a bounded Boolean algebra of projections in a 
weakly complete space. Then every operator in the weakly closed algebra 
generated by B is a spectral operator of scalar type. 


Proor. Let B, be the strong closure of B. By Corollary 8, B, is 
complete, and by Corollary 17 the weakly closed operator algebra generated 
by Bis the same as the uniformly closed operator algebra generated by By. 
The desired result now follows from Lemma 2.1 and Corollary 2.12. Q.E.D. 


The next result shows that the invariance condition of Theorem 18 may 
be replaced by a simpler one of commutivity in the special case where some 
set of the form {Hx| E e B} is fundamental in X. 


20 THEOREM. Let B be a bounded Boolean algebra of projections in a 
weakly complete space and suppose that for some vector x the set {Ex]| E e B} 
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is fundamental in X. Then a bounded operator is in the weakly closed operator 
algebra generated by B if and only if it commutes with every element of B. 


Proor. It is clear that every element in the weakly closed operator 
algebra generated by B commutes with every element of B. To prove the 
converse, let A commute with every element of B, and let B, be the strong 
closure of B. Clearly A commutes with every element of B,, and by 
Lemma 5, B, is complete. Thus the conclusion follows from Lemma 14 and 
Corollary 15. Q.E.D. 


21 Lemma. Let B be a bounded o-complete Boolean algebra of projec- 
tions in a B-space X. Suppose that, for some sequence {x,} in X, 


X = sp {Er |E e B, i> 1}. 
Then B is complete. 


Proor. It will be established that every set of disjoint projections in 
Bis at most countable. It will then follow from Lemma IV.11.5 that every 
set in B has a least upper bound which is the least upper bound of a 
countable subset. Thus the completeness of B will follow from its o-com- 
pleteness. 

Let {E,} be a family of disjoint elements of B. It follows from Lemma 4 
that every series ) 72 , Ea, , with a, # a; if i Aj, converges strongly. Hence, 
for every integer n = 1 and every £ > 0, only a finite number of the vectors 
Ei, 2%, have norms greater than e. This shows that, for all but a countable 
number of «, E, x, =0, for every integer n = 1. Thus, with the exception 
of a countable number of «, E, Ex, =0 for every E in Band n= 1. Since 
the set {Ex,| E e B, n = 1} is fundamental in X, it follows that E, =0 for 
all but a countable number of æ. Thus {#,} is a countable set. Q.E.D. 


It is now possible to give the following classical result of J. von 
Neumann. 


22 THEOREM. Let T be a bounded self adjoint operator in a separable 

Hilbert space. Then the following four algebras are the same: 
(i) the algebra of all bounded Borel functions of T; 

(ii) the weakly closed operator algebra generated by T; 

(iii) the set of all bounded linear operators which commute with every 
operator commuting with T; 

(iv) the uniformly closed operator algebra generated by the projections in 
the resolution of the identity for T. 
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Proor. Let %,,..., AW, denote the algebras defined by the statements 
(i), ..., (iv), respectively. It follows from Theorem 2.10 that QU, is uni- 
formly closed and thus that W, S M. It is clear from the definition of the 
integral f f(A)E(dA) that W, S W,. Thus M, =Q,. It is clear from their 
definitions that W, S Mz. To prove that M, S M, it will suffice to show 
that all projections H(e) in the range of the resolution of the identity for 
T lie in W, . Since M, is an algebra, the family Z of Borel sets e for which 
E(e) e W, is a field. By Corollary 2.11 (iii) it is also a o-field. Since the 
characteristic function of a finite interval is the limit of a bounded sequence 
of polynomials, it follows from Corollary 2.11 (iii) that every finite real 
interval is in Z. Thus, since the spectrum of T is real (cf. Theorem X.4.2), 
Z consists of all Borel sets. It has now been shown that W =M, ¢ M, S 
AM, , and so to complete the proof it will suffice to show that W, S ,. 

To do this, let A be an operator in X, and let § be a closed subspace 
of Hilbert space which is invariant under every element E(e) of the resolu- 
tion of the identity for T. Thus, if P is the orthogonal projection onto $o 
then, since (e) leaves $, invariant, PE(e)P = E(e)P. If y is orthogonal 
to $o, 

(E(e)y, Ho) = (y, E(e)$o) =0, 

so that H(e)y is orthogonal to $o . Thus H(e) leaves the orthogonal comple- 
ment of $, invariant and so 


(I — P)E(e)(I — P) = E(e)(I — P). 

Hence 
PE(e) = PE(e)P + PE(e)(I — P) 

= E(e)P + PUI — P)E(e)\I — P) = E(e)P, 
from which it follows immediately that PT = TP. Since A is in Wz, we 
have AP = PA so that A leaves $, invariant. It has been shown that 
every operator in W, leaves invariant every closed linear manifold which 
is invariant under every projection in the resolution of the identity for T. 
Since the Hilbert space is separable by assumption, these projections form 
(cf. Lemma 21) a complete Boolean algebra. Thus it follows from Theorem 
16 that W, S Wy. Q.E.D. 


23 Lemma. The strongly closed Boolean algebra of projections generated 
by a o-complete Boolean algebra of projections in a B-space is complete. 
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Proor. Let B be a o-complete Boolean algebra of projections in a 
B-space ¥, and let B, be its strong closure. By Lemma 3, B is bounded and 
thus B, is also a bounded Boolean algebra of projections in X. Suppose 
that B, is not complete. By Lemma 4 there is a monotone increasing 
generalized sequence {FE} in B; and an 2 in ¥ such that the limit lim, E, x 
does not exist. Let X(x), X(x) be the closed linear manifolds generated by 
the sets {Hx| E e B}, {Hx| E e B,}, respectively. Since B, is the strong 
closure of B, each element Ex with E in B; is contained in X(x) and thus 
X(x) 2 X(x). Evidently X(x) S X(x) and so X(x) = X,(x), from which it 
follows that EX(x) = X(x) for each E in B,. For each Æ in B}, let Ẹ denote 
the restriction of E to X(x). It is clear that the set {Ẹ | E e B,} is contained 
in the strong closure of B(x) = {H| E e B}. Since the limit lim, FE, x does 
not exist, the limit lim, Ẹ, fails to exist in the strong topology. It follows 
from Lemma 4 that the strong closure of B(x) is not complete. Thus, by 
Corollary 7, B(x) is not complete. On the other hand, B(x) is, according to 
Corollary 11, o-complete. These two statements contradict Lemma 21 and 
prove the lemma. Q.E.D. 


24 COROLLARY. A bounded linear operator is in the weakly closed 
operator algebra generated by a o-complete Boolean algebra B of projections 
in a B-space if and only if it leaves invariant every closed linear manifold 
which remains invariant under every element of B. 


Proor. Let B, be the strong closure of B. By Lemma 23, B, is com- 
plete and it follows from Theorem 16 and Corollary 17 that the weakly 
closed operator algebra generated by B, (which is clearly the same as that 
generated by B) consists of those operators which leave invariant every 
closed linear manifold that is left invariant by every member of B. Since 
it is evident that a closed linear manifold is invariant under every member 
of B, if and only if it is invariant under every member of B, the proof is 
complete. Q.E.D. 


25 COROLLARY. Every operator in the weakly closed operator algebra 
generated by a o-complete Boolean algebra of projections in a B-space is a 
spectral operator of scalar type. 


Proor. Let B, be the strong closure of the o-complete Boolean 
algebra B so that B, is, by Lemma 23, complete. By Corollary 17 the 
weakly closed operator algebra generated by B, (which is clearly the same 
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as the weakly closed operator algebra generated by B) is the same 
as the uniformly closed operator algebra generated by B,. Every operator 
in such a uniformly closed algebra is, by Lemma 9, given in terms of 
a countably additive spectral measure by an expression of the form 
Jf (A)H(dA). Such operators are, by Lemma 2.9, spectral operators of scalar 
type. Q.E.D. 


26 COROLLARY. Every operator in the weakly closed operator algebra 
generated by a spectral operator of scalar type and the projections in its resolu- 
tion of the identity is a spectral operator of scalar type. 


Proor. Since a spectral operator of scalar type is clearly in the weakly 
closed algebra A generated by the projections in its resolution of the iden- 
tity, it suffices to show that every operator in A is a spectral operator of 
scalar type. This follows immediately from Corollaries 10 and 25. Q.E.D. 


The section will be concluded with two theorems of Bade which belong 
to that interesting collection of results in B-spaces concerning conditions 
when weak convergence implies strong convergence. 


27 THEOREM. If a generalized sequence of projections in a o-complete 
Boolean algebra of projections in a B-space converges weakly to a projection, 
then it converges strongly. 


Proor. In view of Lemma 23, the proof may be restricted to the case 
where the Boolean algebra B is complete. Let {£,} be a weakly convergent 
generalized sequence in B and suppose that its limit Æ is a projection. It 
must be shown that {H,} converges strongly to E. By Lemma 6, E is in B 
and so a consideration of the sequence {E, — E} shows that it may be 
assumed that E —0. Thus, to make an indirect proof, it is assumed that 
the sequence {£,} is weakly convergent to zero and, for some vector 2, 
the sequence {H,)} is not convergent to zero. Hence, by Lemma 9, B 
is the range of a countably additive spectral measure EF defined on a 
a-field X. Hence E, = E(e,), where e, is in X. By Lemma 12 there is a 
linear functional y* such that the measure u = y* Ex has the property 
that (e) =0 implies E(e)z) =0. It follows from the Theorem IV.10.1 of 
Pettis that lim, e)» o E(e)£o = 0. Since {E(e,)} is weakly convergent to zero, 
it follows that p(e,) +0, and hence it follows from the result of Pettis 
that H(e,)2 > 0, a contradiction which completes the proof. Q.E.D. 


28 COROLLARY. If a generalized sequence in a bounded Boolean algebra 


XVIT.4.1 STRONG LIMITS OF SPECTRAL OPERATORS 2219 


of projections in a weakly complete B-space converges weakly to a projection, 
then it converges strongly. 


Proor. This follows from Theorem 27 and Lemma 5. Q.E.D. 


4. Strong Limits of Spectral Operators: 
Non-Commutative Case 


In this section conditions will be given to insure that the strong limit 
T =lim, T, of a generalized sequence {7',} of scalar type spectral opera- 
tors is itself a scalar type spectral operator. These same conditions will 
also insure that f(7',) >f (7) strongly for any bounded Borel function f 
whose discontinuities have measure zero relative to the resolution of the 
identity for 7. This is a perturbation theorem of the type considered by 
Rellich. 


1 THEOREM. Let {T,}, « e A, be a strongly convergent generalized 
sequence of spectral operators in a B-space X. Suppose that there is a compact 
set V containing all the spectra o(T«). It is assumed that every complex con- 
tinuous function on V is the uniform limit of rational functions and that the 
resolutions of the identity E, for T, satisfy the inequality 


| #,(8)| <M, acA, 


for every 5 in the family B of all Borel sets of complex numbers. If T =lim,T « 
and o(T) S V, then T* is a spectral operator of class (B, X). If X is weakly 
complete, then T is itself a spectral operator. 


REMARK. In order that V have the property that every continuous 
function on V is the uniform limit of rational functions, it is clearly 
necessary that V have no interior points. However, it is known that not 
every compact nowhere dense set V has the required property, and the 
complete characterization of such sets seems to be an unsolved problem 
in approximation theory. Lavrentieff [1] (see also Mergelyan [1]) showed 
that if V is nowhere dense and does not separate the plane, then V has 
the required property. Hartogs and Rosenthal [1] showed that if V has 
plane measure zero, then V has the desired property. Walsh [1] showed 
that if V is the union of a finite number of Jordan arcs, no two of which 
intersect in more than a finite number of points, then V has the required 


property. 
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Proor. Since the operators T, are scalar type spectral operators whose 
spectra lie in V, their resolvents are given by the formula 


E (6) 
RA; T) = : AE, 
A Ta=f d 
and it follows from Theorem 2.10 that 
|R(A; T.)| S 4M sup NEV. 


fev aaa Al’ 
Thus it follows from the identity 
RA; Ta) — R(A; T) = RA; TAL —T)R(A; T) — RA; TaM — Ta) R(A; T) 
= RA; T,)(T2 — T)R(A; T) 
that, for A ¢ V, R(A; Ta) > R(A; T) strongly. Now let r be an element of 
the class R(V) of rational functions which are continuous on V. Then r(T,) 
is a finite product of terms of the form AJ — T, and R(A; T,). Thus, since 
the product of bounded, strongly convergent generalized sequences is itself 


a strongly convergent generalized sequence, we see that 7r(T,) > 7(T) 
strongly. Now, from Theorem 2.10, 


Pe) =| f POEA) | < 4M sup |r(d)], 
v tev 


and since r(7',) > 7(7’) strongly, we have 

APNE 4M sap B: 
Since R(V) is dense in C(V), this inequality shows that the homomorphism 
r—r(T) on R(V) has a unique continuous extension to a homomorphism 
of C(V) onto the uniformly closed operator algebra generated by the 


operators r(7’) with rin R(V). The present theorem then followsimmediately 
from Theorems 2.4, 2.5, and 2.10. Q.E.D. 


2 CoRoLLARY. Under the hypotheses of the preceding theorem. 
f(T) =limf (Ta) fec), 


in the strong operator topology. 


Proor. Let {r,} be a sequence of rational functions converging 
uniformly to the continuous function f on V. It was shown in the preceding 
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proof that, for each a, 
r,(T)x = lm r,(7.)2, xEX. 


On the other hand, 
Irn( Ta) —f(T.)| Ss 4M sup |ra(à) —f(a)| 


and so 
lim TaT aja =f (Ta) 
n> o 

uniformly for |x| <1. Thus, by the Moore-Smith convergence theorem 

(cf. 1.7.6), 

f(T) =lim lim r,(7.)¢ = lim lim r,(T ajx = lim f (7',)2. Q.E.D. 
n a a n a 
Using Corollary 2, we may obtain the following result which is analo- 


gous to a perturbation theorem of Rellich (cf. Theorem X.7.2) for normal 
operators on Hilbert space. 


3 THEOREM. Suppose that the hypotheses of Theorem 1 are satisfied and 
that E is the resolution of the identity for T. Then 


f(T)x =lim f (7,)2, xexX, 
a 
for every bounded Borel function f on V whose set of discontinuities is con- 
tained in a closed set upon which E vanishes. 


Proor. Let K be the set of discontinuities of f and let g, be a con- 
tinuous function vanishing on the closure K, having the value 1 for those 
Aà whose distance from K is greater than 1/n, and satisfying the inequality 
lgn(A)| < 1 elsewhere (cf. Theorem 1.5.2). Then fg, is continuous so that, by 
Corollary 2, 


my (Tagal Ta) =f (T)g,(T)2, xex. 


Similarly lim, g,(7'2) =9n(T) in the strong operator topology. Since 
|f (Ta)| S 4M sup |f(A)| < L, 


the inequality 
lf ( Tagal T)x — f (T aT oa] = L\g,(T)x = Ia(T e)z] 
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shows that 
lim f(T')9n(Po)@ = lim f (T2)9,(T), rex. 


Thus 
ny (Tey =f (TW 


for every y of the form y =g,(T)x. But, by hypothesis, E(K) =0 and so 
9AT)x > E(K')x = x, which shows that the vectors y =g,(T)æ are dense 
in X. Since the operators f (T „) are bounded uniformly in «, it follows that 
f(Tajæ +f (T)x for every x in ¥. Q.E.D. 


5. Exercises 


1 Dertnirion. If K is a compact set in the complex plane, then let 
R(K) be the set of rational functions which are analytic on K and let 
CR(K) be the closure of R(K) in C(K). A set K is said to be an R-set if 
CR(K) =C(K). 

2 Let X be a reflexive B-space and let T € B(X) and suppose that o(7’) 
isan R-set. Then T is a scalar type spectral operator if and only if there 
exists a constant A such that 


If(PISAF|, fe R(o(7)). 


3 Let X be a reflexive B-space and T e B(X) and suppose that o(T) 
is an R-set. Then T is a scalar type spectral operator if and only if there 
exists a constant A such that 


A(T? S AIS (TPI, fe R(o(7)). 
4 Let U be a unitary operator in B(X). If U is spectral, then there 
exists a constant A such that if 


P(r) = 5 Cp AK, 
IN 


then 
|P(U)| < A sup |P(A). 
jaj=1 


Conversely, if X is reflexive and U is a unitary operator satisfying this 
condition, then U is spectral. 
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5 (Fixman, Krabbe) The right shift operator U defined in ¥ = 
l(—œ, œ) by 


Ulica bito trea) = eao Baad Eai Sores) 
is not spectral.: [Hint: Either examine o,(U) or use the fact that there 
exists a continuous function whose Fourier series does not converge abso- 
lutely.] 
6 (Fixman, Krabbe) The right shift operator U, defined in 
I,(— 00, 0), l< p< œ, p #2, by 


Oris Ey fos Eas hs) Sebo, Ea foxx) 


is not spectral. [Hint: If 1<p <2, then it is known (ef. Zygmund [1; 
p. 190]) that there exists a continuous function whose sequence of Fourier 
coefficients does not belong to l, .] 

7 (Fixman) Let «>O and let r, be positive rotation of the unit 
circle S = {A| [À| = 1} through « radians. Then r, is a homeomorphism of 
S onto S and is periodic if and only if « is a rational multiple of 7. Let U, 
be defined on C(S) by (U.f)(s) =f(ra(s)). Show that U, is a spectral 
operator on C(S) if and only if « is a rational multiple of r. [Hint: If «/z 
is irrational, for each n there exists a point sọ such that sy =r(so), k =0, 
+1, ..,. +n, have disjoint neighborhoods.] 

8 Let A be a commutative subalgebra of B(X) which contains J and 
is full (in the sense that if A e Y and A~? € B(X) then A~1 e W). (i) Show 
that the spectrum o(A, W) of A e W as an element of XW coincides with the 
spectrum o(A, X) of A as an element of B(X). (ii) If Æ is a projection in M, 
and YW, ={AH| A E W}, then o(A, Ms) =o(A, EX). 

9 Let W be a commutative full subalgebra of B(X) containing J. Let 
E be a projection in QW and let W, = {4E | A e W}, and let M and M, 
denote the set of all multiplicative linear functionals on A and A; , respec- 
tively. (i) Show that there is a one-to-one correspondence between Mt, and 
{me M| m(#) = 1}. (ii) Show that if A e Ws, then 


o(A, HX) = {m(A)|m e M, mE) = 1}. 
10 Let S, T be commuting operators in B(X). (i) Show that 
o(S+ T) S o(S) + o(T). 
In particular, if N is quasi-nilpotent, then o(S + N) =o(S). (ii) If E is a 
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projection operator which commutes with S and N, then 
o(S + N, EX) =o0(8, EX). 


11 Use the preceding exercises to give another proof of Theorem 
XV.4.5 giving the canonical decomposition of a spectral operator into its 
scalar and radical parts. 

12 Let E be a countably additive spectral measure and let % be a 
full commuting algebra containing E. If m is a multiplicative linear func- 
tional on X, then there exists a unique complex number Àm such that the 
scalar valued measure mH(-) equals 1 on each neighborhood of A,, and 
equals 0 on each closed set not containing Àp . 

13 (Saffern) Let T be an operator in B(X) and let A(T) be the full 
closed subalgebra of B(X) generated by T. Show that A(T) is the uniform 
closure of 


R(T) = {f (T) |f is rational with poles in p(T)}. 


14 (Kantorovitz) Let A and B be elements of B(X) with resolvent 
operators R(A; A) and R(A; B). Suppose that p is not in the set 


o(A) + o(B) = {a+blae o(A), 6 € o(B)} 


and let C, be a positively oriented rectifiable contour surrounding o(A) 
and which is, together with its interior, contained in u — p(B). Show that 
the integral 


1 
J(u; A, B)=5— | Riu — à; B)RA; A) dà 
u 


exists in B(X) and is independent of the contour C,. Show that this 
integral equals 

— RA; B)R(p — à; A) da, 

27t Jd, 
where D, is a contour surrounding o(B) and which is, together with its 
interior, contained in u — p(A). 

15 (Kantorovitz) With the notation of the preceding exercise, show 

that if A B = BA, then 


R(p; A + B) =J(p; A, B). 


Moreover, if the distance between u and o(A) exceeds the spectral radius 


XVII.6 NOTES AND REMARKS 2225 
|o(B)| , then 
R(p; A+ B) => Rip; A+B". 
n=0 


16 (Stone) A completely regular space is called extremally discon- 
nected if the closure of every open set is itself open. Prove that every 
complete Boolean algebra of projections in a B-space is isomorphic (as a 
Boolean algebra) to the Boolean algebra of all open and closed sets of an 
extremally disconnected compact Hausdorff space. [Hint: Use Theorem 
1.12.1.) 


6. Notes and Remarks 


The results presented in this chapter are taken primarily from Dun- 
ford [18] and Bade [3, 4, 5]. In addition to these papers, the following deal 
primarily with algebras of spectral operators, Boolean algebras of projec- 
tions, or multiplicity theory. Dieudonné [19, 20, 21], Dowson [2, 4, 6], 
Edwards and Ionescu Tulcea [1], Feldzaman [1, 2], Foguel [3, 5, 7, 8], 
Lumer [2], McCarthy [1], McCarthy and Schwartz [1], McCarthy and 
Tzafriri [1], Moyal[1}, Simpson [3], Tzafriri [2, 3, 4, 5, 6], and Walsh [1, 2, 3]. 
(However, it should be borne in mind that other papers dealing with spec- 
tral operators or operator algebras sometimes establish results that are 
related to the material discussed here.) 

Section 2, which deals with uniformly closed commutative algebras 
of spectral operators, is taken from Dunford [18]. Most of the results in 
Section 3 are due to Bade [8, 4] although special cases of some of these 
theorems were proved earlier. For example, the fact that if B is a bounded 
Boolean algebra of projections in a reflexive space then the fact that the 
strong closure of B is complete follows from a theorem of Day [10] and 
was stated explicitly by Dunford [2] (see also Bade [3; p. 404]). Extending 
a theorem of Lorch [2] for sequences, Barry [1] proved that a bounded 
monotone generalized sequence of projections in a reflexive space is strongly 
convergent to a projection. In the case of Hilbert spaces, Lemma 3.14 was 
proved by Wolf [2]. It was observed by F. Riesz [21] that some earlier 
results of von Neumann implied that if A is a self adjoint operator in a 
separable Hilbert space $ and if B is a bounded operator which commutes 
with every operator commuting with A, then B =f (A) for some bounded 
Borel function f. Riesz gave another proof of this result and his method 
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was extended to unbounded operators by Mimura [1]. For other proofs, 
see Nakano [8, 9], Riesz and Sz.-Nagy [1; Sec. 129], and Sz.-Nagy [8, 
pp. 63-65]. The theorem fails if $ is not separable (cf. Nakano [9], Sz.-Nagy 
[3; p. 65], Wecken [2]). However, in the bounded case Segal [5, IT] has 
found an extension by considering a larger class of functions. Segal’s 
result is extended to spectral operators by Bade [8; p. 410]. Theorems 3.16 
and 3.18 may also be regarded as being generalizations of this von Neumann- 
Riesz theorem. 

It was proved by Berkson [3] that if ¥ is a uniformly convex B-space 
and B is a bounded Boolean algebra of projections on X, then X¥ has an 
equivalent norm such that the functionals given by Lemma 3.12 can be 
expressed by means of a semi-inner product. On the other hand, Walsh 
[2; p. 315] has shown that in a complete metrizable locally convex space 
there may not be a single functional corresponding to xë; however, some of 
the results presented here can still be generalized. 

Walsh [1] showed that if X is a complex B-algebra with the property 
that for every a e A there is a homomorphism h, of C(o(a)) into W which 
sends the function f(A) =A into a, then QI is semi-simple, commutative, 
and isomorphic to C( M), where M is the space of maximal ideals of XW. 

It was proved by Dowson [2] that if S is a scalar operator whose 
spectrum is nowhere dense and does not separate the plane, then the 
resolution of the identity of S is contained in the weakly sequentially 
closed algebra generated by S and I. However, this conclusion fails if o(8) 
has non-empty interior or separates the plane. 

The results of Section 4 on strong limits of spectral operators are due to 
Bade [3; pp. 397-403] [4]. Theorem 4.3 generalizes theorems of Kaplansky 
[7] and Rellich |2, IT). Further results along this line have been obtained 
by Foguel [1, 4], Kantorovitz [4, 5], and Tzafriri [3, 4]. Analogous results 
were obtained in locally convex spaces by Simpson [1]. Theorem 4.1 
is false without the hypothesis that o(T) S V. This has been shown by a 
counterexample constructed by C. Foias. Berkson [5] has shown that this 
hypothesis is satisfied if the complement of V is connected. 


CHAPTER XVIII 


Unbounded Speciral Operators 


1. Introduction 


It was shown in the course of Chapters XII, XIII, and XIV that in 
order to apply the spectral theory of Hermitian operators to ordinary and 
partial differential operators it is first necessary to extend the spectral 
theory of bounded operators to a theory of unbounded operators. The 
present chapter is an attempt to make the corresponding step in the theory 
of spectral operators. 

We begin by defining a closed spectral operator and its resolution 
of the identity, and showing that the latter is unique. Then a functional 
calculus of spectral operators is developed, first for analytic functions of 
general spectral operators, and next for arbitrary unbounded Borel 
functions of scalar type spectral operators. In the latter case it is possible 
to extend the very general theory developed for unbounded Hermitian 
operators in Definition XII.2.5 through Theorem XTI.2.9 to arbitrary 
B-spaces. Next we show by example that it is possible for an analytic 
function f (T) of a non-scalar type spectral operator not to be spectral, and 
give sufficient conditions on f that f(T) be spectral. The relation between 
a general spectral operator and its scalar part is shown to be less close for 
unbounded than for bounded operators. The present chapter ends with a 
theorem establishing a sufficient condition that an unbounded operator 
be spectral; this condition will be used in proving the principal result of 
the following chapter. 

It should be remarked that no analysis of the extension theory of 
spectral operators paralleling Section XII.4 is given in the present chapter. 
Such a theory would doubtless be useful in the study of nonselfadjoint 
differential operators, and its omission must be regarded as a serious gap 
in the theory. 
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2. Unbounded Spectral Operators 


1 Dertyition. Let Z denote the o-field of Borel subsets of the 
complex plane. Let T be a linear operator whose domain and range are 
contained in a complex B-space ¥. Then T is said to be a spectral operator 
if it is closed and if there is a regular countably additive spectral measure 
E defined on &, such that 


(i) DT) 2 E(o)X if o is bounded; 
(ii) E(o)D(T) s DT) 


TH (o)x = E(o)T2, xe DT), oe 8; 


(iii) the restriction T| H(c)X with domain D(T) ^ E(o)¥ has its 
spectrum 


o(T | E(c)¥) S a, ae ZB. 
The spectral measure Æ is said to be a resolution of the identity for T. 


It is immediate that a spectral operator is closed and densely defined. 

It will first be shown that the resolution of a spectral operator is 
unique. This is done in Theorem 5 to follow, and the preliminary lemmas 
follow the same line of argument as was used in the case of bounded 
spectral operators. 


2 Lemma. If o is a Borel set, and T is a spectral operator with 
resolution of the identity E, then the restriction T | E(o)X of T to E(c)X is a 
spectral operator whose resolution of the identity’ is the restriction of E to 
E(o)X. If o is bounded, T | E(o)X is bounded. 


Proor. If o is bounded, then by Definition 1(i), the restriction R 
of T to E(c)X is a closed everywhere defined operator, so that, by the 
closed graph theorem, R is bounded. In any case, R is closed. If F is the 
restriction of E to E(o)X, it is clear from Definition I(ii) that 
E(e)D(R) S D(F), and that F(e)R | RF (e) for each Borel set e. Using the 
notation of Definition 1 (iii), it is clear that R| E(e)H(o)X = T | E(eo)X, so 
that, by (iii), o(R| H(e)E(c)X) S ec Sa. Thus, R is spectral, and has 
the indicated resolution of the identity. Q.E.D. 


The next iemma is the “ unbounded” form of Theorem XV.3.4. 
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3 Lemma. Let T be a spectral operator with resolution of the identity 
E, and let o be a compact subset of the plane. Then E(c)X is the family of 
all vectors x such that there exists an analytic vector function y, defined for 
A€ o such that 


(Al —T)y,=2%, Ago. 


Proor. Suppose that a y, with the indicated properties exists for 
Aéo. Let e be an arbitrary bounded Borel set. Then by Definition 1 (ii) 
we have 

(AI — T)E(e)y, = E(e)x, À Eo. 


It follows (in the notation of Definition 1(iii) and Theorem XY.3.4) that 
the spectrum o(F (e)x) of the element E(e)x of E(e)¥ relative to the operator 
T|E(e)¥ is contained in o. By Lemma 2 and Theorem XV.3.4 we then 
have E(o)E(e)x = E(e)x. Taking the limit of this equation as e runs 
through an increasing sequence of bounded Borel sets whose union is the 
entire complex plane, we find that E(o)x = zx, so that x is in H(o)X. 

Conversely, let x be in E(o)¥. Then, by Definition L(iii), the resol- 
vent R(A; T| H(c)X) is defined and analytic for A not in o. Putting 
yı = RA; T | E(o)¥)x, we clearly have (AI — T)y, = x. Q.E.D. 


4 COROLLARY. Let T be a closed spectral operator with resolution of 
the identity E, and let A be a bounded operator such that AD(T) S D(T) and 
ATx =T Az for x in D(T). Then AE(e) = E(e)A for each Borel set e. 


Proor. Let o be a compact set, and let x be a vector in E(o)X. Then, 
by Lemma 3, there is an analytic vector function y, defined for A ¢ o such 
that 

(Al — T)y, =2, Ago. 


It follows that 
(Al — T)Ay, = Aa, Ago. 


Hence, by Lemma 3, Az is in E(o)X. This shows that H(c)AH(c) = AE (o) 
and that (I — E(c))AH(c) = 0 for each compact set o. If we take the limit 
of this equation as o runs through an increasing sequence of compact sets 
with union e, it follows that H(e)AH(e) = AE(e) for each open set e. Thus 


AE(o) = E(o) AE(c) = E(c)AE(o) + (I — E(0’))AE(o’) 
= E(o)A(E(o) + Elo’) = E(o)A 


2230 XvuI. UNBOUNDED SPECTRAL OPERATORS XVITII.2.5 


for each compact set o. Since the family of sets e for which H(e)A = AE(e) 
is evidently a o-field, it follows that H(e)A = AK(e) for each Borel set e. 
Q.E.D. 


5 THEOREM. The resolution of the identity of a closed spectral operator 
is unique. 


Proor. Let E and E, be two resolutions of the identity for the closed 
spectral operator T. Then, by Corollary 4, E(e) and E(f) commute for 
each pair of Borel sets e and f. Let o be a compact set. It follows that 
each projection H(e) leaves E (o)¥ invariant. By Lemma 2 the restriction 
S of T to E (o)¥ is a bounded spectral operator, whose resolution of the 
identity is the restriction F, of E, to H,(c)X. We will show that the 
restriction F of E to E (o)¥ is also a resolution of the identity for S. Once 
this is done, it will follow from the uniqueness theorem given in Corollary 
XV.3.8 that F, = F, so that E (e)E(o) = H(e)H(c) for every Borel set e 
and compact set o. Since E(c) is countably additive in ø, it will follow 
that £,(e) = E(e), which expresses the desired uniqueness. 

Thus it suffices to show that F is a resolution of the identity for S. 
It is clear that F(e)S =SF(e) for every Borel set e, so that we have only to 
show that the spectrum of the restriction S| H(e)H#y(o)¥ = T | E(e)E,(o)X 
is entirely contained in 6. 

It follows from Definition 1(iii) that for A ¢ é the operator Al — T is 
a one-to-one map of H(c)X into itself. Thus it suffices to show that, for 
A ¢ é, the operator AI — T maps the space E(e)E (o)¥ = Hy(o)H(e)X onto 
itself. From this it will follow that (AJ — T)-1 is everywhere defined, 
closed, and hence bounded, which means that A ¢ o(T | E(e)E,(c)X). But, 
by Definition 1, if A¢ é then (AZ — T)(D(T) ^a E(e)¥) = E(e)X. Thus 


E (o)E(e)X = E (0)(M — T)(D(T) ^n E(e)X) 
= (AI — T)E,(o)(D(P) ^a E(e)¥) 
S (AI — T)E, (0) E(e)€ 


by Definition 1. Q.E.D. 


Turning to the theory of functions of unbounded spectral operators, 
we begin the analysis with a useful general lemma. 


6 Lemma. Let E be a spectral measure in the B-space X which is 
defined and countably additive on the o-field X of subsets of a set S. Suppose 
that the subfamily X of X contains the union of every finite collection of its 
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elements, as well as every subset of any one of its elements provided that the 
subset a to X. Let Qo be a linear operator whose domain is the linear 
set eer E( X. It is assumed that, for each e in Xo, the operator Q, E(e) is 
bounded and = 


E(e)Qo% =Q E(e)x, e € Žo, £ E D(Qo). 


For a given increasing sequence {e,} in Zo for which E(| ]¥-1 €a) =I, let the 
operator Q be defined by the equations 


DQ) = {| lim Qo E(e,)x exists}, 


Qx = lim Q, E(e,)2, x e D(Q). 


n> O 
Then Q is a closed, densely defined operator which is ae porani of the 
particular increasing sequence {e,} in Xo provided only that E(| z-i en) =I. 


Proor. It is clear that Q is a linear operator. If x = Ha where y 
is in X, then Qo H(en)& =Q x for mn, so that lim, o Qo Eleme = 
Qox =Qo H(e,)x. This shows that x isin D(Q). Consequently, D(Q) 2 H(e,)X 
for each n, so that since E(|_)?_1 €n) =I, D(Q) is dense. 

Next let z be an arbitrary vector in D(Q). Then 

lim Qo E(e,)H(e)z = lim E(e)Qo H(e,)z = E(e)Qz, ee do, 

n> O n> 
which proves that QE (e)z = E(e)Qz for every e in Žo and z in D(Q). It is 
clear, moreover, that QE(e,)z = Qo H(e,)z for each n = 1 and each z in ¥. 

Let £m € D(Q), lim, o Em = x, and lim, ,.. Qx, = y. Then 

y = lim Qz,, = lim lim Qo E(en)Em 
= lim lim E(e,)Q2, 
by the argument in the preceding paragraph. Since the norms |E(e,)| are 
bounded in v (by the uniform boundedness theorem and Corollary TV.10.2), 
it is seen that lim,, ,.. E(e,)Q£m = E(e,)y uniformly in n. It follows by the 
Moore-Smith convergence theorem (1.7.6) and the boundedness of Qo E(e,) 
that 
y = lim lim E(e,)Q%m 


n>o m> 


= lim lim Qo E(en)%@n 


n>o m> 


= lim Q E(e,)x. 


nwo 
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Thus xv is in D(Q) and y = Qr. This shows that Q is closed. 
Let {é,} be a second increasing sequence of elements of 2 such that 
E(\)v-1 €n) =Z, and let Q be defined by the equations 


DQ) = {x| lim Qo H(é,)a exists}, 
Qx = lim Q, E(é,)2, x e D(Q). 


To complete the proof of the theorem it will be shown that Q = Q. If 
x is in D(Q), then lim,- o E(é,)z =x and by the argument of the second 
paragraph of the present proof, 
Qu = lim Q,E(é,)x = lim QE(é,)x. 
n> oOo n> Ù 
Since Q is closed, it follows that x is in D(Q) and that Qx = Õx. Thus 
Õ <Q. It follows from symmetry that 9 =Q. Q.E.D. 


7 CoRoLLARY. Under the hypotheses of the preceding theorem it 
follows that E(e)D(Q) S D(Q) and QE(e)x = E(e)Qx for every x in D(Q) and 
every e in X. 


Proor. Let {e,} be as in the preceding proof, and let x be in D(Q). 
Then limp» H(e)H(e,)" = E(e)x, and 
lim QE(e,)H(e)u = lim QE(e, e)x 


n> © n> o 


= lim E(e,e)Qx = E(e)Qx 
by the second paragraph of the preceding proof. Thus, since Q is closed, it 
follows that E(e)x is in D(Q) and that H(e)Qx = QE(e)z. Q.E.D. 


Functions of an unbounded spectral operator can now be defined. Let 
T be a closed spectral operator with resolution of the identity Æ and let f 
be a function analytic on an open set U such that E(o(T)— U) =0. Let 
e bea bounded Borel set whose closure is contained in U. Then by Lemma 2, 
T | E(e)X is a bounded linear operator whose spectrum is contained in U. 
According to the functional calculus developed in Chapter XV.5, or even 
according to that defined in Chapter VII.3, f(T | H(e)X) may be defined. 

Next it is noted that if x is in H(e)X ^ H(é)X, then f(T | H(e)X)z = 
f (7 | H(@X)x. Since e 2 eë GE it is sufficient to establish this in the 
special case where é & e. This case follows readily from the definition 
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(cf. VII.3.9) of an analytic function of a bounded operator by observing 
that 
RA; T | E(&)¥)x = RA; T | E(e)X)a, Ae é, xe E(é)X. 

By virtue of the equation f(T |E(e)¥)x =f (T| H(é)¥)z which has 
been established for x in E(e)¥ ^n E(é)X, we may define a single valued 
linear operator Q, on (_), E(e)X, where e varies over the family of bounded 
Borel sets whose closures are in U, by the equation 


Qox =f (T | E(e)X)a, xe E(e)X. 


Now, using the machinery established in Lemma 6, f(T) may be defined 
as follows. 


8 DEFINITION. Let T be a spectral operator with resolution of the 
identity Æ, and let f be a function analytic in an open set U such that 
E(U) =I. Let {e,} be an arbitrary increasing sequence of bounded Borel 
sets with closures contained in U, such that E(\ J_1 €n) =Z. The operator 
f(T) is defined by the equations 


D(f(7)) ={x| lim f(T | E(e,)¥)E(e,)x exists}, 
f(T) = lim f(T | B(en)¥)E (en), xe D(f(T)). 


9 THEOREM. The operator f(T) of Definition 8 is closed, linear, and 
independent of the particular sequence of Borel sets used to define it. 

(i) For each Borel set e and each x in D(f(T)), H(e)\D(f(T)) S 
Dif (T)) and E(e) f(T) =f (T)E(e}x. 

(ii) If e is any Borel set, f (T | E(e)X) =f (T) | E(e)¥. If, in particular, 
e is a bounded Borel set with closure contained in U, f (T)| E(e)X ts bounded. 

(iii) If the set Z of zeros of f has spectral measure E(Z) =Q, then f(T) 
has an inverse and f(T)~* = (L/f XT). 

(iv) In case f is a polynomial, Definition 8 agrees with Definition 
VIL.9.6. 

(v) If T is bounded and f is analytic on o(T), f(T) is bounded and 
Definition 8 agrees with Definition VII.3.9. If f is analytic on a(T) and at 
infinity, f (T) is bounded. 

Moreover, if g is a second function analytic in an open set V such that 
E(V) = I, then 
(vi) DT) +f (T) = Dg +fT)) 0 DG(T)) and 
g(T)æ +f (Te = (g + f Tye for x in DYT) +f (T). 
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(vii) DTS T) =D ATI) a D (T)) and 
WT) f(T)x = (gf (T)x for x in DYT) S(T). 
(viii) If «AO, then Di(af)(T)) =D (T)) and 
(of (Px = af(T)x for xin D(f(T)). 


Proor. The first statement follows from Definition 8 and the 
three paragraphs of explanation which precede it, and from Lemma 6. 
Statement (i) follows from Corollary 7. If e is a bounded Borel set with 
closure contained in U, it may be supposed, since f(T) is independent 
of {e,}, that e =e;. If x is in E(e)X, then, by the paragraph preceding 
Definition 8, f(T | E(e,)X)x =f (T| E(e)X)« for n21 so that f(T)a= 
lim, o f(T | E(e,)¥)x =f (T | E(e)¥)x. This proves statement (ii) in case e 
is bounded and has closure contained in U. 

To prove (ii) in the general case, let e be a Borel set, and note that by 
Lemma 2, T| E(e)¥ is a spectral operator whose resolution of the identity 
F is the restriction of E to E(e)¥. Clearly F(U) =J and so f(T | E(e)X) 
is defined. Let {e,} be an increasing sequence of bounded Borel sets with 
closures contained in U and such that E(\)ra1 é,) =I. Then 
F(\ 21 en) =Z also. Let x be in E(e)¥ and let x be in D(f (T | H(e)X)). 
Then by Definition 8, since (ii) has already been established for bounded 
Borel sets with closures contained in U, 


f(T | E(e)¥)x = lim f(T| F(e,)H(e)X) F(e,)& 


I 


lim f(T] B(ee,)X)E(e,) 


I 


lim f(T)E(e,)2. 

Since E(e,)"—>, and since f(T) is closed, it follows that x is in D(f(T)) 
and that f(7)« =f(T | H(e)X)x. Conversely, let x be in E(e)¥ and x be in 
D(f (T)). Then since E(e) f (T)x =f (T)E(e)x =f (7), it follows that f (T)x 
is in H(e)X. Hence, using (i), and the fact that (ii) has been established for 
bounded Borel sets with closures contained in U, it is seen that 


f(T)x = lim f(T)E(ee,)x 
= lim f(T | E(ee,)X)E(eq)@ 


= lim f(T | F(e,)E(e)X) Fen). 
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It follows from Definition 8 that x is in D(f(7'| H(e)X)) and that 
f(T | E(e)¥)x =f (T)x. This proves (ii) in the general case. 

Statement (vii) will next be proved. Let x be in D(g(T)f(T)). Since 
E(o(T) —(U n V)) =0 it may be assumed without loss of generality that 
U=V. Let {e,} be an increasing sequence of bounded Borel sets with 
closures contained in U such that E(\)7=1 en) =Z. Then, since T| E(e,)X 
is a bounded operator, we may apply the functional calculus of bounded 
operators (cf. VII.3.10) and conclude, using (i) and (ii), that 

lim (f(T | Hey) ¥)E (en) = lim (1 | Elen) S(T | Elen) ®VE (en) 


n> 


— lim g(T| Ele) 2E (en) f(T) 


n> 


= lim E(e,)g(T)f(T)x 


I(T)S (T). 
Thus it follows from Definition 8 that x is in D(gf (T)) and that (gf (T) = 


WAT) f (Te. 
Next let x be in D(f(7)) A D((gf)(T)). Then, using (i) and (ii), and 
what has already been established, it is seen that 


lim g(T | E(e,)X)E(e,)f (Tje = lim 9(T)E(e,) f(T )« 


I 


= lim g(T)f(T)E(e,)£ 


n> O 


= lim (af (TE (en) 


= lim Ee, )(gf (T)2 = (9f XT yx, 


n> D 


and it follows that x is in D(g(T)f(T)) and that 9(7)f(T)x = (gf )(T)x. 
This proves (vii). 
To prove (iii) we may argue as follows. Let g = 1/f. Then, by (vii), 


DAT) AT)) =DOT); DAT) T) = DFT); 
S(T (T) =x, «xe D(9(T)); 
g(T)S (T) =x,  xeD(f(T)). 
These equations show that f(T) and g(T) are one-to-one operators, and 


that the range of f (T) is a subset of the domain of g(T) and vice versa. If 
x is in D(f (T)), then x =g(T)f(T)x, so that x is in the range R(g(T)) of 
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g(T). Thus R(g(T)) = D(f (T)). The equation R(f(T)) = D(g(7)) follows 
in the same way. This proves (iii). 

The proof of (viii) is evident. 

To prove (vi), letx be in D(f (T) + 9(7)) and let {e,} be as above. Then, 
since 7'| E(e,)X is bounded, statements (i) and (ii) and the functional 
calculus of bounded operators (cf. VII.3.10) may be applied to conclude 
that 


lim (f + g)(7"| Blen) ®)B( 0) 


lim {f(T | Elen)¥)E(en)z + g(T | E(en)¥)E(en)a} 
= lim E(e,)(f(T)x + 9(T)2} 


=f (Tje + o(T)z. 
Thus it follows from Definition 8 that x is in D((f+g)(7)) and that 
(f+ 9T) =f(T)x + 9(T)x. This shows D((f + 9)(T)) 2 D(f(T) + (7), 
and since D(f(7)) 2 D(f (T) + 9(7)), it is seen that D(f(7) + 9(T)) S 
D(f +9T)) a D(f(7)). Using (viii), the same argument shows that 


D(g(T)) 2 D(( F T) —f(T)) = D(F + 9T) 0 DF (T), 


and since D(f (T T)) = ee D(g(T)), it is apparent that 
D( f(T) + 9(T)) es iu 5 g(T)) A Df rR ). This completes the proof 
of (vi). 

Statement (iv) follows readily from (vi), (vii), and Definition VII.9.6. 

Only statement (v) remains to be proved. In the first case described 
in statement (v), o(T) is a compact subset of U, and by Corollary XV.3.5, 
4i(o(T)) =I so that without loss of generality each of the sets e,, n 2 1, 
may be taken to be o(7). Then, by Definition 8, f(T) is the same as 
f(L| Ho(T))X)E(o(T)), and since E(o(T)) =Z, this is the same as the 
operator f(T) of Definition VII.3.9. This proves the first part of (v). 

To prove the second part of (v) it is sufficient, since f(T) is closed, to 
show that f(T) is everywhere defined (cf. the closed graph theorem 
(II.2.4)). By (ii), D(f(7)) 2 H(e)X, where e is any bounded Borel set. Con- 
sequently, it is sufficient to show that D(f(7)) 2 H(b,)X, where r is any 
positive number and 6, = {z||z| 27}. Choose r so large that b,_» is 
entirely contained in the domain of analyticity of f. It follows from (ii) 
that it suffices to show that D(f (T | E(b,)¥)) 2 £(6,)X. Since, by Lemma 2, 
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T | H(6,)X is itself a spectral operator whose spectral resolution F satisfies 
the equation F(b,) =I, it is clear and will henceforth be assumed that 
T = T| E(b,)X, and that H(b,) =I. 

Let C denote the circle |z| =r — 1, let R >r, and let Cp denote the 
circle |z| = R. Suppose that Cp is oriented in the positive sense, and C in 
the negative sense. Then (by VII.3.9) 


[+] t9=z lf- f roo —$)-1d 


for each bounded operator S with spectrum contained between C and Cpr. 
Noting that 


ü- atr Aon 1g, 
n=0 


for sufficiently large A (cf. VII.3.4), it is clear that we may let R — œ 
in formula [*] and obtain 


1 
fO = “f(T + x f PAAS ad. 


Let {e,} be an increasing sequence of compact subsets of b, whose 
union is 6,. Then, using the above formula and (ii), it is seen that 


f(T | E(en)¥) = ~f (0) | E(en)X 


1 
+z | SAMA — T) Elen) E} ad 
Mte 


1 
= {=f (0) + 5 | SAAI — T) A)| len). 
Since 


1 
floyd + 5 f FOAL — T) aa 


is clearly a bounded operator, this formula makes it obvious that the limit 
lim, o f (T| E(e,)¥)E(e,)x exists for all x in X, so that (v) is proved. 
Q.E.D. 

In Theorem 9 we have developed an operational calculus for an 


arbitrary spectral operator. The functions f to which an operator f(T) was 
assigned were analytic. We shall now show that when the spectral operator 
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is of scalar type, a much larger class of functions may be admitted. We 
begin by extending the very general functional calculus of X11.2.5 through 
XII.2.9 to arbitrary B-spaces. 


10 DEFINITION. Let S be a set, X a o-field of subsets of S, and Æ a 
strongly countably additive spectral measure defined on 2. Let f be a 
2-measurable function defined H-almost everywhere on S. Then the 
operator T(f) is defined by the equations 


D(T(f)) ={x| lim T(f,)x exists}, 
where s 


FA=fA) IAA Sn fA = A >n, 


and 
TS) = f OEG); T(f)e= lim Te, ee D(T(f)). 


—> 11 THEOREM. Let (S, 2, E), f,and T(f) be as in Definition 10. Then 
the operator T(f) is a closed operator with dense domain. Moreover, 

(a) DT) = D(T(F(-))))s 

(b) D(T(F)) S D(T(g)) if |F (8)| = |g(6)| B-almost everywhere; 

(c) T(f) is bounded if and only if f is E-essentially bounded, and 


E-ess sup | f(s)| <|T(f)| £ 4M E-ess sup | f (s)|; 
ses ses 


(d) Taf) = aT (f); 

2 T(f) + T(g) and 

(T) + TO) = DMF +9) 9 DMS); 

) 2 Mf)T(g); DTTO) = D(T(f9)) n DT); 

\E(e) 2 E(e)T(f) for each e in X; 

) has an inverse if and only if E(f~*(0)) =0, in which case, 


(i) x*T(f xæ = f f (s)x* E(ds)a, xED(T(f)), x* e X*. 


Proor. To see that T(f) is closed and densely defined we use Lemma 6. 
The family X, of that lemma will be taken as the family of all sets e in 2’ 
upon which f is bounded. The operator Q, of Lemma 6, whose domain is 
| Jeczo H(e)X, is defined by the equation 


Qox =T (fxe)a, x e E(e)X, eed. 


XVIII.2.11 UNBOUNDED SPECTRAL OPERATORS 2239 


Since f y, is a bounded function, the operator T(f xe) is a bounded operator. 
If x is in H(é)X¥ as well as in H(e)X, it follows from the operational calculus 
for bounded functions (cf. X VII.2.10) that 


T(fxe)x aa T (fre) E(é)x = T(fxea)% 
= T( fe) H(e)a = T(fxe)e 
so that Q, is well defined on (eere E(e)X. It thus follows from Lemma 6 
that T(f) is a closed, densely defined operator. Moreover, statement (g) 
follows from Corollary 7. 
Statement (d) is obvious. Letting e € X, and xe E(e)X, we have 


T(fxe)x m Im T(fXe)E(Cn)® = lim T(fXe Xen)t 
= lim T(fy.,)« = T(f)x 


by the operational calculus for bounded functions (cf. X VII.2). Hence, for 
xe E(e)¥, we have T(fy.)a=T(f)H(e)z. On the other hand, if 
xe H(S —e)X, T(f)H(e)z =0 and 


T(fxo)e = T(fxe)e = T(fxe)E(e)e = 

by the operational calculus for bounded functions, so that T(fy.)a = 
T(f)H(e)x for xe E(S — e) also. Thus T(fy.) = T(f)#(e)x in all cases. If 
T(f) is bounded, it follows that the family of operators T(fy,) is uniformly 
bounded and hence, by Theorem XVII.2.10, that the family of functions 
fxe, € € X, is uniformly H-essentially bounded. Thus, if T(f) is bounded, f 
if H-essentially bounded. This proves part of (c); the rest follows im- 
mediately from Theorem XVII.2.10. 

Statement (a) clearly will follow from statement (b). Statement (b) 
follows from statement (f ); indeed, let | f (s)| = |g(s)|,and put A(s) = 9(s)/ f(s) 
if f(s) 40, and A(s) =0 otherwise. Then |A(s)| <1, so that ae - he 
operator T(h) is bounded. We have g —Af, since a is Be whole 
space, it follows from (f) that D(7(f))=D(T(AT(S)) = DTMS)) A 
D(T(g)), so that D(T(f)) 2 D(T(g)) and (b) follows. 

We next prove (f). Let e, ={s||f(s)| < n and |g(s)| < n}. The first 
paragraph of the present proof and Lemma 6 show that 


D(T(g)) ={x| lim T(gxe,)" exists}, 


T(g)x = lim T(gye,)@, xe D(T(9)), 
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where T(gy.,,) is a bounded operator defined by the functional calculus of 
bounded functions (cf. XVIT.2.10). Exactly similar statements may be 
made about T(gf) and T(f). Consequently, if x is in D(7(g)T(f)), we have 
(by XVIT.2.10) 


am Tf Xen)& = um T(9xXen) T(fXen)E(en)T. 


Now, by (g), T(f)E(er)z =limn.o T(fXem Xen) Een)? = T (fXen)E(en)z for 
ze D(T(f)). Similarly, T(g)E(e,)z = T (g%en)E(en)z for z € D(T(g)). a we 
find by using (g) that 


lim T(gfxe,)¢ = ae T(gXen T(J )E(en)£ 


n> O 


= lim T(g)E (eq) T(f x 
= Tim Efe) TTS) = Tg) T (fe. 
This shows that x is in a (gf )) and that T (gf jx = T(g)T(f )x. Conversely, 
let x be in D(T(gf)) T(f)). Then, using (g), we have 
an feat ye ie T(GXen)E (en) T (f) 


= lim T(gXeq)T(f (en) 


n> O 


= lim T'(9Xen)T (FXen)% 
= lim T(afye,)# = Taf) 


Thus T(f)x is in D(T(g)), and T(g)T(f)x = T(gf)x. This proves (f). 

Statement (e) may be proved in the same way, as follows. Let {e,} be 
as in the preceding paragraph. Let x be in D(7(f) + T(g)). Then, by 
XVII.2.10, 


uo T(f+9)Xen)*¥ = lim T(fXen)® + T9Xen)® 


= T(f)x + T(g)x, 


so that x isin D(T(f + g)) and T( f+ g)x = T(f)x+ T(g)x. Conversely, if 
xisin D(T(f+9)) a D(T(g)), then 


lim T(9Xe,)% = = Bes Tf + I)Xen — fXen)® 


n> o 


F Tim Tf +9)Xen)® — TUfxen)® 


= T(f+9)x—T(f)e, 
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so that x isin D(T(g)) and hence in D(T(f) + T(g)) = D(T(f)) a D(T(9)), 
and (e) is proved. 

If E(f~1(0)) 40, there is an x 40 such that E(f- 1(0)jx = xv. It is then 
clear from Definition 10 that x is in D(7(f)) and that T(f)x =0; conse- 
quently T(f) has no inverse. Conversely, if H(f~1(0)) =0, so that 1/f is 
defined H-almost everywhere and X-measurable, then by (f) we have 


DT(P)TAP)) = DITA); DPALP)T SP) = DPF); 
T(f)TOAlf)z =x, ze DTP); 
TOUTS =, xe D(T(f)). 
These equations show that T(f) and T(1/f) are one-to-one operators 
and that the range of T(f) is a subset of the domain of T(1/f) and vice 
versa. If x is in D(T(f)), then x = T(1/f)T(f)x, and so x is in the range 
T(1/f)) of TA/f). Thus R(T(1/f)) = D(T(f)). The equation R(T (f)) 
= D(T(1/f)) follows the same way. This proves (h). 


To prove (i), let x be in D(7T(f)), x* in X*, and let M be an upper 
bound for the norms |£(e)| with e in X. Then, for each subset e of e,, 


| [ oye as)a| =|x*E(e)T(fp)2| 


= |x*E(e)T(f )x| < M|x*||T(f)e|. 
Thus, by III.2.20(a) and III.1.5, 


[Ife v(a*E(-)x, ds) < 4M |x*||T( fax]. 


It follows by letting n—> oo that f is x*H(-)z-integrable. Then, by the 
Lebesgue dominated convergence theorem (III.6.16), it follows, since f, is 
bounded, that 


f, f (s)x*E(ds)x = lim f f (s)x*¥E(ds)x 


n> oen 


= lim a {f f(s)\E s)he 


n> O 


= lim 2*T (f e = a2*T(f)zx. Q.E.D. 
n> 
12 DEFINITION. Let T be a bounded or unbounded linear operator 
in a B-space X. If there exists a countably additive resolution of the 
identity Æ defined on the field of Borel subsets of the plane such that 
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T = T(f) in the sense of Definition 10, where f(z) =z, then T is said to 
be an unbounded spectral operator of scalar type. The projection valued 
measure Æ is said to be the resolution of the identity for T. 


13 Lemma. An unbounded spectral operator of scalar type in the sense 
of Definition 12 is a spectral operator in the sense of Definition 1. Moreover, 
the resolution of the identity for T in the sense of Definition 12 is the same as 
the resolution of the identity for T in the sense of Definition 1. 


Proor. Using the notations of Definitions 12 and 1, let T and # 
have all the properties of Definition 12. It is clear from Definition 10 that 
D(T) 2 E(e)X for each bounded Borel set e. By Theorem 11(g), 
E(e)D(T) S D(T) and TE(e)x = H(e)Tx for each vector x in D(T). 

Let e be a given Borel set, and A¢ é. Let f(z) =(A—z)7} for zee 
and f(z) = 0 for z ¢ e. Then, by Theorem 11, 7(f) is an everywhere defined 
bounded operator, T(f)(AZJ — T)x = E(e)x for x e D(T), and (AI — T)T(f)x 
= E(e)x for all x. Moreover, E(e)T(f) = T(f)E(e). It follows that the 
restriction of T(f) to the space H(e)X¥ is the inverse of the restriction 
(AI — T)| E(e)¥ of Definition 1. Thus T and # have all the properties of 
Definition 1. Q.E.D. 


14 COROLLARY. The resolution of the identity of a scalar type spectral 
operator is unique. 


Proor. This follows from Lemma 13 and Theorem 5. Q.E.D. 


15 Derrnrrrion. If f is a complex valued Borel measurable function 
of a complex variable, and T is a scalar type spectral operator, then by 
f(T) we shall understand the operator T(f) of Definition 10, the resolution 
of the identity in Definition 10 being taken to be the resolution of the 
identity for T. 


Note that it follows from Corollary 14 that this definition is unique. 
To show that no contradiction arises between Definition 15 and Definition 
8, we introduce the following lemma. 


16 Lemma. Let T be a scalar type spectral operator, E its resolution 
of the identity, and f a function analytic in an open set U such that E(U) =I. 
Definitions 15 and 8 of f(T) agree. 


Proor. Let fi(T) and f,(7) be the values assigned to the symbol 
f(T) by Definitions 8 and 15, respectively. Let {e,} be an increasing 
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sequence of compact subsets of U such that | )?_,e, =U. Since, by 
Theorem 11, 


Tx = f AEldàje, we Ele,)X, 


it follows from Definition 12 that T|E(e,)¥ is a bounded scalar type 
spectral operator whose resolution of the identity F is defined by the 
formula F(e) = E(ee,) | E(e,)¥. Since o(T | E(e,)X) E en, and f is analytic 
on e,, it follows from Theorem XV.5.1 that f(T | E(e,)¥) = fe, f (A)F(dA), 
so that 


f(T | Eleq)¥)E (eq) = f f(A)E(dA)z, wex. 


It follows by Theorem 11 that 
F(T | E(6n)%)E(€n)® =fo( T)E (en). 
Now let x be in D(f,(7')). Then it follows from Definition 8 and the 
above formula that 
f(T) = fo( T)E(en)2- 
Since lim,.. H(e,)a =x, and since, by Theorem 11, f,(7) is closed, it 


follows that x is in D(fa(T)) and that f,(7)* =fa(T)x. This shows that 
A(T) S f(T). 

Let o,{A||fn(A)| <n}. It will be shown that D(f,(7)) 2 E(on)X. 
Indeed, if x is in H(o,,)X, then, by Theorem 11 and what has just been 
proved, 


f(L | Een) X)E (en) = Í f(A)E(aA)x 


= Ele) | fE 

= Een) fol T a. 
Consequently, the limit f,(7)a = lim, o f(T | L(é,)X)H(e,)x exists and 
equals f,(7')x. Thus, by Theorem 11, for each 2 in D(f.(7)), 

f(T) E( Om)" =fo(T)E(Om)® = Elom) fol Ta. 

Consequently, lim, . fi(T)E(en)x =f.(T)x. Since, by Theorem 9, 
Mn- o E(on)e = x, and f;(7) is closed, it follows that x is D(f,(7)) and 
that fı(T)x =f.(T)x. This shows that f.(7) S f(T). Q.E.D. 


2244 XVII. UNBOUNDED SPECTRAL OPERATORS XVIII.2.17 


17 THEOREM. Let S be a set, X a o-field of subsets of S, and E a 
strongly countably additive resolution of the identity defined on X. Let f be a 
d-measurable function defined on S. Then the operator T(f) of Definition 
10 is a scalar type spectral operator, whose resolution of the identity E, is 
given by the formula 


E,(e) = E(f-*(e)). 
Proor. Let f,(s) =f(s) if |f(s)| < n and f,(s) =0 if |f (s)| >n. Then 
D(T(f)) ={x| lim T(f,)x exists}, 
T(f)c = lim T(f,)2, xe DT). 
According to Corollary 14, Lemma 13, and Definition 12, it will suffice to 
show that 
D(T(f)) = {z| lim f AE (dà)z exists}, 
n> o “|Alsn 
T(f)x = lim AE, (dA), xe DT(f)). 


n>o “jA Ssn 


To see this we note that, by Lemma XVII.2.9, 


Tf) =f AB), 
Jai an 
from which the desired conclusion follows. Q.E.D. 


18 THEOREM. Let E be a countably additive spectral measure on the 
sigma field X of subsets of a set S. Let g, fı, fa,..., be a pointwise convergent 
sequence of X-measurable functions with 


lfa(s)| S|g(s)]|, ses, 
f(s) = lim fals) seS, 
and let x be in D(T(g)). Then x is in each of the domains D(T(f)), DUT Sa), 
n 2 l, and 
T(f)e= lim T(f,)e 


ee The first conclusion follows immediately from Theorem a 


Let hals) =fa(s)/9(8) if g(s) #0, hals) =O if g(s) =; let A(s) =f(s)/9(s) 
oe h(s) =0 if g(s) =0. Then |A,(s)| < 1, |A(s)| <1, hag =fr: ie 


XVIHI.2.18 UNBOUNDED SPECTRAL OPERATORS 2245 


hg =f. It follows by Theorem 11(f) that T(f,)2 = T(h,)T(g)x, T(f j£ = 
T(h)T(g)x. Hence it suffices to show that T(h,) converges to T(h) in the 
strong operator topology. This follows immediately from Theorem 
IV.10.10. Q.E.D. 


It would be valuable to extend Theorem 17 from scalar type spectral 
operators to arbitrary spectral operators. Unfortunately, no very literal 
extension can be given, as is shown by the following example of a spectral 
operator T such that sin nT is not a spectral operator. For n 2 1, let 
Hm be an n-dimensional unitary space with orthonormal basis 
(a, ...,2@). Let A m £ = nav for z € H, , and let Bn bedefined by By, a” = 
2-1ne,, 1<isn, Bax =0. Let H be the direct sum V'P_1 Ha- 
Let A and B be the operators in § defined by 


D(A) = {2 © 2 |Z r1 [Ae]? < co}, 

DB) = {2 PrI A D | Bey |? < oo}, 
A(x) = A(x OLI @ +++) = Age” PAI O, a e D(A), 
B(x) = B® O a O) = Baye O Bat O, we DB), 


respectively. It is easily seen that A and B are closed operators, and 
it is clear that D(A) = D( B). Thus, if C =A + B then D(C) = D(A). 
Since the operator C will give service in all of the counterexamples to be 
developed in the rest of this section, it will be examined rather carefully. 

First it will be shown that o(C) is the set of positive integers. Suppose 
that A is not a positive integer. Then, if Ia is the identity mapping in 
Hm, it follows, since Bn is nilpotent, that the operator 

(AZ ny — (Any + Bay) = (A= 2) Len) — Bony)” 


exists. Moreover, 
Ly 1 À 1 A 
KO — Nn) — Bay) | aes Ka — Fmt > B,) |, 
and, since |n~?B,| = 4, 
lim sup n |(AZ ny — (Aq + Ba) 7? S 2. 
n> O 


Thus, if we let R(A) be defined by the equation 


ROLL O12 @ - +) 
= RA; Aa + Baye? © RA; Avy + Bor? O, 
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it follows that R(A) is a bounded operator whose range is contained in the 
domain of C. It is clear then that (AJ —C)R(A)x =x for x in § and 
R(A)(AL — C)æ = x for x in D(C), so that R(A) = R(A; C) and A ¢ o(C). On 
the other hand, if à =n and wis in Ham), then (AI — C)"« = Btax =0, so 
that A is in o(C). Thus o(C) is the set of all positive integers. It may be 
shown in precisely the same way that if J is a subset of the class of positive 
integers, and $; =} nes D Ham, then the spectrum of the restriction 
C| $; is J. Since (tf — C)~* is bounded, «J — C is closed. Thus C is closed. 

Let Pim denote the orthogonal projection of § on Hm. For each 
Borel set e, let H(e) = > nee Pi). Then Z isa strongly countably additive 
resolution of the identity. If J is the set of integers in e, it is clear that 
E(e)S = H, . Thus o(C| E(e)H) =J S ë, so that Definition 1(iii) is verified. 
Since parts (i) and (ii) of Definition 1 are obvious, C is a spectral operator 
with spectral resolution Æ. 

The function f(z) = sin vz is entire. It will be shown that sin 7C is 
not a spectral operator. Suppose that it were, and let F be its resolution 
of the identity. It follows from Corollary 4 and Theorem 9(i) that F com. 
mutes with Æ. By Theorem 9(ii), the restriction (sin 7C) | Pn) § is the same 
as 


sin(7C | Pm 9) = sin 7(A @ + Bay) = sin mam + Ben) 
=(—1)* sin mB = Bayh(Bay); 
where A(z) = +271 sin mz. Since Bt, =0, it follows that (sin 7C)"P@ § 
== {0}. Let e be a closed set in the complex plane not containing zero. Then, 
by Theorem 9, 
((sin 70) F(e))"P ay 9 = (sin wC)"F(e) Pay 9 
= (sin 70)" Poy F(0) = {0}. 
Since, by Definition 1, (sin 7C)| F(e) is a one-to-one map, it foilows that 
Pu F(e) =0. Summing over n, it follows that F(e) =0. Consequently, 
F({0}) = J. It follows from Definition 1 that o(sin 7C) =0. This, however, 
may be proved false as follows, It will be shown that 
lim |A m — (—1)* sin nB)“ t| > ©, A #0, 
n> o 
from which it will follow that there exists a sequence of elements Ym in 
Hen such that |Y | = 1 and (AI — sin 7C)yq@ +0, so that o(sin 7C) covers 
the whole complex plane. To show this, note that since (sin 7B m )x® =0 
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and (sin 7B,,,))\2@ = (7/2n)a, we have 
(AZ — (— 1)" sin TB) 209? =A- "(as + (—1)* a), 


from which the statement |AJ — (—1)*z sin B,,))~?| > œ is obvious. This 
concludes the proof that sin 7C is not a spectral operator. 

We note for future use that it may be shown in exactly the same way 
that o(.B) covers the whole complex plane. Moreover, BA ~? is evidently a 
bounded operator of norm 1/2, whose nth power has norm 27”. 


19 Lema. Let T be a spectral operator, and let F be its resolution of 
the identity. Let e be an open set. Then 


oT) ^e Sol{T | He)¥) S o(T) A & 


Proor. By Definition 1, o(T | H(e)X) = ë. If À ¢ o(T), so that AI — T 
has the bounded inverse R, then, letting Rọ be the restriction of H(e)R 
to H(e)X, 


RAI — T)a = E(e) RIAL — T)x = E(e)a = a, xe D(T | H(e)X), 
and 
(AI — T)Rox =E(e)(Al — T) Rx = E(ejx = 2, x e H(e)X, 


by Definition 1. Thus A ¢o(7'| E(e)X), which shows that o(7'| H(e)X) 
So(T) Aë. 

Conversely, let Ace, and suppose that A ¢ o(T | H(e)X); then there 
exists a bounded operator Ry = (AI — T | E(e)X)~ 1. Let e’ be the comple- 
ment of e. Since A ¢e’, it follows from Definition 1 that there exists a 
bounded operator R, = (Al — T| E(e’)¥)~1. If we let Ru = Ry E(e)x 
+ R,E(e’)x for x in X, it is evident that R = R(A; T), so that A ¢ o(T). 
Thus e ^ o(T) S o( T | E(e)¥). Q.E.D. 


20 COROLLARY. Let T satisfy the hypotheses of Lemma 19, and let E 
be a projection such that ED(T) S D(T) and ETx =TEx for x in DT). 
Then o(T) 2 o(T | EX). 


Proor. Only these two properties of H(e) were used in the second 
paragraph of the preceding proof. Q.E.D. 


The following theorem gives sufficient conditions in order that a 
function of a general spectral operator shall be a spectral operator. 
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— 21 THEOREM. Let T be a spectral operator, and E its resolution of 
identity. Let f be a function analytic in a domain U which, when taken together 
with a finite number of exceptional points p, includes a neighborhood of o(T) 
and a neighborhood of the point at infinity. Suppose that each exceptional 
point p satisfies E(p) =0, and that f has at most a pole at each of the excep- 
tional points p and at infinity. Then f(T) is a spectral operator whose 
resolution of the identity E, is given by the formula E (e) = E(f- (e)) and 
whose spectrum is determined by the formula o( f(T)) =f (o(T)). 


Proor. Let E, be defined by the equation £,(e) = E(f-*(e)). It 
follows immediately from Theorem 9 that £,(e)D(f(T)) S D(f(7T)) and 
that f(T)£,(e)a = Ele) f(T) for x in D(f(T)). 

Let e be a bounded Borel set. We wish first to verify the condition (i) 
of Definition 1, that is, to show that D(f (T)) 2 E£,(e)X. Lf f is not analytic 
at infinity, then e, = f~ +(e) is bounded, and it follows from Theorem 9(ii) 
that D(f(7)) 2 E(e,)¥ = E,(e)X. Suppose now that f is analytic at 
infinity. Then it is clear that f is analytic in a neighborhood of & ^ o(T). 
Since o(T | Z,(e)¥) = o(T | E(e1)¥) S & A o(T) by Lemma 19, this means 
that f is analytic in a neighborhood of o(T | #;(e)X) and at infinity. Thus, 
by Theorem %v), D(f(7|£x(e)%)) = Df (T | Blex)%)) 2 He). By 
Theorem 9(ii) this means that D(f(7)) 2 Ly(e)X. 

Consequently, in order to prove the first two assertions of the theorem 
it need only be shown that, for every Borel set e, o( f (T) | #1(e)¥) S ē or, in 
view of Theorem 9(ii), that o(f(T | E(e1)¥)) & f (e1). Since T | H(e1)X is a 
spectral operator with spectrum contained in é,, it is enough to show that 

o(f(A)) € f (o(A)) (A)) for each spectral operator A and for each f in the class 
of functions defined by the hypotheses of the theorem. Let A ¢ f(o(A)) (A)); it 
remains to show that A ¢o(f(A)). It may be assumed, without loss of 
generality, that A = 0, in which case it is necessary to show that f(A) has 
a bounded inverse. 

By Lemma 3, E(A, o(A)) =I. Hence, if o(A) is bounded, then it 
follows by Lemma 2 that A is bounded. Since 1/f is bounded on o(A) and 
is known to have only poles as singularities in o(A), it follows that 1/f is 
analytic on o(A). Thus, by the operational calculus for bounded operators 
(cf. VII.3.10(b)), f(A) has the inverse (1/f X4). 

Next consider the case in which o(A) is unbounded. By Theorem 9(v), 


f(A) has the inverse (1/f)(A). Since 0 ¢f(o(A)) (A)) by hypothesis, 1/f is 
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bounded on o(A). Thus, since 1/f has at most a pole at each point of o(A) 
and at infinity, and since o(A) is unbounded, 1/f is analytic on o(A) and at 
infinity, and it follows immediately from Theorem 9(v) that (1/f)(.A) is 
bounded. This proves the first two assertions of the present theorem, and 
also the inclusion o(f(7)) S f(o(7)), which is part of the final assertion of 
the present theorem. 

Since o( f(7)) is closed, to prove the equality o( f (T)) =f(o(7)), it is 
sufficient to prove that o(f(T)) 2f(o(T)). Thus let A be in f(o(T)). We 
may and shall assume that A = 0. Let Z be the set of points in o(7') where 
f assumes the value zero. Since f is analytic at every point of o(T) and at 
infinity except for possible poles, Z is a finite, and hence a bounded, set. 
Let e be a neighborhood of Z with compact closure contained in the 
domain of analyticity of f. Then, by Theorem 9(ii) and Lemma 19, T | E(e)X 
is a bounded operator and o(7'| E(e)X) > Z. By the spectral mapping 
theorem for bounded operators (Theorem VII.3.11) and by Theorem Q(ii), 
Theorem 9(i), and Corollary 20, it is seen that 


0 € o(f (T| E(e)¥)) = o(f (T) | E(e)¥) E o (f(T). QED. 
22 COROLLARY. A polynomial function of a closed spectral operator 
is a closed spectral operator. 


23 COROLLARY. Let À be in the resolvent set of the closed operator T. 
Then T is a spectral operator if and only if (AI — T)~1%s a spectral operator, 
whose spectral measure E(-) satisfies the equation E,({0}) =0. 


Proor. Let T be a spectral operator. Then, by Theorem 9 and 
Theorem 21, (AI — T)~+ is a spectral operator whose spectral measure 
£,(-) satisfies the equations 

E,({0}) = E({z| (A —z)"* = 0}) =0. 

Conversely, let (AI — T)~1 be a spectral operator whose spectral measure 
satisfies the equation £,({0}) =0. Then, by Theorem 9 and Theorem 21, 
(AZ — T) =((AI — T)~1)~1 is a spectral operator, and hence T is a spectral 
operator. Q.E.D. 

-> 24 THEOREM. Let T and f satisfy the hypotheses of Theorem 21. Let 
E, be the spectral resolution of the spectral operator f (T), and let g be a function 
analytic in an open set U such that E (U) =I. Then, if gif (2)) =A(2), 


F(T) =H). 
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Proor. Let E be the spectral resolution of T. Then A is analytic in 
f-7(U), and since H( f~1(U)) = E,(U) by Theorem 21, A(T) is a well-defined 
closed operator. 

If f is analytic at infinity, let g={f(0o)}; if f is not analytic at 
infinity, let q be the null set. Let g’ be the open set U — q. The conclusion 
of the theorem will be divided into two parts. 


(a) AF(T))| EDE = MT) | Eilg). 
(b) F(T) | Elg) E = A(T) | Ei(g')E. 
To prove (a), note that, by Theorem 9(ii) and by Theorem 21, 


WF (L)) | EDE = oF (P| E0). 
Since f~1(q) is a finite set of points, T | E(f~1(g))X is bounded by 9(ii), and 
hence it follows by Theorem VII.3.12 and another application of 9(ii) that 
Af (P| EE MQ))%) = ATES- 
=K7)| BY “1Q)X, 
proving (a). 
To prove 7 note that, by 9(ii), (b) is equivalent to the assertion that 
f(T | E(f-Mq'))¥)) = AT | E-G). 


By Lemma 2 no UAA is lost in passing from raters of T r 
consideration of T| E(f-1(g'))¥, that is, in assuming that E(f~*(q’)) = 

This amounts to taking U —q/’, that is, to assuming that, even if Ae is 
analytic at infinity, it does not assume its value at infinity anywhere in 


JU). 
Now let e, be an ees sequence of compact subsets of U with 
union U and let é, = f~ +(e,). Since e, does not contain f (00), é, is compact. 


Let x be in Dig(f ie pe using Theorem 9(ii), Definition 8, and 
Theorem VIT.3.12, 


a f(T))x = lim gf (1)| By(e))E (en) 
= lim g(f(T | EEEE) 
= lim A(T | E(é,))E(é,)«. 


Hence it follows from Definition 8 that x is in D(A(T)) and that A(T)z = 
g( f())x. On the other hand, if it is assumed that x is in D(A(7)), all these 
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steps may be reversed, and it may be concluded that x is in D(g( f(7))). 
Thus (b) is also proved. Q.E.D. 


25 LEMMA. Let T be a closed spectral operator and E its resolution of 

identity. Then 
o(T) = é. 
E(e)=1 

Proor. If H(e) =J, then, by Definition 1, o(T) = o(T | E(e)¥) S ë. 
Hence, to obtain the desired result it is sufficient to show that E(o(7)) = J. 
Let o’ be any compact subset of the complement of o(T). By Lemma 19, 
o(T | E(o’)X) S o( T) no’ =¢. From Theorem 9(ii) and Lemma VII.3.4 
it follows that E(o’) =0. Since Æ is countably additive, the complement 
of o(T) has itself H-measure zero. Thus E(o(T)) = J. Q.E.D. 


A slight gap left in the original statement of Theorem 9(v) may now 
be filled in. 


26 COROLLARY. Let T be a spectral operator, and let f be analytic on 
o(T) and in a neighborhood of infinity. Then Definition 8 of f (T) agrees with 
Definition VTI.9.3. 


Proor. Using Theorem 9(v), and examining Definition VII.9.3, it is 
apparent that it suffices to show that f (T), as given by Definition 8, satis- 
fies the equation f(T) = 9((AI — T)~1), where À is in the resolvent set of 
T and where g is defined by the equation f(z) = g((A — z)~*). But this 
follows immediately from Theorem 24 and Lemma 25. Q.E.D. 


A decomposition for unbounded spectral operators which gives a 
satisfactory extension of Theorem XV.4.5 does not seem to be known, The 
scalar part of a general spectral operator may easily be defined, but no 
satisfactory characterization of the difference between a spectral operator 
and its scalar part is known. 


27 DEFINITION. Let T be a closed spectral operator, and £ its 
resolution of the identity. The closed scalar type spectral operator S 
defined by the equations 


D(S) = (e| lim f P AE(dA)a exists}, 


Sx = lim AE(dA)x, xe D(s), 


noo “jajan 


is called the scalar part of T. 
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An attempt to follow the development in the bounded case by writing 
N = T —S runs into difficulties. The operator N, although easily seen by 
Lemma 2 to have a quasi-nilpotent restriction to each space E(c)X with o 
bounded, need not be quasi-nilpotent itself. It may be bounded and not 
quasi-nilpotent, and it may even be unbounded. It is even possible that 
NS~1 should fail to be quasi-nilpotent. If, for instance, we consider the 
spectral operator C introduced as an example in the paragraphs of discus- 
sion preceding Lemma 19, we see from the discussion given there that its 
scalar part is the operator A introduced in those paragraphs, and the 
closure of C — A is the operator B. It was remarked just before the state- 
ment of Lemma 19 that o(B) is the whole complex plane, which shows how 
far B is from being a quasi-nilpotent operator. It was also remarked that 
|(BA~1)"| =2-* for n 2 1, so that lim,- 2/|(BA~1)"| =}, and BA-? is 
not quasi-nilpotent. All this merely illustrates the variety of types of 
pathological behavior of the operator N = T — 8. 


No general structural characterization of the difference between a 
spectral operator and its scalar part seems to be known. However, the 
following theorem gives a partial generalization of Theorem XV.4.5. 


28 THEOREM. Let S be a scalar type spectral operator, and let E be its 
spectral resolution. Let N be a bounded operator which commutes with all the 
projections E(e) and whose restriction to each of the spaces E(e)X with e 
bounded, is quasi-nilpotent. Then S 4- N is a spectral operator with resolution 
of the identity E. 


Proor. Since N is bounded, it is clear that T =S + N is closed, that 
D(T) 2 E(o)¥ if o is bounded, and that TH(c) 2 E(o)T for each Borel 
set o. Hence, by Definition 1, to prove the theorem it will suffice to show 
that o(T | E(e)X) & é for every Borel set e. 

Suppose that A ¢ ë. Then the operator 


M =x Í (A —z)-1E(d2) 


is quasi-nilpotent. To see this, let s >0 be given and let e, Se be a 
bounded Borel set so large that |N||A —z|71 < e for z in e — e,. Then 


M =(N|E(e,)X) E (A —2)~2B(d\) +N = (A —2)718(d)). 
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Since N commutes with every projection in the range of Æ, it follows from 
Theorem 11 that 


M” =(N|E(e)X)" f (À —z)-"E(ad) + N” f (A—2)-"H(ad), n=. 
el e-—-el 
Since N | E(e,)¥ is quasi-nilpotent, 
lim sup|M*|1/" <lim sup|N]| f (A — z)“ "E(dA) |" 
n> © n> o e-e1 


<|N| max |A—2|"1<e, 


zee -el 


by Theorem 11(c). Thus, since ¢ is arbitrary, M is quasi-nilpotent. Let 
R=F m" f (à —2)~2E(dz). 
n=0 e 


Then R is a bounded operator by Theorem 11(c). If xis in D(T | E(e)¥) 
then, using Theorem 11 and the fact that N commutes with every projec- 
tion in the range of E, we have 


RAI —S —N)z = we f (\=2)-*B(dey2 


~¥ mafas z)~"-1E(dz)a =a. 


Next it should be observed that SN 2 NS. Indeed, if the limit 
Mao J\zj<cn 7H (dz)x exists, then 


lim 2E(dz)Nx = lim N 2E(dz)x 
n>o “le}sn n> o [z| Sn 
exists and equals N lim, fje; cn 2 (dz)z. 
It follows that if x is in D(T | H(e)X), we have 
lim (AJ —S —N) Š N” Í (À —2)-*-1E(dz)x 


k> o 
= lim 5 we | ( (À —2)""E(dz)a — D ej (À —2)7*-1E(dz)x 
k> n=0 n=0 e 


= lim (x — M" + 1x) =a. 


k= œo 


Since M is quasi-nilpotent and AI — T is closed, it follows that Rz is in 
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D(T), and that (AI —S — N)Rr =x. This shows that R|H(e)X= 
(AI — T | E(e)X)~1, so that À ¢ o( T | E(e)X). Thus o(T | E(e)¥) S ë. Q.E.D. 
In the special case in which the operator N of Theorem 28 is restricted 


to be quasi-nilpotent, Theorem 9(v) can be significantly improved. 


— 29 THEOREM. Let the operator T have the form T =S + N, where 8 
is of scalar type and N is a bounded quasi-nilpotent operator which commutes 
with S. Let E be the resolution of the identity for T and let the function f 
be bounded and analytic on a domain including all points within some fixed 
positive distance from the spectrum of T. Then f(T) is a bounded spectral 
operator given by the series 


o N” 
FD) =e nl = FONNEN, 


whose terms are all bounded operators and which converges in the uniform 
operator topology. 


Proor. Let U be a domain upon which f is bounded and analytic 
and which contains all complex numbers whose distance from the spectrum 
o( T) is less than the positive number d. Let | f (z)| < M for z in U. If z is in 
o(T), then 


n! l zy 
PO = za IOE dk, 


where C is a circle of radius d/2 and center z, so that 
(n!)~*|f(z)| < M2" d-". 
Thus, by Theorem 11, 


\(nt)-2 f a POOBAN| < 4M K2 A= 


where K = sup,|H(e)|. Since N is quasi-nilpotent, the series 


Eo N?” 
2 n! = A TOSA 


converges uniformly to a bounded operator R. Let {em} be an increasing 
family of compact subsets of U with union U. Then T | E(e,,)X =S | E(ém)X 
+N | E(em)¥. It is clear that 


S| E(en)¥ = f AF(dÀ), 


XVITT.2.30 UNBOUNDED SPECTRAL OPERATORS 2255 


where F(e) = E(e)| E(em)¥. Thus, by Theorem XV.5.1, 


(N | He 


f(T | Elen)¥)0 = 2 A f fO)F (ade 


=) aizer i FONE 


n=0 


for x in E(e,,)X. Thus, since N commutes with £(c) by Corollary 4, we have 
æ N?” . 
f(T | EG) ®)E(Cm)® = Elen) $ | SONEA 
n=0 Ni Yo(T) 


= E(e,) Rx, zeX,me21. 
By Definition 8, f(T) is defined for all x in ¥ and f(T) = R. Q.E.D. 


The present section will be concluded with the establishment of a 
criterion by which a closed operator with totally disconnected spectrum 
may be recognized to be spectral. This criterion will be of fandamental 
importance in the analysis of the next chapter. 


30 DEFINITION. Let T be a closed operator, and o a compact subset 
of o(T) which is open and closed in the relative topology of o(T). Then o 
is called a compact spectral set of T. Let f, be the function which is identi- 
cally 1 in a neighborhood of o and identically zero in a neighborhood of 
o(T) — o. Then f, is analytic in a neighborhood of o(T) and in a neighbor- 
hood of infinity, so that VII.9.3 f,(7) is a well-defined bounded operator. 
We shall write f(T) = E(o; T) or, if T is understood, write f,(7) = E(o). 


31 LEMMA. The operator E(c) of Definition 30 is a projection. We 
have E(d)=0, E(o,)E(o2) = E(o,02), and E(o, U og) = E(01) V E(o-). 
Finally, 


E(o) -j or- T)~ dà, 


~ Qari 
where C denotes the union of a finite collection of closed Jordan curves, oriented 
in the customary positive sense of complex variable theory, which together 
bound a finite domain containing every point of o and no point of o(T) — o. 


Proor. The first three assertions follow immediately from the func- 
tional calculus established in Theorem VII.9.5. Using the notations of 
Definition 30, it follows by Theorem VITI.9.4 that 


[e] FAT) = feo + 5 f OUT db, 
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where C, is a finite collection of closed Jordan curves bounding a domain 
D, containing the union of o(T) and a neighborhood of infinity, C} being 
oriented in the customary positive sense of complex variable theory. The 
curves C of the present lemma bound a finite domain D containing every 
point of o and no point of o(T) — o. It is clear that we can find a finite 
collection of curves C which bound a domain D, containing the union of 
o(T) — o and a neighborhood of infinity, and such that Ca U Dg is disjoint 
from CU D. Thus it may be assumed without loss of generality that 
D, =D u D, Ci =C U C3. Since f,(6) =0 for € eCa U D and f,(f) =1 
for eC u D, it follows immediately from [*] that 


1 
FAT) =z T (CI —T)-1 dé. Q.E.D. 


— 32 THEOREM. Let T be an operator in a weakly complete B-space X. 
Suppose that o(T) is totally disconnected. Then T is a spectral operator if 
and only if 

(a) the family of projections E(o; T) corresponding to compact spectral 
sets of T is uniformly bounded, and 

(b) no non-zero x in X satisfies the equation E(c)x =0 for every compact 
spectral set o of T. 


Proor. Suppose first that (a) and (b) are satisfied. Since o(7) is 
totally disconnected, there exists a complex number A ¢ o(T). It is clear 
that without any loss of generality we may assume that A4=0O. Let 
R = T-+1. Then, by Theorem VII.9.5, o(R) = {z|z~1 € o(T)} U {0}. Since 
o(T) is totally disconnected, each point A in o(T) is contained in an 
arbitrarily small compact subset o of o(7) which is open in the relative 
topology of o(T). It follows that the set r(o) ={z|z~* € o} is a compact 
subset of o( R), open in the relative topology of o( R). Thus each point in 
o( R) different from zero is contained in qn arbitrarily small compact set 
open in the relative topology of o(R). 

Suppose now that U is any neighborhood of zero in o(R). Then, as 
observed in the preceding paragraph, every point p in o(R) — U is con- 
tained in an open and closed subset o, of o( R) not containing zero. A finite 
collection op,,..., Op, Of those sets cover o( R) — U; if we let 


o =0(R) — op, — Opa —*** O p> 


then o is an open and closed subset of zero contained in U. Thus, each 
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point in o( R), including zero, is contained in an arbitrarily small compact 
set open in the relative topology of o(R). Hence, o(R) is totally dis- 
connected. 

It follows by Definition VII.9.3 that H(o; T) = H(7(c); R) for each 
compact spectral set o of T. Moreover, it is clear that as o runs over the 
family K of all compact open subsets of o(T), r(o) runs over the family 
of all compact open subsets of o(R) which do not contain 0. Since by 
assumption |H(o; T)| is uniformly bounded for o in K, since each compact 
open subset o, of o( R) is either a compact open subset of o( R) not con- 
taining zero or the complement of such a set, and since H(o(R) — c1; R) = 
I —E(o,; R) by VII.3.10, it follows immediately that |H(o,; R)| is 
uniformly bounded as c, runs over the family of all compact open subsets 
of o(R). Thus, by Theorem XVI.5.2, R is spectral. 

It is also evident that, assuming T to be a spectral operator and 
making use of Corollary 23, we can use all the steps of this argument in 
reverse and conclude that, conversely, (a) must be satisfied. 

To continue with the main line of our argument, however: since R 
is a spectral operator, and since by (b) no non-zero x in X satisfies the 
equations E(t; R)x = E(r(o); R)x = E(c; T)x =0 for every compact open 
subset 7 of o( R), it follows immediately from the countable additivity of 
the resolution of the identity for R, and the fact that o(R) is totally 
disconnected, that the resolution of the identity Æ, of R satisfies the 
equation Z,({0}) =0. Thus, by Corollary 23, T is a spectral operator. 

Conversely, if T is a spectral operator, it follows from Corollary 23 
that #,({0}) =0. Clearly the steps in the argument of the preceding para- 
graph may be reversed, to prove the necessity of (b). Q.E.D. 


-> 33 COROLLARY. Let T be an operator in a weakly complete B-space X. 
Suppose that o( T) consists of a denumerable collection {X,} of points such that 
|A,| > 00 as i — œ. Then T is spectral if and only if 

(a) the family of sums of finite collections of projections E(A,; T) corres- 
ponding to single points A, in o(T) is uniformly bounded, and 

(b) no non-zero x in X satisfies all of the equations E(A,;)x =0, i = 1. 


Proor. Under the present assumption about o(7), it is evident that 
the most general compact spectral set of T is a union of finitely many 
points A,. The present corollary now follows immediately from Theorem 
32 and Lemma 31. Q.E.D. 
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© 


The following theorem is at once an “‘unbounded version” and a 
generalization of Theorem XVI.5.19. We shall find it useful in our study 


of applications of the general spectral theory in Chapter XX. 


— 34 THEOREM. Let the closed unbounded operator S inthe reflexive space 
Æ have a spectrum o(S) which is the disjoint union of a finite set {Ay, ..., Àn? 
of points and of a set whichis contained ina simple Jordan curve C. Suppose that 
C is parametrized by a one-to-one function z(t), defined for —œ <t < + œ, 
which is smooth, differentiable, and such that z'(t) approaches a limit « as 
t>+ œ. Then C divides the complex sphere into two regions R, and Ra, 
surrounding the points of R, (resp., Ro) in the positive (resp., the negative) 
sense of complex function theory; in what follows, we shall refer to the inter- 
section of R, (resp., Ro) with a neighborhood of C as the left hand edge (resp., 
right hand edge) of C. Let v, be an “exceptional point in o, with the special 
significance appearing in (i) below. Suppose that there exist dense linear mani- 
folds Xo, X in the spaces X, X*, respectively, with the following three properties. 

(i) For x, in Xo and x3 in Xf there is a constant K(xx, £o) which 
bounds the quantity |À —vo| |x R(A; S)xo| for all X in an open set including 
all points of a a neighborhood of the point X = œ of the complex plane which do 
not lie in the curve C. 

(ii) For each x, in Xo and xë in X% the function x*R(A; S)xy has 
limiting values R*(A, £, xo) and R- (A, x*, £o) as À approaches almost any 
point X eC from the left or right hand edge of the curve C, respectively, in a 
non-tangential direction. 

(ili) There is a constant M depending only on S such that 


f | R+ (À, 2%, 2) — R- (À, 2%, £o)| ds < M|x*||x|, 2%) € Xo, ate X*, 


where s is the arc length along C. 

Then S is a spectral operator. For each bounded set e S o not con- 
taining the exceptional point vo, the spectral projection E(e) is given by the 
formula 


1 
xz E(e)xy = = f {R+ (À, 2, £o) — R- (À, x3, £o)} dÀ. 
Ml ve 


Proor. Our general approach is as follows. First, we show that the 
presence of the finite point spectrum {,, ..., Àp} lends no essential com- 
plication to the situation at hand, so that, without loss of generality, we 
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may assume that n =Q, that is, that the whole of o(S) is contained in the 
curve C. Then, essentially by considering the inverse T = 87+, we construct 
a bounded operator to which a slightly modified version of the proof of 
Theorem XVI.5.19 will apply, from which we can establish that T is a 
spectral operator. Finally, the asserted formula for the spectral resolution 
of S will be proved. 

Now to details. 

Passing from the consideration of S to that of S+ 2I where z is 
suitably chosen, we may assume without loss of generality that neither 
o(S) nor C includes the point A=0, so that S has a bounded inverse 
T=S~1. This will be assumed without additional comment in the 
remainder of the present proof. 

Let f be the analytic function which is 1 on a neighborhood of 
{Àn ..., Anp Zero on øo, and zero in a, neighborhood of the point at infinity. 
Making use of the functional calculus developed in section VII.9 (cf. especi- 
ally Theorem VII.9.5), we put E =f(S). By Theorem VITI.9.5, E is a 
projection; by Theorem VII.9.8, E maps the domain X = D(J) into DiS) 
and HSx =SEx for x e X. Therefore, putting X, = HX, X, = (I — E)X, it 
follows easily that the restrictions S; =S|X, D(T), i =1, 2, are closed 
operators, and that for their resolvents we have R(A; S,) = R(A; 8)|X,, 
i =1, 2. The operator S, is everywhere defined and hence bounded. The 
reader will readily verify, using Theorems VII.9.5 and VII.9.8, that 
o(s) = {Az,..., Ay} and o(S,) =o. It is plain from Definition VII.3.17 
(cf. also the paragraph which follows this definition), from Theorem 
VIL3.19, and from Definitions XV.2.2 and XV.2.5 that S, is a spectral 
operator, so that Sy? is a spectral operator. We shall show in what follows 
that Sz 1 is also a spectral operator. It will then follow immediately from 
Theorem XV.3.10 that S-71, which is the direct sum of Sj? and Sz}, is 
also spectral, so that, by Corollary 2.23, it will follow that S is a spectral 
operator. 

Write T = Sz +, so that T is a bounded operator in the space Y =X. 
Let 9)* be the set of restrictions toù of the functionals in the space Xj, and 
let Y, = (I — E)X,. Plainly, YF is dense in Y* and Y, is dense in Y. Since 
R(A; S2) is the restriction of R(A; S) to the space), the following statements 
result immediately from our hypotheses. 

(i) For y,éM, and yë ež there is a constant K(yč, yo) which 
bounds the quantity JÀ —vo||y¢R(A; S2) yo| for all A in an open set 
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including the spectrum o(S,) and also including all points of a complete 
neighborhood of the point A= œ in the complex plane which do not lie 
in the curve C. 

(ii’) For each y, € Do and yž EY} thefunction yf R(A; Sy)y> has limiting 
values R*(A, yx, yo) and R~(A, y%, yo) as À approaches almost any point 
Â eC from the left or right hand edge of the curve C, respectively, in a 
non-tangential direction. 

(ili’) There is a constant M depending only on S such that 


i” TREO, yer Yo) — R- (A, yo, yo) ds < Mlye|lyol, Yo Dos y? EV» 
ASQ 


where s is the arc length along C. 

We now note (cf. Theorem VII.9.5 and formula [«] of the proof of 
Lemma VII.9.2) that o(T) is contained in the smooth Jordan curve 
Py ={A-*|A eC} vu {0}, and that 


(1) R(A; T) =A~2 R(A3; Sq) + A`. 


We may therefore restate the above properties (i’), (ii’), (iii’) as follows, in a 
form applicable directly to the operator T. 

Gi”) For yo¢Q> and y eD% there is a constant K(yž, yo) which 
bounds the quantity |À — vg 3||Al? |y% R(A; Tyo] for all A in an open set 
including the spectrum o(7’) of T. 

(ii”) For each yoe, and y eë the function yfR(A; T)yo has 
limiting values Rt (A, Yo. Yo) and RI (A, YŠ, Yo) as A approaches almost 
any point Â e T, , from the left or right hand edge of the curve T, , respec- 
tively, in a non-tangential direction. 

(iii”) There is a constant M depending only on S such that 


Il (A, YS, Yo) — Ri (À, yd, Yo) ds < M lydi lyol Yoe Yo. yo Yo, 


where 8 is the arc length along I,. 
In regard to the proof of (iii”), we note that 


(2) Ri (A, Y, Yo) — Bi (À, Yds Yo) =A~*{R*(A74, YB, Yo) — R-(A74, yd; Yo)} 


by the identity (1), while the arc length dt along C at a point u and the 
arc length ds along I’) at the corresponding point A = p~ + are related by 
ds =|A|? dt, so that (iii”) follows very readily from (iii’). 
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If f is any function single valued and analytic in a neighborhood of 
Io, we may write 


1 
AD) =r l, IORA; 7) ar 


where T, is a closed Jordan curve, or pair of closed Jordan curves, sur- 
rounding I, at distance ô. If f vanishes at least to second order at A =0, 
and at least to first order at vg +, then, in view of (i”) and (ii”), we may 
let ô—>0 and obtain 


yf (Tyo 


1 
= f SOMBRE (A, yd» Yo) — BI (À, YS, Yo) dà YOR Yo, YO EYE - 
. mi To 
Since the integrand vanishes if À is in the resolvent set, we may also write 


(3) df (T)Y¥o 
1 
=— | JAHRE, yt, Yo) — R (À, YZ, Yo} dà, Yo E Dos ya EDS 


2i Jor) 


for f vanishing at least to second order at A =0 and at least to first order 
at A=1. In view of (iii”) the right side of (3) defines, for each bounded 
Borel function f on o(7’), a continuous bilinear form (f, y$, yo), which, since 
Po and YË are dense, has a unique extension to a bounded bilinear form 
(f, y*, y) defined for all y e Y and y* e Y*. Since Y is reflexive, it follows 
that there is a unique operator 7(f) for which 


(4) Yo T(S Yo 


1 
Sp JOKR, Yo» Yo) — R- (À, Yo» Yo)} dà, YoE Do, ys eDi. 


2i Jar) 


The mapping f—>T(f) is a homomorphism on the algebra of analytic 
functions with a double zero at A =0 and a single zero at v51, and since 
every continuous function on I) which vanishes at 0 and at vo? is the 
uniform limit of such functions, it follows that this map is also a homo- 
morphism on the algebra of all such continuous functions. To see that it is 
a homomorphism on the algebra of all bounded Borel functions, note that 
for a fixed continuous function g vanishing at zero and at vj1, the set of 
all bounded Borel functions f for which 


(5) T (fg) = T(f)T(9) 
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includes all continuous functions vanishing at A=O and at À =v}. 
Furthermore, if equation (5) holds for each function in a uniformly bounded 
pointwise convergent sequence {fp}, then it follows from (4) that it holds 
for the limit function 


f=lim f- 
n> o 


Hence (5) holds if f is any bounded Borel function vanishing at A = 0 and 
at A =v 1. A repetition of this argument shows that (5) still holds if f 
and g are both bounded Borel functions vanishing at A = 0 and at Ay = v5 +. 
Since it is obvious from (4) that T(f) =0 if f is any Borel function vanish- 
ing except at à =0 and at À = v5}, it follows that (5) is valid for every 
pair of bounded Borel functions f and g. 

The operator H,=T(1) is therefore a projection for which 
TAT — v )T(1) =7T(g)T(1) = Tg) = T?(T —vg tI), where we have 
taken g to be defined by g(A) = A?(A — vg t). Thus, if E = I — Ey, we have 
TXT —voi*IE=0, and since T =S3z? is invertible, we have also 
(T ee ee =0. For each bounded Borel function 7 put T(f)=T(f) 
+f(v5)B. Then T(f)E = Tf — TU) =T) — Pf) =0, f+ Tf) 
is Still a eee on the algebra of all bounded Borel functions, and 
we have 7(1) =I. 

If (T — vz t)y =0, then R(A; T)y is analytic except at A =v}, so 
that plainly, from (4), T(f yy =0 for all bounded Borel functions f. Thus 
E,yy =0, Ey =y. Therefore, if we write h(A) =A, and note that 


T(T — vo DT (h) = Tg) T(h) = Tigh) = TT — vo `I) 

by (3) and (4), we find on using the fact that T is invertible that 
(T —vo (Lh) —T) =0, that is, H(T(h) —T)=0. We have also 

E(T(h) + vy tE — T) =0; thus 

(Th) +v tE — T) =E,(T(h) — T) + ET) +95 — T) = 

so that T(h) = T. Using the above facts, it follows ` if f is analytic on 

o(T) and has a double zero at à =0 and we let f (À) = (À — v3 +) f (À), then 

(T — vi Df (T) =fi(T) = Mh) = (T — vo aa 

Thus £,(f(7) — T(f)) =9. Since E(f (7) —f (vg +)E) =0, it follows that 
f(T) =T(f) if f is analytic on o(T) and has a double zero at à = 0. Com- 
bining all the above facts, we find that f (T) =7(f) = T(f) +f (vo )E for 
all functions f analytic on the spectrum of 7. From this, and proceeding 
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almost precisely as in the final paragraph of Theorem XVI.5.19, we con- 
clude that T is a scalar operator whose spectral resolution is given by the 
formula 


YoEx(e)ys =E +35 A {Ri (À, Yds Yo) — RI (A, ys, Yo) dÀ 


if the Borel set e includes the point vg}, or, alternatively, if e omits this 
point, by the formula 


1 
yo Ey (€)Yo = E f {Ri (À, y5, Yo) — RI (À, yds Yo)} dÀ. 


Changing the variable of integration in this last formula from A to p = à`}, 
and using the identity (2), we may write this last formula as 


ys Ele iyo 


=! {R+ (À, yb, Yo) — R (A, y's; Yo)} dA, Yo E Do, yò E Do, 
provided that vy+¢e~+. It follows at once using Theorem 21 that the 
speeel resolution of Sa = 7'- satisfies the relationship 


l 
PEY TE í {Rt (À, Yd; Yo) — R- (À, Yd, Yo} dà, yoe Yo, YEE DS; 


if vo € e, from which, by use of Theorem XV.3.10, we readily obtain the 
final assertion of the present theorem. Q.E.D. 


-=> 35 Coronary. Under the hypotheses of the preceding theorem, every 
point `E o, with the sole possible exception of the point vo, belongs to the 
continuous spectrum of the spectral operator S. The point vo belongs to the 
point or to the continuous spectrum of the operator S depending on whether 
vo is or is not an eigenvalue of S. 


Proor. It follows from Lemma 19 that if À € o and if ô is a closed 
neighborhood of A while P denotes the whole complex plane, then 
E(P —8)X is contained in the range of S—AI. Thus, E(P —{A})X¥ = 
(I — E({A}))X is contained in the closure of the range of S — XI. Therefore, if 
E({A}) =0, then the closure of the range of S — AJ is dense. Moreover, since 
any vector x such that (S —AJ)z =0 must satisfy E(P — ôx =0 for all 
closed neighborhoods 6 of À, we must have E({A})z =x. Thus, if E({A}) = 0, 
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then À belongs neither to the point nor to the residual spectrum of S. Using 
the formula for the spectral resolution of S given by the preceding theorem, 
we find that E({A}) =0 for À Æ v, A€o; thus, each such A must belong 
to the continuous spectrum of 5. 

We saw in the course of the proof of the preceding theorem that S 
is the direct sum of two operators S, and S3, of which o(8,) is disjoint from 
vo and Sg is spectral. Then plainly vo belongs to the point (respectively 
residual or continuous) spectrum of S if and only if it belongs to the point 
(respectively residual or continuous) spectrum of S,. Since S3 is a spectral 
operator of scalar type, we have (Sa — vo I)H2({vo}) =0, Eal: ) being the 
spectral resolution of S,. Thus, unless v, belongs to the point spectrum of 
S2, we have Ea({vo}) =0, and it follows, as above, that vo belongs to the 
continuous spectrum of S,. This verifies the final assertion of the present 
corollary. Q.E.D. 


3. Multiplicity Theory and Spectral Representation 


The methods and results of this section are due to Bade and are 
intimately dependent upon the ideas introduced in Section XVII.3. A 
multiplicity theory for Boolean algebras of projections in a B-space X 
will be developed and applied to show that, under certain restrictions, a 
scalar type operator S in X is similar, S = A~1V A, to a normal operator 
V in an appropriate Hilbert space $ where the operator A: X + § and its 
inverse are closed and densely defined. 

We begin by defining the multiplicity function for a complete (see 
Definition X VII.3.1) Boolean algebra of projections in Banach space. 


1 DEFINITION. Let B be a complete Boolean algebra of projections 
in the real or complex B-space ¥. A function m on B whose values are 
cardinals will be called a multiplicity function for B if 


(i) m(0)=0, and 

(ii) m\/ gH) =\/am(E,), {E3 S B. 
The number m(E) is called the multiplicity of E. We say E e B has uniform 
multiplicity n if m(F) =n whenever OA F< E. 

A subset D of B is an ideal if E, Fe D implies E v Fe D and 
G < E, E e D, implies Ge D. The ideal D is dense if every element of B 


is a union of elements of D. A o-ideal is an ideal closed under countable 
unions. 
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2 Lemma. Let D be a dense ideal in B and m be a function on D to 
cardinals such that m(0) =0 and m(\/, Ea) =V a mEq) for each family 
{E} S D for which Va Eac D. Then there is a unique multiplicity function 
on B which is an extension of m on D. 


Proor. If E e B define m(E) =\/, m(B,), where {B,} is any family 
in D such that H=\/B,. If also E=\/C;, C,¢D, then for each 
a, B, B,= V s B,C;, and Cg =V a B,C,. Thus 

V m(B,) =V m(\/ B,Cs) = V m(B,Cs) 


a. 


= y m(\/ B,C) = m(C,), 


showing the extension is well defined. To see the extension is a multi- 
plicity function, let F, e B, E, =V, E,, E,¢ B. For each y we have 
E, =V, Gys, where G, € D. Then 

m(Eo) = V m(G,3) = V V m(G a) 


ye 
= V m(E,). 
y 
That the extension is unique follows easily from the distributivity. Q.E.D. 


3 THEOREM. Let m be a multiplicity function on a complete Boolean 
algebra B of projections in a B-space X. Then there is a unique family {E,} 
of disjoint elements in B, n running over the cardinals <m/(I), such that 

(i) I=VE. 

(ii) If E, 40, E, has uniform multiplicity n. 


Proor. We show first that each nonzero E e B bounds a nonzero 
Ge B of uniform multiplicity. Let np = min{m(F)|0 F < E}. Since the 
cardinals are well ordered, there exists a projection G < E with m(G) =n). 
Clearly G has uniform multiplicity no. Now from Zorn’s lemma we obtain 
a maximal family % of disjoint elements of B each having uniform multi- 
plicity. For each cardinal n let #, be the supremum of those F e § with 
m(F) =n. If 0 AGS E,, then G is the union of elements of B of multi- 
plicity n. Hence E, has uniform multiplicity n. Finally suppose also that 
I=\/ F,, where the F, are disjoint and satisfy (ii). Suppose E, #0. Since 
we may write E, = V E, F,, each clement E, F, is zero or has uniform 
multiplicity k. Thus E, F, =0 if n Æ k. Consequently F, 40 and E, < F,,. 
Correspondingly if F, 40, E, #0 and F, < E, . Thus for each n, Ep = F}, 
showing the uniqueness. Q.E.D. 
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In defining a natural multiplicity function for B it will be convenient 
to use a few concepts which we introduce formally in the following 
definition. 


4 Derrnition. For each xe X the projection /\ {Z| Hx =x} will be 
called the carrier projection of x. (Note that if G is the carrier projection 
of x and 0 AF SG, then Fx £0.) The cyclic subspace M(x) spanned by a 
vector x is sp{Ex| E e B}. A projection Æ e B will be said to satisfy the 
countable chain condition if every family of disjoint projections in B 
bounded by Æ is at most countable. We shall denote by @ the set of all 
E e B satisfying this condition. 


It will be shown that @ is a dense o-ideal in B and thus, in defining 
the multiplicity on B, Lemma 2 permits us to restrict our attention to @. 


5 LEMMA. The set @ is a dense o-ideal in B. A projection belongs to 
€ if and only if it is the carrier projection of a vector in X. 


Proor. We note first the purely algebraic fact that ¢ is a o-ideal. 
That it is an ideal is clear. Now suppose F = \/7_, F,,, where F, € @, and 
let F be the union of a family {H,| y € l} of disjoint elements of B. Then 
for each fixed n, at most countably many of the products F, E,, y € I, are 
different from zero. It follows that {y|H#,F, 40 for some n} is at most 
countable. But this is the set of y for which E} 0, since for every y, 
E, =V i= E, F,- 

Now let E be the carrier projection of a vector x and suppose £ is the 
union of a family {H,}, «¢A, of disjoint elements of B. By Lemma 
XVIL3.4 we have lim, Ì „cc Ee =, where o runs over the finite 
subsets of A, ordered by inclusion. For each e > 0 there exists a o such that 
|x —} o H,2| <eM~}, so if Bẹ o, then |Z,2|=|E,(x —} o H,x)| < e. It 
follows that at most countably many of the vectors EH, x, «e A, are not 
zero. As E, < E, the equation Hx = 0 implies E, =0 as noted in Defini- 
tion 4. Thus the carrier of any vector belongs to @. 

It will next be shown that & is a dense ideal. If E e B, then it bounds 
the carrier projection of every vector in its range. By Zorn’s lemma we 
can find a maximal family of disjoint carrier projections Æ, bounded 
by E. If the projection E — \/, E, is not zero it bounds a carrier projection, 
so the maximality of the family implies E = \/ E, . Moreover, each E, is in 
© as we have just shown. 
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Finally it must be shown that each Æ e @ is the carrier projection 
of a vector. Since E e @ we may express E as the union of a sequence of 
disjoint projections Æ„ each of which is the carrier of a vector x, with 
|z,| <1. Define x) =} r-1 2-"x,. Clearly Ex) =z. We assert E is the 
carrier of x). For suppose that F e B and Fx, = x. Then for each n, 


27", =H, £o =H, Feo = FE, £o = 27" Fr, . 


Thus Fr, =£, n= 1, 2, ..., showing F 2 E, , n=1, 2, ... . It follows 
that F > E. Q.E.D. 


6 DEFINITION. For each Æ in 8 the multiplicity m(E) of E is defined 
to be the smallest cardinal power of a set A of vectors such that 


EX = sp{M(x) |x e A}. 


7 Lemna. If E, Fe@ and F SE, then m(F) < mE). If {E3 EE 
and E, =\/ E. € G, then m(Ey) = V « m(E,). 


Proor. The first statement is clear since if HX —sp{M(x)| x e A}, 
then FX = sp{M(Fx)| x e A}. It follows that \/ ,m(E,) < m(Eo). We now 
observe that there exists a sequence {G} of disjoint elements in @ such 
that each G, is bounded by some F,, and Ey = \Witey G,,. For we may 
consider families of disjomt projections in B each member of which is 
bounded by an #,, and order these families by inclusion. By Zorn’s 
lemma there exists a maximal family which must be countable, since 
E,é@. Clearly the union of this maximal family is FE). Now let 
no = Vm(E,). There exist families of vectors xt, k=1,2,..., (some of 
whose members may be zero) such that |x| < 1, G, zg = z}, and 


G X =sp{M(xk)|1<n<n}, b=1,2,.... 
For each cardinal n < ng define y, = } £- 1 274z. Then Gy Yn = 2~*ak and 
E, X =sp{G,X|k=1, 2, ...} =sp{M(ak)|1<k< ©, n < no} 
= sp{M(y,) |n S no}. 
Thus m(Z) < no, proving that m(E£y) = Vm(E,). Q.E.D. 


—> 8 THEOREM. Let B be a complete Boolean algebra of projections in 
X. There exists a unique multiplicity function m defined on B with the property 
that for each E in B satisfying the countable chain condition, m(E) is the 
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least cardinal power of a set of cyclic subspaces spanning the range of E. There 
is a unique decomposition of the identity I = E, into disjoint projections 
such that if E, 40, E, has uniform multiplicity n. 


Proor. This theorem follows immediately from the preceding 
theorem, Lemma 2 and Theorem 3. Q.E.D. 


We shall next examine the structure of the cyclic subspaces deter- 
mined by the complete Boolean algebra B of projections on the B-space 
Æ. The results of this examination will then yield a spectral representation 
for certain classes of scalar type (bounded or unbounded) operators. 

We begin by recalling that Lemma X VIT.3.9 shows that B is the range 
of a spectral measure E defined on the Borel sets of the structure space 
A whose points are the maximal ideals in the uniformly closed operator 
algebra Q(B) generated by B. Actually we may if we wish take Q(B) to 
be the weakly closed operator algebra generated by B for, as was seen in 
Corollary X VII.3.17, the uniformly closed and the weakly closed operator 
algebras generated by a complete Boolean algebra of projections are the 
same. First let us suppose that X is a Hilbert space and that B is a complete 
Boolean algebra of self adjoint projections. We recall that for a complex 
valued Borel measurable function f the operator 


Sif) = | FABAN 
has domain 
DS) =t] f IFO? (EAA, y) < 2}. 


For a vector x in ¥ the cyclic subspace M(x) is the same as the closed 
linear manifold spanned by all vectors of the form S(f)x where f varies 
over all Borel measurable functions for which D(S(f)) contains x. In fact 
(Lemma XII.3.1) the correspondence S(f)z—>f defines an isometric 
isomorphism of the cyclic subspace M(x) onto all of La(4, B, u), where 
B denotes the family of Borel sets in A and p = (E(-)a, x). Furthermore 
the operators S(g) on M(x) act under this isomorphism as multiplication 
by g in L,(A, B, p). If a projection in B satisfies the countable chain 
condition and has multiplicity n, we may span its range by n orthogonal 
cyclic subspaces and the isomorphism extends to an isometric mapping of 
Vien Wx) onto Vien L(A, B, p) wi = (E(t, 2%). Our aim here is to 
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recapture as much as possible of this structure when X is an arbitrary 
Banach space. The main obstacle is the lack of orthogonal complementa- 
tion, and one must supply a substitute for the measures (H(-)x, x). A 
suitable representation for the range of E will be obtained only in the case 
m(E) < œ. However, there the similarity with the Hilbert space case is 
striking. 

Our first objective will be to obtain a characterization of cyclic sub- 
spaces similar to that in Hilbert space. Hereafter B will be a complete 
Boolean algebra of projections in a Banach space X. Regarding B as a 
spectral measure we recall (cf. the discussion on pp. 891-892) that for 
any bounded Borel function f, the integral S(f) = f 4 f (A)H(dA) exists in the 
uniform operator topology and the correspondence f—>S(f) determines a 
homomorphism of the algebra of bounded Borel functions on A into the 
algebra of bounded operators on ¥. When f is unbounded the operator 
S(f) has been defined in XIIT.2.10 as the operator with domain 


D(S(f)) = (y| lim f f(A)E(dA)y exists}, 
where en = {A| |F O)| £ m) and 


S(f)y= lim | AEA ye DSN) 


An operational calculus based upon this definition of the unbounded 
operators S(f) has been given in Theorem 2.11 and we shall use these 
elementary results freely as needed without necessarily making explicit 
reference to this theorem. 

If xe X, it is clear from the definition of an integral that M(x) 2 
{S(f)x|«e D(S(f))}. A certain amount of machinery will be required to 
prove that this inclusion is an equality. The fundamental tool is the 
separation theorem (Theorem 12) proved below. For its proof we shall 
need some properties of the family B* of adjoints of elements of B. If 
Ee B, then E* ig a projection in ¥* whose range is the X-closed manifold 
{a*|a*(I —E)X =0}. Since Ev F=E4 F—EF and Ea F=EF 
it follows that (E v F)* =E* v F* and (EA F)*=E* a F*. Also 
E* < F* if and only if E < F. It follows that B* is a Boolean algebra 
of projections with the same bound as B. The sense in which the com- 
pleteness of B implies that of B* will be made clear in the following 
definition and lemma. 
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9 DEFINITION. Let D be a Boolean algebra of projections in X* and 
let FX* be X-closed for every F e D. Then D is called X-complete (X- o- 
complete) if for every subset (sequence) {F',} S D, the following two con- 
ditions hold. 

(a) ¥* admits the direct sum decomposition X* =M ®N where 


M =X spl F, X*}, N=() (i — F,)X*, 


where here and later we use the notation X sp{A,} for the least ¥-closed 
linear manifold in X* containing all the sets A,. 

(b) The projection F, with range W and null manifold N defined by 
this decomposition belongs to D. 


It is easily verified that X-completeness implies completeness for D 
as an abstract Boolean algebra, and that F, in the definition above is the 
projection \/,F',. Moreover 


(A F)x*=() F, Sa -A F,)X* = X sp{(I — F,)X*}. 


10 Lemma. Let B be a complete (o-complete) Boolean algebra of 
projections in X and let B* be the Boolean algebra of adjoints in X* of 
elements of B. Then B* is X-complete (X- o-complete) in X*. In particular 
the manifolds H*X*, E* € B*, are X-closed. 


Proor. That H*X* = {x* | (I — E)*x* =0} is X-closed is a standard 
elementary property of the null manifold of an adjoint operator. Let 
{E} be an arbitrary set (sequence) of elements of B and E, = V E, . Since 
we may replace {£,} by the increasing generalized sequence of its finite 
unions, we may suppose {H,,} is an increasing generalized sequence. Then 
E,x=lim, E,x, xe X, by Lemma XVII.3.4. Consequently Efx*(x) = 
x*Ex = lim 2*H, x =lim Ežx*z, ce X. Thus E*X* c X sp{E*X*}. But 
ESX* is X-closed. Thus E{X* = X sp{#H*X*}. One shows similarly that 
(I* — ES)X* =(). (I* — Eq) *. Q.E.D. 


11 DEFINITION. A closed linear manifold M in X is called an 
invariant subspace if S(f)a e M whenever xe M and xe D(S(f)). 


-> 12 THEOREM. Let M be a closed invariant subspace in X and x, e Æ 
with M(x) N M = (0). There exists a functional xf e X* with the properties 
(1) 2¥ (Mt) = (0), 
(2) xgS(f)xo > 0 if f is a non-negative bounded Borel function for which 
S(f ao 40. 
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ProorF. It is clear that without loss of generality we may suppose that 
the carrier projection of x, is the identity I. Thus if 0 4H e B, we have 
Ex, 0, and I satisfies the countable chain condition. It will be con- 
venient to isolate a portion of the argument. 


13 Proposition. [f0 AF e B there exists a projection G in B and a 
nonzero functional y* e X* such that 
(i) G= A {E |y*Ex =y*x, x e M(xo)}, 
(ii) y*(M) = (0), and 
(ii) OAG Ss F. 


PROOF OF THE PROPOSITION. Let z* e ¥* be chosen so that z*(M) 
= (0), while z*(Fx ) 40. Let  ={He B| z*Ex = z* Fx, xe M(x.)}. Now 
if E, H,69, z*E Hox = 2* FE, x = 2* E, F x = z* F?x =2*F x, xe M(x), 
so G is closed under finite intersections. Thus Y is a decreasing generalized 
sequence when its members are directed by inclusion and therefore, by 
Lemma XVII.3.4, converges strongly to the projection 

G= N {E|Ee 9}. 
Consequently 
G*z*a =z* Gx = lim z*Ex = 2* Fx, x e M(x), 


EEG 
and 


G*z*y =lim z*Ey = 0, ye M. 
Eeg 
If we set y* = G*z*, then clearly G and y* satisfy (ii) and (iii). Let 
H = N{E | y*Hx =y*x, x e M(xo)}. Clearly G 2 H. However, ify*Ex = y*x 
for all x e M(x), then 


AGEs =y* Ha = y*x = F*G*z* x 
= G*2* Fx =2z* Fa, x e Wi(xy), 


showing GE 2> G. Thus GSE, from which it follows Gs H. Hence 
G=H. Q.E.D. 


Returning now to the proof of Theorem 12, let us call a projection 
G* e B* the x,-carrier of the functional y* if condition (i) of the Proposition 
is satisfied. The Proposition shows the existence of families of disjoint 
projections in B*, each of whose members is the xo-carrier of a nonzero 
functional which vanishes on W. By Zorn’s lemma there exists a maximal 
family F of such disjoint projections. Since Ie @, the family F is countable. 
Let F ={G*} where G% is the xo-carrier of y% . Clearly V G$ =I*, since 
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otherwise the Proposition, applied to I — : G,» would contradict the 
maximality of F. We may suppose -1y* o and set 
ys =} 21 yx . We assert that I* is the xo-carrier of yf. For if yg Ex = y}x, 
x e M(x), then for each n, 
yt Ex = Gtyk Ex =y EG, 2 
=y, £ =yžxz,  xeM(zo), 

so E* > Q*, n =1, 2,.... 

Finally we obtain x} from y% . It is convenient again to regard B as 


a spectral measure. Let v denote the total variation of the measure 
ys E(-)xy. Then there exists a function g in L,(A, Z, v) such that 


v(e) =Í g(A)yXB(dr)ey, eeg. 
Thus 
v(e) = f IA (dd), eeg, 


showing |g(A)| =1, except possibly on a v-null set. RoE g to be 
zero on this set we form S(g) = J 4 9(A)E(dA) and define x% = S(g)*y}. Thus 

xp E( æo = v(-), and 23 (WM) = yF(S(g)M) E yF (Mt) = (0). Suppose now that 
f is a bounded non- eae Borel function and that 2x}S(f)xo = 
fa Axt E(A)a = 0. one then 


ŽE (e)£o = 0, e€ Bele, 


where eo = {À| f(A) > 0}. Thus y§(M(H(eo)xo)) = (0), so yl — E(e))x = 
yor, x e M(x). Since I* is the xo-carrier of yf we must have E(e9) =0, 
showing that S(f)x) =0. Q.E.D. 


-> 14 COROLLARY. Let B be a complete Boolean algebra of projections in 
X and let x, e X. There exists a functional xf in X* such that the measure 
xoH(-)x is positive and dominates the vector measure E(-)xp. 


=> 15 THEOREM. If x € X, then M(x) ={S(f)xo |x E D(S(f))}- 


Proor. Let xý be chosen as in Corollary 14 and let po =x% E(- )£o. 
Now puole) = 0 implies that H(d)x, = 0 for d S e, and thus that M(E (e)xo) 
=(0). Thus if xe M(xo), x}H(e)x =0. By the Radon-Nikodym theorem 
there exists a function fe D(A, B, po) such that 


xsEleje =| fold), eeg. 
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The correspondence 7':%-—f defines a linear map of M(x) into 
L(A, B, po). It is continuous since f4 |f (A)| wo(dA) = tot. var. s E(x < 
4M |xj||z|. For each m let em ={A||f(A)| < m}. We shall show that 
E(Cm)a =S(f ` Xem)%o, the symbol ye denoting the characteristic function 
of the set e. If x* e X*, then x*H(-)x, is dominated by po, s0 


x* EH (e)aty = f p(A)po(da), ee B, 


where p € L,(A, 2, po). Let d be a subset of e,, on which p is bounded, and 
let {g,} be a sequence of bounded functions such that x == lim S(g,)a) . Then 


2*S(g,)E(A)% = | du(A)p(AHo(AA)—> | FOPA 


= x*8(f-xXa)€o> 

by continuity of T. However, «*S(g,)H(d)a > x*H(d)x. Thus 2*8( f+ xa)£o = 
x*E(d)x. By a limiting argument x*S(f-y.,,)€o = x*E (en). However, x* is 
arbitrary so E(en)a =S(f ` Xem)£o . Since x = lim E (em)£, zo € D(S(f)) and 
x =S( f )xo - Q.E.D. 

16 COROLLARY. If f is a Borel function and xe D(S(f)), then 
fe LA, B, x$ E(x) for every x} satisfying the conditions of Corollary 14. 

Next we shall examine the range of a projection E of finite uniform 
multiplicity. Since every projection in B is the union of disjoint projec- 
tions in @, it will be sufficient to suppose that E is in Y. To avoid nota- 
tional difficulties we shall suppose the identity is in @ and has finite 
uniform multiplicity n. Then there exist vectors 2,,...,2, such that 
X =\V 7-1 M(x;) and no smaller number of cyclic subspaces will span X. 
Here we have denoted by \/?.1 Wt(x;) the smallest closed linear manifold 
containing the manifolds M(x;), i =1,... n. We shall see that the 
manifolds WM(x;) for such a minimal spanning set are all disjoint and that 
we may embed ¥ in a direct sum of L, spaces È $- L,(A, &, p;) analogous 
to the embedding in a sum of L, spaces in the classical Hilbert space case. 
The measures u; have the form «*E(-)2,; ef e X*. This fact is the key to 
the later discussion of the duality between multiplicity in ¥ and in X*. 

The first lemma to follow is independent of the simplifying assumptions 
made in the preceding paragraph. 

17 Lemma. Let M be a closed invariant subspace and let y, e X. 
There exists a maximal projection E, e B such that Ey yo € W. Moreover, 


M a M((T — EL o)yo) = (0). 
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Proor. If ze Myo) A Mt then, by Theorem 15, z =S(f)yo for some 
Borel function f. If e is any set in Z on which f satisfies an inequality 
K-1<|f(A)| SK, then H(e)yo =S(g)z, where g =f-1y,. Thus if Myo) 
AMF (0), there exist projections E with 0 4 Ly, e Myo) N Mt. Let E, 
be the supremum of such projections. If M(I — £o)yo) A Mt Æ (0), the 
same argument may be used to contradict the maximality of E, . Finally 
if Myo) n Mt = (0), let Hy be defined as the complement of the carrier 
projections of yọ. So (I —Eo)y¥p = yo, Hoyo =0 and thus Ly yoe M and 

M a M((L — £o)yo) =0. 
To see that E, is maximal we note (cf. remark in Definition 4) that if 
E, >E then (I — £,)y, £0, and since Mt is an invariant subspace 
0A (I —Eo)yo E MA M((I — Eo)yo), 
which proves the maximality of Æ, in this final case. Q.E.D. 

18 Lemma. Let the identity satisfy the countable chain condition and 
have finite uniform multiplicity n. If #1, ...,%_ is any set of vectors such 
that X =\/?_1 M(x), then 

(1) the carrier of each x, is I, 

(2) MUx,) A ViM) = (0), t=1,...,0, 

(3) for each i there exists a linear functional x} such that af (\/ ; +: M(x) 
=(0), while x¥S(f jx; >0 for each non-negative Borel function f such that 
S(f a, #0. 

Proor. To prove (2) suppose, for example, that there is a non-zero 

vector z e M(x,) n V zi Me(x;). By Lemma 17 there is a projection Æ 
with 04 Ex, e Ex, €\/fri Ma). Hence EX =\/7r} M(Ex) which 
shows that m(#) <n —1 and contradicts the assumption of uniform 
multiplicity. Statement (1) is proved in a similar way, for if E is the carrier 
of x; then (I ~E)¥ o\/,24, WMI — E)z;). Statement (3) follows from 
Theorem 12. Q.E.D. 
-> 19 THEOREM. Let the hypotheses of Lemma 18 be satisfied. There 
exists a linear continuous one-to-one map T of X onto a dense subspace of the 
direct sum )?_, L(A, B, pi), pi =P E(-)a,; such that if Tx =[ frs -> fal 
then 


(a) x*E(e)e = f flApldÀh ee, i=l,... n. 


(b) £ = limpo ter Sfi + Xem)% 
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where 
em ={A||f(A)| Sm, i=1, ..., n}. 
Proor. The proof proceeds very much like that of Theorem 15. Given 
xe X, there exist bounded functions g” such that 
n 
x = lim S(g)a;. 
1 


m> t= 
For each ee Z 


at E (eje = lim 28S(gP > xe): 


Thus u;(e) =0 implies that H(d)x,=0, if d S e, and so x¥E(e)x =0. Con- 
sequently, for each 7 there is a function f; € L,(A, 2, p) such that 


wt B(ejx = | fi(Apu(dr). 
Since 
sip ij [f(A)] wild) = sup tot. var.{afE(-)x} < 4M |2|supl7', 


the linear map 7':x-[f,,...,f,] is a continuous map of X into 
Yte1 Ly (A, B, pi). Now let en = {Al |f,(A)| Sm, i =1,..., n}. We show 
next that 


n 


(*) E(e_)% = 2 Sfi Xenti  m=l1,2,.... 
Fix m and let «* e X*. We may find functions p; € L,(A, B, p;) such that 
a*E(e)x, = f pidu(da), ee. 
If d is an arbitrary subset of e,, on which 9, ..., p, are all bounded 
È eSB, = È S EOP AAA 
ial t=1-d 
>> S AOPA AN 
i=1lvd 


= 2 A*S fi Xati. 


However also 


lim $ x* S (g1) E(d)jæ; = x*E(d yx. 
{1 


k> 
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A limiting argument shows 
n 
HE (enje =} 2*8, fi Xenti 
i=1 


Since x* is arbitrary we have proved («). Statement (b) is obtained by 
letting m —> œ. Also (b) shows that if Tx =0, then x =0. The range of T 
is dense, as it contains all n-tuples of bounded functions. Q.E.D. 


20 CorotLary. Under the hypotheses of the theorem [\/ icq M(x:)] 
AL V seo M(x,)] = (0) for any partition [o, 0’) of the set [1,..., n]. 


Proor. Suppose for example that 0 4 ze \/?_1 Mr) 0 V= +1 MUx)). 
Then there exists a set e e Z and bounded functions g; such that 


E(e)z = 2 S(g Elet, E(e)z £0. 


Suppose without loss of generality that S(g„,)E(e)x„ 40. Then it belongs to 
\/ tri M(x), contradicting the fact M(x,) a V zi M(x) =(0). Q.E.D. 


We now turn our attention to defining a multiplicity function on the 
complete Boolean algebra B* in X* composed of all Æ* for which Æ is in 
the complete Boolean algebra B. It has already been observed in the remarks 
preceding Definition 11 that B* is a Boolean algebra of projections in X¥* 
isomorphic with B, that is, (E v F)*=H* v F*, (E a F)* = E* a F* 
(from which it follows immediately that for an arbitrary set {H,} € B, 
(\/ E.)* =\/ Ez, (/\E.)* = /\ E*). It was also observed that B and B* 
have the same bound, that E < F if and only if H* < F* and the range of 
a projection E* in B* is the X-closed linear manifold {x* | x*(I — E)X =0}. 
In Lemma 10 the completeness properties of B* were given and it was 
observed following Definition 9 that if {E} © B, then 

(\/ Ba) ¥* =X sp{E7X*} 


(A Bu)X* =) BEx* 
(I — N Bt)x* =X sp{(I —E2)X*}. 


From these properties and from Lemma XVII.3.4 it follows that if {H%} 
is an increasing generalized sequence in B*, then 


lim(H7a*)x = ((\/ E%)x*)z, re X, x* e X*, 
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whereas if {E} is decreasing 


lim(EJ2*)a = ((/\ Ex)e*)x, ceX, ate X*. 


To verify these convergence properties we have by Lemma XVII.3.4 (for 
an increasing generalized sequence) strong convergence of {Hx} and, a 
fortion, 

lim z*E, x =2*(\/ E), xe X, s* e X*, 


and since (V E,)* = V Ei, 
lim(Eža*)z =((\ Ba)*a*)e = (V Ei e*)e. 


A similar argument holds if {#,} is decreasing. 

For a given x* e X* we define N(x*) to be the span in the X-topology 
of the set of vectors {H*x*|H* e B*}, and call it the cyclic subspace 
generated by 2*. These subspaces will be the building blocks for the 
multiplicity theory in ¥*. The symbol ¢* will denote the family of projec- 
tions in B* which satisfy the countable chain condition. Clearly E* e ¢* 
if and only if He @. The projection /\ {E*| H*x* =x*} is called the 
carrier projection of x*. 


21 Lemma. The family @* is a dense o-ideal in B*. Hach E* e €* is 
the carrier projection of a vector in X*. 


Proor. The first statement follows from Lemma 5. To prove the 
second let H* e @* and recall that E is the carrier of a vector xe X, by 
Lemma 5. Let x¥ be chosen as in Corollary 14. Replacing 2} if necessary 
by E*x}, we may suppose E*x} ax}. Suppose that F*e B* and 
F*x} =a}. Then (I* — F*)xf =0. Thus x*(I — F)z, =0, from which 
it follows Fx) =x). Thus F = E so F* = E*, which shows that H* is the 
carrier of x*. Q.E.D. 


Not every carrier projection in B* belongs to @* as one sees from the 
following example. Let R be the real line, I“ be the o-field of all subsets of 
R and y be the measure which assigns to each point in R the mass one. 
Taking ¥ = L,(R, T, y) X¥* = M(R), the Banach space of all bounded 
functions on R. For ee I define (E(e)f)(r) = 8 f(r) where 5¢=0 if 
re, ò =1ifree. The Boolean algebra of such projections is complete 
and @ corresponds to the countable sets. If x* is the function identically 
one in M(R), its carrier is I* which is not in @*. 
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22 Derinition. If E* e @* we define m(E*), the multiplicity of E*, 
to be the smallest cardinal power of a set A of vectors such that H*X* is 
spanned in the X-topology by the manifolds {9t(x*) | 2* € A}. 


The next lemma establishes the required continuity properties. 


23 Lemma. If E*, F* e@* and F* < E*, then m( F*) < m(E*). If 
{E*} c @* and Eğ =\/ Ete G*, then m(E%) =\/ m(E%). 

Proor. The proof is almost identical to that of Lemma 7. For 
example, in the proof of the second statement one shows, using Zorn’s 
lemma as before, that E% =\/2., G%, where each G% belongs to ¢* 
and dominates some H%,. There exist families {af*} such that GfX* is 
spanned in the X-topology by the manifolds {M(x**)|1<n <n}, 
no =\/ m(Ež). The functionals ył =) f- 2-*x7* span HX. Q.E.D. 


Now Theorem 3 yields 


24 THEOREM. There exists a unique multiplicity function m defined 
on B* with the property that for each F* e @*, m(F*) is the least cardinal 
power of a set of cyclic subspaces spanning F*X* in the X-topology. There is 
a unique decomposition of the identity I* =\/ FX into disjoint projections 
such that if F* £0, F* has uniform multiplicity n. 


We may also consider B* as a projection valued measure on the 
Borel sets Z of A. Now the measures H*(-)x*x are countably additive for 
each xe X, x* e X*. However, the vector measures H*(-)x* may not be 
countably additive unless X is reflexive. If f is a bounded Borel function 
the integral S*(f) = f 4 f(A)E*(dA) exists in the uniform operator topology 
and clearly the operator S*(f) is just the adjoint S(f)* of S(f)= 
Jaf (A)\E(dA). Thus if f is an unbounded function, we are led to define S*(f) 
to be the adjoint of the closed, densely defined operator S(f). That 
is, D(S*(f)) is the set of all x* such that z*(x) =a*S(f)x is continuous for 
xin D(S(f)) and S*(f )x* = 2* for «* e D(S*(f)). The proof of the following 
lemma is straightforward and will be omitted. 


25 Lemma. (a) The operator S*(f) is closed and D(S*(f)) is 
X-dense in X*. 
(b) Let em ={A||f(A)| Sm}. Then x* E D(S*(f)) if and only if 


lim S*(f + ye,,)x*x exists for each x e X. 
n> 
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If this limit exists it equals S*(f)x*ax. 

(c) If g ts a bounded function and x* e D(S*(f)), then S*(g)x* e 
D(S*(f)) and S*(g)S*(f)a* = S*(f)S*(g)x*. 

The next task is to prove that It(x*) ={S*(f )a* | a* e D(S*(f))}. For 
this and other purposes we shall need a separation theorem analogous to 
Theorem 12. 


26 THEOREM. Let N be an X-closed invariant subspace in X* and let 
xè be a functional whose carrier is in @*. If NA (xs) = (0), then there 
exists a vector xo E X such that 

(1) y*(xo) =0 for all y* Ee R, 

(2) S*(f)x&xy >0 for each bounded non-negative Borel function f such 
that S*(f xt 40. 

Proor. We shall merely outline the proof, as it is similar to that of 
Theorem 12. As before, it is sufficient to suppose the carrier of x% is the 
identity J*. It is well known (cf. Theorem V.3.9) that the ¥-continuous 
linear functionals on ¥* are precisely those induced by elements of X. 
Also it was shown in the remarks following Corollary 20 that if {G*} is a 
decreasing generalized sequence in B*, lim G¥a*(x) =(A G*)x*(x) for 
xeX, x* e X*. Using these two facts it follows much as before that if 
0 Æ F* e B*, there exists a projection G* in B* and a nonzero vector y 
in ¥ such that 

(i) G*¥ = N {E* | Beaty =x*y, x* e N(x9)}, 
(ii) y*y =0 for y* EN, 

(iii) O4G* < F*. 

Now using Zorn’s lemma, express J* as the union of a sequence of disjoint 
projections G*, each of which satisfies (i) for an appropriate vector y, of 
norm one. The vector x, is obtained from yọ = exe 1 27 "y, by the formula 
Zo =S( f yo, where f is the Radon-Nikodym derivative of total variation 
xéE(+)yo with respect to xj H(-)yo. Q.E.D. 


-> 27 THEOREM. If x} c X*, then 
Ndz) = {S*( fxg | x3 | D(S* (f) 


ProoF. It is clear from Lemma 25 that each functional S*(f)x} is in 
N(x). To prove the converse it will be sufficient to suppose the carrier of 
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x* is in @*, since in any case it is the union of disjoint projections in 
@*, If z* e N(xG), there exists a generalized sequence {g,} of finite linear 
combinations of characteristic functions such that 


S*(gq)%9 (x) >2*(2), xe. 
By Theorem 26 there exists a vector x) such that 
vo = E*( -jafx = 2*E(-)xy = 0, 
while if H*(e))aj2. =0 then E*(e,)a} = 0. Clearly, z*H(-)a is dominated 
by vo so there exists an f e L,(A, B, vo) such that 
2*E(e)x) = f FAwoldà), eeg. 
If h is any bounded Borel function 
Í FORAN = 2*S(h)xo 
A 
= lim $*(g,)&S(h).xy 
a 


=lim f ge(Arb(Avo(ar), 


showing gą >f weakly in L,(A, B, vo). 

It remains to show that 2* = S*(f)a3. If xe X, then vọ dominates 
«hE (-)x = E*(-)xéx, since vo(e)=0 implies H*(e)xj =0, as remarked 
above. Let p e L,(A, 2, vo) be chosen so that 


atB(e)x = f pAwoldà), eeg, 


and set em ={A||f(A)| < m}, m =1, 2, ... . If d is any subset of e„on which 
p is bounded, 


S* UZE AE = | gal Ayp(A)vo(AA) 


=> f Owa), 


as g,—>f weakly. Thus z2*E(d)x = S*(f - xajxýx. By a limiting argument 
2*E (em) =S*(f ` Xem)03X, and since « is arbitrary, E*(e,,)2* =S*(f + Yem)%= 
It now follows easily that xë e D(S*(f)) and z* =S*(f)zj. Q.E.D. 


Analogous to Lemma 17 we have 
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28 Lemma. Let N be an X-closed invariant subspace in X* and 
let y% c X*. There exists a maximal projection EX e B* such that Ežyš e R. 
Moreover R a N((I* — E})x3) = (0). 


The proof is similar to that of Lemma 17 and will be omitted. 


We turn now to the representation of H*X* when H* e * and has 
finite uniform multiplicity n. The results are parallel to those in X. The 
weaker form of completeness enjoyed by B* leads to a weaker form of the 
representation theorem, as the relevant topology in X* is now the X-topo- 
logy. As before we shall suppose for convenience that E* is the identity I*. 


29 Lemma. Let the identity I* in B* satisfy the countable chain 
condition and have finite uniform multiplicity n. If xf, ..., x* is any set of 
eee such that X* =\/P_, N(x*) (here we are using the symbol 
\J tai N(x*) in place of X ppiotr ), è =1, ..., n}), then 

(1) 7 carrier of each x¥ is I*; 


(2) N(x) NA Via R (xf) =0, t=l,..., n; 
(3) aes nes i there exists a vector x;e X such that y*(x,)=0 for 
y* E Vizi Naf), while S*(f )xfa, > 0 for each non-negative bounded Borel 


function f A ne S*( fje 40. 


Proor. This lemma is proved from Lemma 28 and Theorem 26 exactly 
as Lemma 18 was proved from Lemma 17 and Theorem 12. Q.E.D. 
-> 30 THEOREM. Let the hypotheses of Lemma 29 be satisfied. There 
exists a linear one-to-one map U of X* onto a (norm) dense subspace of the 
direct sum) P_, L(A, B, vi), vı = E*(- )affx,, such that if Ux* =[fy,..., fa) 
then 


(a) E*(e)x*x, = f fava), e€B,i=l,...,n 


(b) x* (2) = liMp -> o Yii S*(f; E Xem)Xi (2), xe kX, 

where 
em ={A||f,(A)| Sm, i =1, ..., 0}. 

The map U is continuous when X* and }?}-, L(A, B, v;) have their 
norm topologies and also when X* has its X-topology and } 7.1 L,(A, B, v;) 
has its weak topology. 

Proor. Most of the proof of this theorem is a straightforward modi- 
fication of the proof of Theorem 19. Given x* e X* there exist generalized 
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sequences gf of bounded functions such that 
n 
x*(x)=lim } S*(gf)z*(z), sex. 
{=1 


For each e e Z 
w*B(e)a, = lim 2*S(9f ` xe), 


and the Radon-Nikodym theorem yields functions [f,,...,f,] such that 
a*B(eye, = È fN vd, eeg, 


yielding (a). The argument proceeds much as before to yield (b) and the 
continuity of U for the norm topologies. 


Suppose now that z*(x) —>z$(x) for each x e X. Let [hy, ..., h,] be any 
n-tuple of bounded Borel functions. Then for each i =1,...,” 
Za S(h4)%, > 25S (hy) . 


Let Uz* =[ f$, ..., ft] and Uz} =[f?, ..., f£]. Then using Lemma 29, we 
have 


ziS (h)a, = lim Y S*( fF * Yen) tt Sh) 
moo j=l 
= lim S*(f? + Xen) O(h) t 


lim f SEON 


= f FEAA). 
A 
Similarly 
She = [FR (Aw (dd). 
A 
Consequently, 


lim f FOAN = | POHARA, — F=1, 0 
ara A 
showing the continuity of U when X* has its X-topology and 
Yt L(A, &, v;) has its weak topology. Q.E.D. 


31 Corotuary. Under the hypotheses of Theorem 30, [\/ ico R(x7)] 
N [Veo R27) = (0) for any partition [o, a’) of the set [1,..., n]. 
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We are now able to prove the following important theorem. 


-> 32 THEOREM. Let B be a complete Boolean algebra of projections 
in a Banach space X and let B* be the Boolean algebra of adjoints in B*. 
Then a projection E in B has finite uniform multiplicity n if and only if 
its adjoint E* in B* has finite uniform multiplicity n. 


Proor. It is sufficient to suppose # and E* satisfy the countable 
chain condition. Also since each projection is the union of projections of 
uniform multiplicity, it is enough to show (a) if E has finite uniform 
multiplicity n, then m(H*) < n; and (b) if Æ* has finite uniform multi- 
plicity n, then m(E) < n. To prove (a) suppose HX =\/?_, Wi(x,) and 
choose x* as in Lemma 18. If E*x* 4\/7%, NaF), then by the Hahn- 
Banach theorem for the X-topology of X* (cf. Corollary V.3.12) there exists 
a nonzero vector xe HX such that y*z =0 for y* e Vt- N(xř). Then 
xtE(e\x =0, e e B, i = 1, ..., n. Thus x =0 by the one-to-one character of 
the map T of Theorem 19. The proof of (b) follows in the same way from 
the fact U is one-to-one (Theorem 30). Q.E.D. 


33 COROLLARY. If n is an integer and E € B, then m(E) =n if and 
only if m(H*) =n. 


34 COROLLARY. If X is separable, then m(H) =m(E*) for every 
EeB. 


Proor. For each integer n let E, and F* be respectively the projec- 
tions of uniform multiplicity n of Theorems 8 and 24. Then, in view of 
Theorem 32, F*=E*, the adjoint of H,. Since ¥ is separable, 
E, =I —\ 2, E, is zero or has uniform multiplicity Nọ. To complete 
the proof it is sufficient to prove that if ZH, 40, then m(H}) =N.. Now 
Theorem V.4.2 shows that the unit sphere in X* is compact, and since X 
is separable, Theorem V.5.1 shows that it is a metric space and hence 
separable in the X-topology. Thus m(H$) < N, and from the definition of 
the projections F* it is seen that Æ% can have no part of finite nonzero 
multiplicity. Q.E.D. 


We shall now discuss a problem of similarity equivalence for certain 
spectral operators of scalar type. Let Q be a scalar type operator with 
resolution of the identity H(-). Since E(-) is countably additive in the 
strong operator topology, the Boolean algebra B consisting of the range 
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of E(-) is c-complete. Thus its closure B* in the strong operator topology 
is complete (cf. Lemma XVII.3.23) and the preceding multiplicity theory 
is applicable to B. We shall assume throughout what follows that B® 
contains no projections of infinite uniform multiplicity. Our objective will 
be to show that, with this restriction, the operator Q is, in a suitable 
sense, similarity equivalent to a normal operator on a Hilbert space. 
However, rather than seek the maximum generality, it will be convenient 
to suppose that B is itself complete and satisfies the countable chain condition. 
Both these properties hold for B if ¥ is separable, so this will be assumed 
for the rest of this section. 

By Theorem 8 there exist disjoint projections H,, n =1,2,..., such 
that J = Nee , #, and each #, is either zero or has uniform multiplicity n. 
(By our assumption above Hy, =0.) Corresponding to each n there is a 
Borel set e, in the plane such that E, == H(e,). We may suppose the sets e, 
are disjoint and |), e, = P, the whole plane. 

Now consider n fixed and suppose E„ £0. It follows from Lemma 18 
and Theorem 19 that there exist vectors z4, ..., £, and functions v%,..., x* 
such that E, X =\/i M(x), af (\/ zzi Ml) =0, and the measures 
py =x E(-)x;, now defined on the Borel sets of the plane are positive 
and vanish outside e„. Moreover, there is a natural continuous linear map 
T, of E, X into Xf- L,(P, Z, ws) with densely defined inverse. Let W, 
denote the identity map of $a =} f-ı La(P, B, p) into P71 L,(P, B, p). 
As the measures u; are finite, W, is defined and continuous, and the map 
A, = Wz +T, is a densely defined closed map of E, ¥ into §, with densely 
defined inverse. We suppose the norm of [h,, ..., An] in $, is defined to be 


n 1/2 
[È f, eoe man] 
i=1 R 
so that §, is a Hilbert space. It is easily seen that 
D(A,) ={re E,%| (7,2),(*) e LAP, B, Hi) t=1,..., n}, 
DAZ?) ={(Ay, <--> ha] E n| lim Y S(hi ` Xem)zı exists}, 
moo i=1 


where em = {À| |(A)| < m, i =1, ..., n}. Moreover, if g is a bounded Borel 
function on 8, the closure in §, of the densely defined operator A, S(g9)A7! 
sends [h,, ..., An] into [gh,, ..., gn], that is, corresponds to multiplication 
by g. Taking for g the characteristic function y, of a Borel set, there results 
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an isomorphic correspondence E(e) > y, between subprojections of E, in B 
and a Boolean algebra &, of self adjoint projections in §,. Moreover, B, 
is the resolution of the identity of the bounded normal operator 
Qn =Je, AL (dA) which is the closure of A, E(e,)QAz 1. 

Now let the Hilbert space § =} -1 Ýn be the direct sum of the 
Hilbert spaces $, . Elements of $ will be denoted by the single letter A. We 
shall define a map A of X into $. Let 


D(A) ={x| E 2 E€ D(A,) for all n and È} A,#,x converges in 9}. 
n=1 
Define 
Ax= } A,£,2, xe D(A). 
n=1 


The properties of A are collected in the next lemma. 


35 Lemma. The operator A is a densely defined closed linear map 
of X into H with densely defined inverse. Moreover if P, denotes the perpen- 
dicular projection of $ onto H, , then 


DA} = {| P, he D(A; !) forall nand $ A; +P, h converges in X} 
n=1 


and 
Ath= 5 Az P,h  heD(47)). 


n=1 


ProorF. Let y, € D(A), Yn —>Yo and AYm—> ho. Then EnYm—>En Yo: 


and P ,AYm=AnEnYm—> Paho, n=1,2,.... Since A, is closed, 
Enyo € D(A,) and A, En Yo = Pn ho . Now 

Y A,Enyo= }, Paho =ho. 

n=1 n=1 


Thus y, € D(A) and Ayo = ho , showing that A is closed. If Ax =0, then 
A, E £ =E,Ax=0. Since Az? exists, E x =0, so x=), Ens =0 
proving that A-1 exists. Since each A;* has dense domain, the same is 
true of A-1. The formula for D(A ~+) is easily verified. Q.E.D. 


The next theorem is a straightforward consequence of the preceding 


discussion. 


-> 36 THEOREM. Let X be a separable complex Banach space and Q be a 
bounded scalar type spectral operator in X. Let B denote the range of the 
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resolution of the identity E(-) of Q and suppose that B contains no projection 
of infinite uniform multiplicity. If A is the closed densely defined linear 
map of X into the Hilbert space H of Lemma 35, then the closure Q of AQA-* 
is a bounded normal operator. For each bounded Borel function g on the plane 
let S(g) denote the closure of AS(g)A~1. The correspondence r: S(g) > S(g) 
preserves the operational calculus and 


J = EAD), 
ĝ = (dA) 


where rE(e) = E(e), e € B. 


Our final objective is to show that the operator A induces a one-to-one 
correspondence between the subspaces of X invariant under B and those 
of § invariant under B, the resolution of the identity of Q. 


37 DEFINITION. If Mt is a closed invariant subspace in X, we denote 
by ®(M) the closure in H of the linear set A(M n D(A)). Similarly if K is a 
closed invariant subspace in $, Y(R) denotes the closure in X of 
A-K n D(A!) 


It follows from Theorem 19(b) and Lemma 35 that M n D(A) is 
dense in W. Similarly R ^n D(A- !) is dense in K. It is conceivable that 
@(M) contains elements of D(A~+) not belonging to A(M ^ D(4)), in 
which case ¥(O(M)) contains M properly. Our objective is to show that 
this does not happen. In fact ¥(G(M)) =M, S(Y(K)) = R, for all M and 
K. This property of the invariant subspace is a consequence of the spectral 
structure of E, ¥, n = 1, 2, ..., and it will be convenient to prove a lemma 
first about the maps A,. 


38 Lemma. (a) If Mis an invariant subspace of E, X then 
DM) A D(Az*) S ALM NA D(A,)}. 

(b) If R is an invariant subspace of $, then 
PR) A D(A») S Az [R n D(Az’))- 


Proor. To prove (a) suppose h° =[h9,..., A8] is an element of 
PM) A D(Az+) S Hn, and that h° = A,y.. We must show yo e W. There 
exist vectors yn in Mt a D(A,) such that A, Ym =[A®, ..., Ae] —>[A9, ..., AB] 
in $a =} 7-1 LAP, Z, wi). By extracting subsequences we may suppose 
h? > h? almost uniformly with respect to p;, t =1,..., n. Given ¢>0, 
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there exists a Borel set e, such that p,(e;)<¢,+=1, ..., n, and A? +h? 
uniformly on e,. The functions A? are bounded on e, and 


E(C.)Y¥m = 5 S(hP ` Xes)ti 


n 
> 2 S(h - xe) = E(e,)¥o; 


so E(e,)yo € Mt. An obvious limiting argument shows that yọ e Mt, estab- 
lishing (a). 

If yo E Y(K) a D(A,) and yy =A, tho, there is a sequence {h™} of 
n-tuples in RO D(A!) such that Ym =A; th” —>yo. Then T,y_ = 
[AT, ..., he] —>[A, ..., AL] in V7, Ly(P, Z, pi). Consequently, given 
é>0, E(e,)h™—> E(e,)h° in subsequence, where p,(e{) <e, i= 1, ..., n. 
Thus hy E€ R, so yo E A KR A DAZ). Q.E.D. 


39 THEOREM. Let the hypotheses of Theorem 36 be satisfied and 
let the maps ® and ¥ be defined as in Definition 37. Then there exists a 
one-to-one correspondence between the invariant subspaces WM of X and the 
invariant subspaces K of $ given by the relations 
PSM) =M, PK) =K, MEX, KES. 


Proor. The desired relations follow immediately from the two 


equations 

(a) DM) A D(A!) = A(M A D(A)) 
and 

(b) YR) A D(A) = AMK n D(A7})). 


We shall prove (a), the proof of (b) being similar. Clearly the right side of 
(a) is contained in the left. It follows from Lemma 38 that 
(+4) DE, M) A D(A7}) S A[(L, MY) n D(A), n=1,2,.... 
Now 
(E.M) 0 D(A) =E (M a D(A) 

and 

P,A(M A D(A)) = AE, (Mt A D(A)). 
Taking closures of both sides of the last equation shows that P, O(M) = 
OL, M),n =1,2,....Nowlet h e O(M) n D(A?) andh = Az. For each n 


P,he P,O(M) =O(E, M). 
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Thus by (44) 
A? Ph=H,cekH, M, 
80 


z => E,ceM ada). QED. 


4. Notes and Remarks 


The work presented in this chapter is an elaboration of the theory 
presented in Bade [2]. As was mentioned earlier, Ionescu Tulcea [3] and 
Schaefer [10] discussed spectral operators in certain locally convex spaces 
without always assuming that the domain was the entire space; thus much 
of their work also applies to unbounded operators. 

Nel [1] improved the canonical decomposition of an unbounded 
spectral operator by giving the following characterization: 


THEOREM. A closed operator T is spectral if and only if it is the minimal 
closed extension of an operator of the form S+ N where S is a scalar type 
operator with resolution of the identity E and N satisfies the conditions: 

(a) Ifbis abounded Borel set, then E(b)X = D(N), E(b)NE(b) = NE(), 
and N | E(b)X is a quasi-nilpotent operator. 

(b) If cis a Borel set, B ¢c, and b, = {À | |A| < n}, then the sequence 


(I-T) EO 0 a= È Nef (B—y)-*-*H (dyn 
k=0 bnnc 


is bounded, for each x e ¥. 


The multiplicity theory as presented in Section 3 is due to W. G. 
Bade [5]. J. Dieudonné [20] had previously obtained a multiplicity theory 
in the case where the adjoint X* of the underlying Banach space X is 
separable (which implies the separability of X). In connection with Lemma 
3.18 we note that in general ¥ is not the algebraic direct sum of the 
manifolds M(x,). In fact J. Dieudonné [21] has constructed an ingenious 
example of a space X and Boolean algebra of projections such that every 
nonzero E e B has multiplicity two. However, for no choice of x, and za 
or E e Bis EX the algebraic sum of M(Hx,) and M(Exa). 

A fundamental question remaining unanswered concerns the relation 
between the multiplicity functions in B and B* on projections of infinite 
multiplicity. It was shown in Corollary 3.33 that m(Z) = m(E*) for all 
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projections of finite multiplicity. We have no information on this question. 
It is undecided even whether Æ* has infinite uniform multiplicity when Æ 
has infinite uniform multiplicity. A related question concerns invariant 
subspaces. If Pt is an invariant subspace we may define the multiplicity 
of B in W. If M, | Ma it is to be expected that m (E) < ma(E), E e B. 
This is true if B contains no projections of infinite uniform multiplicity, 
but the question is open in general. 


CHAPTER XIX 


Perturbations of Spectral Operators 
with Discrete Spectra 


1. Introduction 


In this chapter we discuss the problem raised by Theorem XVI.5.2; 
that is, we establish certain sufficient conditions for the Boolean algebra 
of projections Hc; T) associated with the components of the spectrum of 
an operator having totally disconnected spectrum to be uniformly bounded. 
This will give analytic conditions on an operator which are sufficient to 
insure that it is a spectral operator. The basic idea of the method is the 
following: if T is spectral, and if P is, in some suitable sense, sufficiently 
small relative to T, then T + P will also be spectral. It turns out that in 
order to make P sufficiently small relative to T, it is convenient to let T 
be unbounded and thus most of the present chapter deals with perturba- 
tions of an unbounded spectral operator T, and is directed toward the 
perturbation of differential operators. 

The main theoretical work of the chapter is done in Section 2, and 
especially in the proof of Theorem 2.7. In this theorem the perturbation 
method is used to show that if 7 is spectral, if the spectrum of T is a 
discrete sequence with a certain regular distribution, if all but a finite 
number of the points in o(T) correspond to spectral projections with a 
one-dimensional range, and if P is small relative to T in a suitable sense, 
then T + P is spectral. The next two sections deal with applications of 
this main result to non-symmetric ordinary differential operators. We let 
the unperturbed operator T be a simple nth order differential operator 
i—"(d/dt)", restricted by a set of boundary conditions subject to certain 
broad conditions of regularity. It then follows that if P is any arbitrary 
differential operator of lower order, T + P is spectral. In this way it is 
shown that a large class of nonselfadjoint differential operators are 
spectral. The general proof of this fact is given in Section 4. Unfortunately, 
the computational details of this proof are extremely lengthy. For this 
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reason, and also because of the special importance of second order operators 
in applications, a separate proof of the spectral character of —(d/dx)? 
(subject to a set of boundary conditions which make it nonselfadjoint) is 
given in Section 3. Even though the main result of Section 3 is greatly 
generalized in Section 4, we feel that it is worth inserting the simpler case 
of Section 3 as a kind of preparation for the more complicated case. 

The question of deciding when the generalized eigenfunctions of an 
operator span the whole space in which it acts is discussed in Section 5. It 
is seen that this is the case for a much larger class of operators than those 
covered by Theorem 2.7. 

The case in which one has conditionally (as contrasted to uncondi- 
tionally) convergent eigenvalue expansions is a case whose generality falls 
between that of Theorem 2.7 and the general results of Section 5. A number 
of results concerning the conditional convergence of eigenvalue expansions 
are mentioned in Section 6 below. 


2. The Principal Abstract Perturbation Theorem 


In this section we shall study perturbations of an operator whose 
resolvent is compact. The principal result gives conditions under which 
such an operator, if spectral, remains spectral after a perturbation. The 
results are directed toward the applications to nonselfadjoint differential 
operators which follow in the next two sections. Since the notion of an 
operator with compact resolvent occurs so frequently in this section, it will 
be convenient to introduce, in the following definition, a special term for 
such operators. 


-=> l DEFINITION. An operator T is discrete if there is a number A in 
its resolvent set for which the resolvent R(A; T) = (AI — T)—1 is compact. 


REMARK. Except in the trivial case where X is finite dimensional, a 
discrete operator T cannot be bounded. For, otherwise, by Theorem VI.5.4, 
the identity operator 

I=(AI — T)R(A; T) 
is compact and thus, by Theorem IV.3.5, X is finite dimensional. 


The first two lemmas that follow are reminiscent of analogous results 
established in Chapter VII for bounded operators. 
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2 LEMMA. If T is discrete, then 

(a) its spectrum is a denumerable set of points with no finite limit point; 

(b) the resolvent R(A; T) is compact for every A ¢ a(T); 

(c) every Ay in o(T) is a pole of finite order v(ào) of the resolvent and if, 
for some positive integer k, f satisfies the equation 


(T — A, If =0, 
then f satisfies the equation 
(T — à IP of =0. 
The set of all vectors f satisfying the equation (T — à, IP Of =0 is a finite 
dimensional linear space, called the space of generalized eigenvectors of T 
corresponding to the eigenvalue ào. If Elo; T) = E(ào) is the idempotent 
function of T corresponding to the analytic function which is one near Ay and 


zero elsewhere near the spectrum of T and near infinity, then E(Ao) projects 
X onto the space of generalized eigenvectors corresponding to Ào. 


PRooF. We may suppose without loss of generality that 0 ¢ o(T), and 
that 7-1 is compact. Then, by Theorem VII.4.5, R(u) = (wl — T-1)74 
exists for every complex number p except zero and at most a denumerable 
sequence of points yu, ~0 tending to zero. For each of these points pp, 
there exists a non-zero vector z, such that 71x, = pn £n- It follows that 
Tx, = pq £n, 80 that o(T) 2 {uz 1}. On the other hand, ifAA40,A A uzt, 
n = 0, we have (putting A = u7!) 

(wo —T)uT-R(u) = 1 
and 
—pT Rp) — T)x = —R(p)p Pp — T)x 

== —R(p)(T~* — pl)x 

=, xEeD(T). 
Consequently, A = p~ + € p(T), and 
[*] (uH — T) = —uT-1R(u). 
This shows that o(T) = {u; 1} and establishes (a). Since 7’~1 is compact, 
it follows from [*] that (u7! — 7)~1 is compact for u~! ¢ o(T). This 
establishes (b). 


Since by Theorem VII.4.5 each point u, is a pole of some finite order 
v(u,) of R(w), it follows from [*] that each point 471 is a pole of finite 
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order v(un) of (u~! — T)-+. This proves the first assertion of (c). If 
a non-zero vector f satisfies the equation (T —A,J)*f=0, then 
(Ag VI — T-1)*f = 0, so that, by Theorem VII.1.7, f satisfies the equation 
(Aj 1 — pipar YF = 0. Now we may easily show inductively that for 
p#0 and k 2 0, T*(ul — 1-4)" = (pT — I} in the strict sense that the 
operators on both sides of the equation have the same domain. Indeed, 
this is clearly true for k = 1, and since P(T)Q(T) = Q(T) P(T) for any two 
polynomials in 7, we have 


P'(pl — T=)! =T (uT — I- (pl — T~*) 
= (uT — I} -1T (uI — 7-3) 
= (uT — I). 


Thus since (Ag — 7'-1)"40 Of =0, it follows that (T — à IPEF =0, 
proving the second assertion of (c). Conversely, if (T — à I)*f = 0, we have, 
upon multiplying by (T1), (àg — T-t)kf=0. It follows then, by 
Theorem VII.4.5, that 
{f|(P — Ao" =0} = HOG; PE, 

and, in particular, that {f| (T — A, 1)"¢0 = 0} is finite dimensional. This 
proves the third assertion of (c). 

To prove the last part of (c) we may argue as follows. If C is a small 


closed curve surrounding the point A) and traversed once in the positive 
sense, then, by Lemma XVIII.2.31 and by [*], 


E ; T) = E(Ao) =Í, (AMI — T) -1 dÀ 


-f T-4(T-1— A-H) 1A! dd 


Tmi 


- Ip- 1 T- $ 1 d 
= =f, H (ul — T~*)~* dp, 
where C” is a small curve surrounding A, 1 and traversed in the positive sense. 
By the functional calculus of bounded operators (cf. Theorem VII.3.10) 
this last pi is 


T- Lf po (ul — T=) du == ae (I — T=)? du 


” Bai 


=E(\51; 7-1). Q.E.D. 
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REMARK. It is to be noted that we have actually proved a little more 
than is stated in Lemma 2. It has, in fact, been proved that the points of 
o(T) and the non-zero points of o(7'~1) are in one-to-one correspondence 
through the map u —> po, that (ul — T) t =— pT (pod — T-t) 
for u ¢ o(T), and that the corresponding projections are related by the 
equation E(u; T) = E(u- +; T'~1). This is, of course, merely a generalization 
to unbounded discrete operators of the spectral mapping Theorem VIT.3.19. 
Compare also Theorem VII.3.11, which gives a much more general result 


than the result o(T-+) = o(7)~! which we have proved. 


3 LEMMA. Let T be an unbounded discrete operator. Let o be a compact 
open subset of o(T). Then D(T) 2 E(o; T)X. The space E(a; T)X is invariant 
under T, and o(T | E(o; T)X) =a. If o is non-void, E(o; T) £0. If E(c; T) 
has a k-dimensional range, o consists of at most k points; in particular, if 
Ea; T) has a one-dimensional range, o consists of exactly one point. 


Proor. Let C be a closed rectifiable curve lying in the resolvent set 
of T and bounding a domain whose intersection with o(7’) is precisely ø. 
Then, by Lemma XVIII.2.31, 


1 
E(o; D)x = = | (AI — T)- tx da. 
2i Jo 


Since the integral 


1 1 
ae —)-1 a _J-1 
= f zor Ty's d= faoz Ty- 1x dd 


exists, it follows from Theorem ITI.6.20 that E(o; T)X¥ S D(T), and that 
[*] Tue T) =—- [ar T) ar. 
í 2mi Jc 


Itnow follows from Theorem VII.9.8 that E(o; T)Tx = Tx for z e E(a; T)X, 
so that TH(o; T)X S E(o; T)X. By formula [*], 
1 
(**] Tx = — f AAI —T)-12dd, xe E(o; T)X. 
2a Jc 

For u ¢ o, let f,(z) = (p —z)~} for z in a neighborhood of a, f,,(z) =0 for 
z in a neighborhood of infinity, and of o(T) — o. From Theorem VII.9.5 it 
follows that f,(7)E(o; T)X S E(a; T)X and that 


{ATu —T)x = (ul — T) f (Tje =w, æ e Elo; T)X. 
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Hence f,(7)|H(o; T)X is the inverse of (ul — T)|E(o; T)X, which 
shows that o(T | H(c; T)X) S o. 

Suppose next that E(o; T) =0, but that o is not void. Then H(A; T) = 
E(A no; T) = E(A; T)E(c; T) =0 for A in o. It follows from the remark 
following Lemma 2 that H(A~1; T-1)=0. It then follows from the first 
assertion of Theorem VII.3.20 that à`? is in p(Z'~1). Consequently, 
according to the remark following Lemma 2, A ¢ o(7'), which is contrary 
tothe assumption that o S o(T). This contradiction proves that H(o; T) 40 
if ø is not void. 

Let A be in o. Then (AZ — T)H(A; T)¥ =0 by Lemma 2. Thus, 
since H(A; T)X 40, A is in o(T | H(o; T)X). Finally, let o consist of the k 
points A,,...,A,. By Lemma X VIII.2.31, the non-zero subspaces E(A,; T')X 
of E(a; T)X are linearly independent. Hence E(c; T)X is at least k-dimen- 
sional. This proves the remainder of the present lemma. Q.E.D. 


4 DEFINITION. Let T be an unbounded discrete operator in the 
B-space ¥, with spectrum {A,}. If H(A,;; T) = H(A;) for A, e o(7), then the 
linear manifold S(T) is defined by the equation 


S(T) = {f| EA) f=0, 1<i< ow}. 
5 Lema. The space S (T) either is infinite dimensional or consists 
only of zero. 


Proor. We may suppose without loss of generality that 0 ¢ o(7). If 
U = T-t, it then follows from the remark following Definition 1 that 


o(U) =U Ar} u {0}, 


and that the projection Ê(A; 1) = E(Ar 1; U) is defined by the equation 
B(T +) = EQ). 
Hence, if fe So = S,,(7), we have 
BA; Uf = UEA;1)f =9, 
so that UGS,, © So. Moreover, by Theorem VII.3.20, (U —Al)~}f is 
analytic at every point A; 1 if fe S, . Thus, iffe Sa, (U — AI) -If has no 
singularity other than the origin. Hence the spectrum of the restriction of 


U to S,, consists of zero alone. If the space ©,, contains a non-zero 
element, and is also finite dimensional, then, since o(U| S) = {0}, there 
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must exist an x £0 in S, such that Ux =0. Multiplying by T, however, 
gives TUx =x =0. This contradiction proves the lemma. Q.E.D. 


6 Lemma. Let T be a discrete operator. The space Sa (T) is the set of 
all f in X for which (T — AI) ?f ts an entire function of À. 
Proor. If (7 — AI) }f is entire, then by letting C be a small circle 
around À; € o(7’) we find that 
T — ADi dA=—E(\,)f. 
0=35 [ (T -A1 dà = EOS 


Conversely, let H(A,)f =0. Then assuming without loss of generality that 
T-1 exists, it follows according to the remark following Lemma 2 that 


(wl =T) Y= uT- pe — 7-1), wg of T). 
Since, by this same remark, H(A; 1; T-4)f =0, it follows by Theorem 
VII.3.20 that (u! — T-1)~1f is analytic whenever u ~ 0. Thus the left- 


hand side of the equation displayed above is analytic for u Æ 0, and, since 
the point u == 0 is not in o(T), (uJ — T)~}f is entire. Q.E.D. 


Now we come to the fundamental theorem of the present section. 


-> 7 THEOREM. Let T be a discrete spectral operator in a weakly complete 
space X, and let E be its resolution of the identity. Suppose that for all but a 
finite number of spectral points À the projection E(A) has a one-dimensional 
range. Let `oe p(T), let O <v <1, and let P be an operator such that D(P) 2 
D((T — à 1Y”) and such that P(T —^ I)” is bounded. Let {A,} be an 
enumeration of o(T), and let d, be the distance from Àp to o(T) — {Àn}. Then, if 


> da (Anl + dn)” < ©, 
n=1 

the operator T +- P is a discrete spectral operator. If 
D da 7(|An| + dn)?” < 00 
n=1 


and if X is Hilbert space, then T + P is a discrete spectral operator. 


REMARK. Since o(7’) is a countable set of points which is discrete in 
any bounded portion of the complex plane, a straight half-line “ branch 
cut” y may be made from ào to the point at infinity of the complex plane 
in a direction chosen so that y does not intersect o(7’). In the complement 
of y, an everywhere analytic branch of (z — Aj)” exists. Any two such 
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branches differ by a constant factor e?*”. Thus (T — A) J)” is defined by 
Definition X VITI.2.8, as soon as a branch cut y and a branch of (z — Ao)" 
in y’ are chosen. None of the following argumentation will depend upon 
the particular choices made, so that, without specifying any particular 
choice, we shall simply suppose in what follows that a choice has been made 
once and for all. 


Proor. Let E be the spectral resolution of T. By Lemma XVIII.2.25, 
Ee) =0 if e is a Borel set disjoint from o(T). Thus, for each Borel e, 
E(e) = reenact) H(A), the series converging in the strong operator topol- 
ogy. Let S be the scalar part of T, and N = T —S. By Theorem XVIII.2.28 
and Lemma XVIII.2.25, S and T have the same resolution of the identity 
and the same spectrum. By Definition XVIII.2.1, 

o(T | E(X) = o(S| E)E) = {À} 

for à e o(T). Hence, if H(A)X¥ is one-dimensional, we have Tx ==Sx = dx 
for x in H(A)X. Let oo be the finite collection of points in o(7) for which 
H(A) fails to have a one-dimensional range, and ob = o(T) — a). Then, by 
Definition XVITT.2.8, x is in D(f (T)) if and only if x is in D(f(S)). More- 
over, f(T’) =f (S)x for each analytic function f defined on o(T) and for 
each x in E(a9)X. In particular, x is in D(7) if and only if x is in D(S), 
and Tx ==Sx for each x in E(oo)X¥. By Theorem XVIII.2.9(ii), E(ao)¥ is 
contained both in D(f(7)) and in D(f(S)), and by this same theorem this 
space is invariant both under f (T) and under f (S), which are both bounded 
in E(oo)X. This shows that D(f (T)) = D(f (S)) and that, if we put 


N,x =f (T)x — f (S)z, x e H(a,)X, 
N;æ=0, x e E(o5)X, 


then V, is a bounded operator, and f(T) =f (S) + N,. In particular, we 
have T =S + N, where N is a bounded operator, and S is discrete. More- 
over, if we let 


Lr =z, x e E(a9)X, 
Lx = (T — MYPY(S — M)’, x e E(o9)X, 
then it is clear that L is a bounded operator, and that (S — ÀI)” = 
(T — AI) L. Hence 
(P + NXS — AD = P(S — AM + N(S A)” 
= P(T — M) >L 4 N(S — M)” 
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is a bounded operator. Since T + P = S + (N + P), o(T) =o(S8), and N 
is bounded, it is then clear that we may assume without loss of generality 
that T = S, that is, that T is an operator of scalar type. In the same 
way, since T+ P=(T—A.I)+(P+A)J1), and since o(f — à 1) = 
{z — ào |2 € o(T)}, it is clear that we may take A, = 0. 

Since D(T”) 2 D(T) by Theorem XVIII.2.11, D(P) 2 D(T). Thus 
D(T + P) = D(T). By hypothesis, PT- is bounded; henceforth we shall 
denote the bounded operator PT-” by the symbol A. 

Next consider the series 


Bip) = Rw; T) ¥ {AT"R(ws THY 


where R(u; T) = (uI — T)-1. This series is well defined for u ¢ o(T) and 

converges uniformly whenever |T”R(p; T)| <|A|—+. For values of u for 

which the series B(u) converges, we have 

(wl — T— P) Bi) = } (AT’R(u;T))" — AT’ Rip; T) X (AT* R37)" =I 
n=0 n=0 

and 


Bp)(ul — T — P)x =x + Rp; nŠ y AT” R(p; T) Jaa 


Ris D| SAR ny} ars 
n=0 
=a, xe D(T)=D(T + P). 
These two equations show that whenever |T” R(u; T)| <|4|7+, the opera- 
tor (uI — T — P)~} exists and equals B(u). 
Let C, denote the circle of radius d,/2 and center À„. Let M/4 be an 


upper bound for the norms of the projections in the range of E. For u in 
C,,, it follows from Theorem XVIII.2.11 that 


|" Rus D| S max MJA A p~. 
Now |A, — u| = JAk —An| —|An — u| = [Àx —An| —@,/2. Moreover, |A,| S$ 
JAn] + [Ax — Àn] . Since the function (a + x)(x — b) ~t is evidently decreasing 


for x>b, a>0, 6>0, we have (a+ 2)"(4—b)-1< (a+ 26)'b-} for 
x > 2b, a >0,b >0. In particular, 


dy 
max AP eaS max (A + Me A A =A ~ 
lsk<% 1gk<o 

< AA] + dy)” dz, 


XIX.2.7 THE PRINCIPAL ABSTRACT PERTURBATION THEOREM 2299 


Thus 
|I" R(u; T)| <2M(|Aj|-+ ay)" dz? wey. 

By hypothesis, the term on the right goes to zero as n > œ. Hence we find 
that for n sufficiently large, each u in C, is in p(T + P) and that 
R(u; T + P) = Bip). Since Bip) is clearly the product of the compact 
operator R(u; T) and a bounded operator, it follows that T + P is a 
discrete operator. Moreover, since (T + P — pI)! is bounded and hence 
closed, it follows immediately that T + P is closed. 

It follows in the same way that for n sufficiently large and for p in 
Ca, we have 


|R(u; T + P) — R(w; T)| =| Blu) — R(n; T)| 
< 2M dz* Ý (\Aq| + dy)™ dg” (2M |A)" 
m=1 


< 8M? |A] dz *(|A,| + da)’, 


since for sufficiently large n, 


ao 


2 (lAl + d,)" dy” (2M |A|)” = [1 — 2M JANA] + da)” dy 1977 
will be less than 2. It follows that for sufficiently large n 
=j Rw; T+ P) dp l R(u; T) du < 4M?|A|dz¥(|Xq| + dy)” 
2art J Cn Sa Rmi Jen , = oe is 


It is clear from Lemma XVITI.2.31 that the first integral in the above 
formula is the projection E(c,; T + P), where a, is that part of o(T + P) 
contained inside C,,. Thus 

(*) |E(o,; T + P) — EAn; T)| < 4M? |A] dz JAn] + dy)’ 

Since the expression on the right of this inequality approaches zero as 
n—> œ, it follows by Lemma VII.6.7 that E(c„; T+ P) has a one- 
dimensional range for sufficiently large n. Thus, for sufficiently large n, say 
for n = K, it follows from Lemma 3 that c, consists of a single point: 


On = {Hn} 
Assume now that 


Ms 


(JAn| +n)” da * < 00. 
L 


n 
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Then, since the collection of finite sums of projections H(A, ; T) is uniformly 
bounded, it is clear from [*] that the collection of finite sums p projections 
E(u,; T + P), n 2 K, is uniformly bounded. Moreover, X £- p (E(A,; T) — 
E(un; T + P)) clearly converges uniformly for p = K and a Zero 
in norm as p—>œ. Since )'?_, E(A,; T) converges strongly (T being 
spectral), it follows that the series E, =} £-pE(un; T+ P) converges 
strongly, and that, if Ê, is defined by the equation Ê, = X £- p E(\,; T), 
then we have lim, ,.. |Ê, — E,| = 0. Since Ê, + F221 Hi (,; 7) =1,1 — Ê, 
has a finite dimensional range for all p. Thus, by Lemma VII.6.7, I — E, 
has finite dimensional range for all sufficiently large p. Since Æ is a count- 
ably additive spectral resolution, we have E(u; T + P)(I —H,) =0 if u 
is not one of the points un, n = K. It follows from Lemma 3 that o(T + P) 
consists of the union of the points un, n = K, and a finite set of points. 
Consequently, the set of all finite sums of projections H(A; T + P) with A 
in o(T + P) is uniformly bounded. 

Since J — E, has a finite dimensional range for p sufficiently large, it 
follows that 

Xo = {x | H(A; T + P)x =0, Ae o( T + P)}, 
is finite dimensional. Then, by Lemma 6, ¥o = {0}. Hence, by Corollary 
XVITIT.2.33, T + P is a spectral operator. 

In case ¥ is a Hilbert space and )?_, (|A,| + dn)?” dz 2 < œ, the proof 
can be concluded in the same way once we establish, in the notations 
introduced above, that the collection of finite sums of projections 
E(u;; T + P) is uniformly bounded and that 


lim IÝ EA; T) — E(u,; T + P) | =0. 


pro n=p 

This may be established as follows. First of all, by Lemma XYV.6.2 
there exists an automorphism of Hilbert space which makes every projec- 
tion H(A, ; T) orthogonal. Thus it may be assumed without loss of generality 
that these projections are orthogonal projections to begin with. We have 
shown above that for n sufficiently large and we C,,, we have R(u; T + P) = 
B(u). Thus 

|R(w; T+ P) — R(n; T) — R(n; TAT’ R(p; 7)| 


<2Mdz1 > (2M)"(\Aq| + 4,)"" dx ™|.A]™ 
m=2 
< 16M? | Al? d75(\A,| + dn)” 
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for sufficiently large n. Thus, for sufficiently large n, 

1 
[2] [BOs T) — Elun; P+ P) f Riu; T)AT Ru; T) du 

TU Jon 


< 8M? JAJ?JA,] + dq)” dz? 
Now, by Theorem XVIII.2.11, 
Rip; T) = (p — Aa) EAn; T) + D (u AD BAL P). 
The second term on the right, which we shall denote by the symbol 
Rm (u; T), is analytic for u in p(T) and also for u =A, . Similarly, 
T” R(w; T) = Mile — A) EAn T) + TR lu T), 


and TR (T; u) is analytic for u in p(T) and also for u = à. It follows 
that 


1 
— ; PAT” Ru; T 
mi f, Pi ) (m; T) du 


oar EA, > T)A T Rayan > T) + A R(Àn > T)AE(A, > T). 


Since X-i (|An| + dn)” dy? < co by hypothesis, it follows from [¥] 
that to prove the theorem it suffices to show that the collection of all 
finite sums of terms E(A,; T)AT’Ry(A,; T) and of terms AY Rw làn; T) 
x AH(A,; T) is uniformly bounded, and that 


È Eqs DAT Ron; T) +N Roln; TABOA; 7)| =0. 


n=p 


lim 


pro 


Now, since H(A, ; T)æ is orthogonal to H(A,,; Tæ for n Am, we have, if 
|z| £ 1, 

De E(A,3 DAT Ray(An3 Tæ 
née 


2 


= J APRs; Poel? < (2M JA)? X (An + d)” i? 


EJ 


for each finite set J of integers. This last inequality follows, since just as 
for |T’R(A, ; T)|, we have the estimate 


|T” Ray(Ans T)| < 2M(\A,| +d,)" dz. 


By hypothesis, the collection of finite sums appearing on the right side of 
this inequality is uniformly bounded. Now it is clear from this inequality 
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that the series 
C=} EAn; DAP Bey (Ans T) 
n=p 


converges uniformly and that 
ICp|? S (2M |A)? X, JAn] + dn)” dz ?. 
n=p 


Thus it follows from our hypothesis that |C | —0 as p > œ. 
In the same way, since |U| =|U*|, 


2m Ren(Ani T)AE(A, ; T)|? PILNE T)A* Rn (À; T)* |? 


< (2M |A|} > (là +da)” dz 3, 
née 
for every finite set J of integers. Thus, as above, it is seen that the collec- 
tion of finite sums 


3 A Ray(An > T)AE(A, > T) 
neJ 
is uniformly bounded, and that 


lim | 5° X Ron; PAEO; P)| =0. 
n=p 


poo 
Thus, Theorem 7 is fully proved. Q.E.D. 


8 COROLLARY. Let the hypotheses of Theorem 7 be satisfied. Then the 
spectrum o(T + P) consists of a sequence {un} satisfying the inequality 


Àn — a| S Kalànl”, n= K, 
H 


where K, and K, are suitably chosen constants with K, = 1. Furthermore, the 
range of each of the projections E(u,, T + P), n = Ky, is one-dimensional. 


Proor. It was shown in the course of the proof of Theorem 7 that 
(with the notations of its proof) for n sufficiently large, there is just one 
point u, of o(T + P) within the circle C,,, and that E(u, ; T + P)X is one- 
dimensional. It was also shown that if |T”R(u; T)| <|A| -1 then p is in 
p(T + P). Thus, only the inequality asserted by the corollary need be 
proved. Let C be a constant to be chosen later, and let CJAP S 
|u — àn| < @,/2. Then, since (a + x)(x — b)~1 is decreasing for x > b, a >0, 
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b>0, 


max JAn As = p71 = max (JAn + [Ay — ADIA, — Asl — le — Aal) 7? 


1Sk 


S (|An| + 2] — Al |e —Aal7? 
< (\An{ + da OTE Anl” 


<0- ( 1+ dn j 

= [Aal ” 
Since dp < [Àn —Ao|, lima. dn/|A,| S 1. Thus, for n sufficiently large, we 
may write the displayed inequality as 


dn 
> 


max JAP Aea] 20, ONP SeA 
1Sk<% 


It follows, by Theorem XVTIII.2.11(c), that |T” R(u; T)| < 2MC-! for all u 
in the annulus C Jà„|” < |u —A,| < d,/2. Now choose C so that 2MC-1< 
|4|- +; it follows from the above argument that no y in the annulus belongs 
to o(T + P). Since p, is in o(T + P) and |p, —A,| <4,/2, we have 
ln —An| SC|A,|’, proving the present corollary. Q.E.D. 


9 COROLLARY. Let T be a discrete spectral operator in a weakly com- 
plete space. Suppose that E is its resolution of the identity, and suppose that 
{Àn} ts an enumeration of its spectrum. Let d, denote the distance from À, to 
o(T) — {A,}. Suppose that for all but a finite number of n, E(A,) has a one- 
dimensional range. Let B be a bounded operator. Then 


(a) if 1 dz} < œ, then T + B is a spectral operator ; 
(b) if T acts in Hilbert space and Y z-ı dz? < ©, then T+ Bis a 
spectral operator. 


Proor. This corollary follows by placing v =0 in Theorem 7. Q.E.D. 


To illustrate the preceding results, we shall give a number of examples. 
First, suppose that the B-space X is the sequence space lp, p = 1, whose 
elements are sequences é = {é,}, n = 1. Let T denote the closed operator 
defined by 

D(T) = {{En}| {nba} ely}, 
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Then it is clear that T is a spectral operator of scalar type, that o(T) = 
{n, n = 1}, and that E(n; T) has a one-dimensional range for each n = 1. 
Let « > 0, and let {Pmr} be an infinite matrix subject to the conditions 


È [Pann <K, m21, 
n=1 


y [Pica n7" < K, n21, 
m=1 


K being some positive constant. Define an operator P in terms of the 
matrix {Pnn} as follows: 


DP) = DT), 
Pn =[¥ Pm) (énje DIP). 


It is clear from this definition that P may be written as P =QT*, where Q 
is the bounded operator such that 


Oén =| È pn} 


Indeed, the boundedness of Q follows from Exercise VI.9.54. For the sake 
of completeness, we give an independent proof here. If € = {¢é,} is bounded, 


SUPi<i<w |&| =|Elo, we have 


1QE| «o = sup | È Paman Én 
l1sm<o|n=1 


IA 


sup |élo X [Pml n S Kl€lo. 
1sm<o n=1 
In the same way, if é = {é} € L, X |&| = lé] we have 


1Qé|, =) | Y Poa “ba 


ie] 


SYD Pml nlé 


n=1 m=1 
SK Y |&| =K Jéj. 
n=1 


The boundedness of Q as an operator in l, then follows from the Riesz 
convexity theorem (VI.10.11). It follows from Theorem 7 that if 8 > « + 2, 
T! 4- P is a discrete spectral operator, while if p =2, so that X =I, is 
Hilbert space, and if B > «+ 3, T’ + P is a discrete operator. 
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A more special but less artificial example can be given as follows. Let 
us consider the formal differential operator 
A yyy 28, RE 

dt dt 1+t 1-t 
of the first part of Section XIII.8, and again make the assumption made 
there that « = 4, $ = 3. Then by the theory of Chapter XIII (compare the 
discussion in Section XIII.8), our formal differential operator defines a 
unique self adjoint operator L in the Hilbert space L,(—1, +1). According 
to the analysis of Section XIII.8, o(Z) is the set of numbers A, =(n + « + 
B+1)\(n+a+ 8), and each eigenspace corresponding to these eigen- 
values is one-dimensional. It follows immediately from Corollary 9 that 
L- B is a spectral operator for each bounded operator B. In particular, 
we may state the following conclusion. Let q(z) be a function defined and 
analytic in a complex neighborhood of the segment [—1, +1], except 
for the points —1, +1, where we suppose q to have first order poles. Suppose 
that the residue of q at z =1 (at z = —1) is real and not less than 4 (and 
not greater than —}). Let M be the operator whose domain is the set of 
all fe Z.(—1, +1) which have absolutely continuous first derivatives and 
which are such that 
—((L — PF EY +S E) € La+1, —1) 
and put 
(ME = AA ALOY tas, fe DM). 
Then M is a discrete spectral operator. 

If q has real residues at + 1 not lying in the indicated intervals, then 
a similar result may readily be stated; but in this case boundary conditions 
must be imposed at the end points. 

As a final example, we let T be the self adjoint operator in Hilbert 
space L,(0, 1) defined (in the sense of Chapter XIII) by the formal differen- 
tial operator id/dt, and by the “ periodic ” boundary condition f (0) =f (1). 
The eigenvalues of this operator are A, = 27n, n =0, +1, +2, ..., and the 
corresponding eigenfunctions (the corresponding projections having one- 
dimensional ranges) are e?**"*, n =0,+1,42,... . It is then clear that for 
odd k=2m + 1, each projection H(A; T*) corresponding to a point 
Aé o( ZT") = {o(T)}* has a one-dimensional range. Theorem 7 shows that if 
P is a closed operator such that D(P) 2 D(T*’), where 


fee) 


` |n|- 4” n|? m+ 1) < oO, 
œ 
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then 7 +P is a spectral operator. This condition is equivalent to 
2v(2m + 1) — 4m < —l, that is, to ky <k—3/2. Let us consider in 
particular those cases in which D(P) 2 D(T*-2). It is readily seen from 
the definition of D(T) that D(T7) is the set of all functions f e L,(0, 1) 
which have j —1 absolutely continuous derivatives, which satisfy the 
equations 


FO =f), «-- F970) =f PD), 


and which are such that f” is in Z,(0, 1). Hence we may take P to be 
any operator of the form 


d\*-2 
B,-.(5) ++ Bo, 


the coefficients B, being arbitrary bounded operators in Hilbert space. A 
number of bizarre and amusing possibilities are worth mentioning at this 
point, simply to emphasize the variety of operators, in addition to formal 
differential operators, which are covered by Theorem 7. We can, for 
instance, take (By f)(t) =f (t/2); or letting g(t) be the fractional part of 
t+ a, put (By f)(t) =f (¢(t)). In fact, if t > p(t) is any measure preserving 
transformation of (0, 1) into itself, we may take (B, f)(t) =f (p(t)). Since 
every function in D(7*~?) has k — 3 continuous derivatives, it is evident 
that we can take 


(B,-of “~?\(t) = [ Fo (oyulds), 0<t<l, 


u being any Borel measure on [0, 1]. Thus, for example, the operator 
which is formally defined by 


d\2m+1 2m -1 d k 
ny= (5) 70+ E an(Z) £0 
F 2, nf tp) 
S [ Ke, 8) f(s) ds 


+ YF put) 


f(O) =f (1), ..-, fe) =f ?™(1), is a discrete spectral operator provided 
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that O<p <1, the kernels K, are such that 
ae 1 
Í K,(t, s) ds + f K (t, s) dt 
0 0 


is a bounded function, and the g, are measure preserving transformations 
of (0, 1) into itself. 

The last example above illustrates a problem which will be of great 
concern to us in the remainder of this chapter: the problem of finding which 
formal differential operators and sets of boundary conditions lead to 
spectral operators. As our treatment of this example makes clear, it 
suffices to study differential operators of the simple form (d/dt)* and then 
to use Theorem 7 to introduce quite general lower order terms as “ pertur- 
bations.”’ In Section 4 below, we shall carry out this idea in detail. However, 
since the technical difficulties in the cases k > 2 are so annoying, we shall, 
in the next section, treat the simple case k = 2 separately, so as to illus- 
trate in a more easily comprehended way the (fundamentally simple) 
analytic method to be employed in Section 4. 


3. Separated Boundary Conditions for the 
Second Order Operator 


In this section Corollary 2.9 will be applied to show that operators of 
the form T + B, where B is an arbitrary bounded operator and where T 
is the unbounded operator in Hilbert space defined by the formal differen- 
tial operator —(d/dt)? and with arbitrary separated boundary conditions, 
are spectral operators. We begin with a general lemma relating the 
spectrum and the point spectrum of a differential operator. The reader to 
whom the notation and terminology of the next few lemmas appear 
strange should reexamine the definitions given in Chapter XIII, especially 
those in Sections 2-5. 


1 LEMMA. Let r be a formally symmetric formal differential operator 
of order n defined on an interval I. Let the deficiency indices of t both be equal 
to an integer m. Let A,, i=1, ..., m, be a set of m linearly independent 
boundary values for T. Let S be the unbounded operator in L.(1) derived from 
r by imposition of the boundary conditions A,(f)=0, i =1, ..., m. Then 
every point A in the finite complex plane which is in the spectrum a(S) of S 
but not in o.(7) is in the point spectrum a,(S) of S. 
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Proor. Suppose that A ¢o,(S8). By Corollary XIII.6.8, at least m 
linearly independent solutions of the equation to = Ac lie in L(I). Let the 
space spanned by these solutions be called X. Since A ¢ o,(S), the mapping 
a >[A,(c), ..., A,(o)] is a one-to-one mapping of X. Since i maps into 
unitary m-space, and since the space 2 is at least m-dimensional, it must 
map onto all of unitary m-space. Suppose that we can show that the 
operator 7',(r) —AI maps D(T-(7)) onto L(I). Then, given a g in L(I), 
there exists a p in D(T-(7)) such that trp — àp =g. Let Alp) = y,, 1 = 1, 

.., n. Then by the above there exists a solution o of ro — Ao = 0 such that 
A,(o)=y,=A,(p), t=1, ..., m Let p=qp—o, so pe D(S) and 
(S — AL)’ =g. Thus S — AI is a one-to-one mapping of D(S) onto L,(L). 
Since T(r) is closed by Theorem XIII.2.10 and by Lemma XITI.1.6(a), it 
follows from Definition XIII.2.17 and the remark preceding Definition 
XTIT.2.29, that S is closed. From this, it follows immediately that S — AI 
is closed, and hence from Lemma XII.1.5, that (S — AZ)~1 is closed. Since 
this latter operator is everywhere defined, it follows by the closed graph 
theorem (II.2.4) that it is bounded. Consequently, A is in the resolvent 
set of S. 

Hence we have only to show that 7',(r) —AZ maps D(T,(7)) onto 

L(I). Since A ¢ o,(7), it follows that (7',(7) — AZ)D(z) is closed. ne in 
view of Lemma XII. i 6(d), it suffices to show that {(T (T) — AD)D(T i (r))} 
={f| Ti(r)*f = Àf} contains only the zero vector. Since, by Gee 
XIII.2.10, a (7) = To(7)*, it follows, by Lemma XII.4.8 and Lemma 


XIL.7.1, that Ty (r)* = To(r)** = T(z). 

Consider any f which satisfies the equation Talr) f = Af. If À is real, 
then, since, by Definition XIII.2.17 and the remark preceding Definition 
XIIL.2.29, we have S2 T (7), it follows that Sf=Af, which, since 
à € p(S), means that f = 0. On the other hand, if A is complex then, since 


(To(7)) is symmetric by Lemma XII.4.8, it follows from Lemma XIT.2.1 
that f =0. This completes the proof of the lemma. Q.E.D. 


2 COROLLARY. Let r be a formally symmetric formal differential 
operator defined on a bounded closed interval I. Let S be an unbounded 
operator in L(I) derived from t by the imposition of a finite set of boundary 
conditions. Then every A in the finite complex plane in the spectrum a(S) of 
S is an eigenvalue of 8. 
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Proor. It is seen from Theorems XITII.4.1, XTII.4.2, XIII.6.5, and 
Corollary XIII.6.4 that o,(7) is void, and the present lemma follows 
immediately from Lemma 1. Q.E.D. 


3 LEMMA. Let r be a formal differential operator on a finite interval 
I, and let S be the operator derived from t by the imposition of a certain set of 
boundary conditions. Then, if the spectrum o(8) is not the whole plane, S is a 
discrete operator. 


Proor. We may pass without any essential change in the situation 
from consideration of + to consideration of r — A, so that without loss of 
generality we may assume that the point A = 0 is in the resolvent set p(S). 
Then, if U denotes the unit sphere of L(I), and {f,} a sequence of elements 
of S-1U, then f, may be written as fa —S~1g, with g, in U. The space 
L(I) being reflexive, the sequence {g,} has a weakly convergent subse- 
quence with weak limit g. Hence, by Lemma XITII.2.16, the sequence {fa} 
has a subsequence { fa} which converges weakly in the topology of C(I) to 
some element f in C(I). Thus, {f,,} is uniformly bounded and converges to 
f at each point x in J, so that |f,, —f|? =Jr|fa,(x) —f (x)|? da +0 by 
Lebesgue’s bounded convergence theorem. That is, {f,} has a strongly 
convergent subsequence. Thus S-!U is compact, proving that S-1 is a 
compact operator. Q.E.D. 


The analytic side of our method involves the notion of an asymptotic 
series. Our next step is consequently to define such series and develop 
some of their basic properties. 


4 DEFINITION. (a) Let R be an unbounded subset of the complex 
plane. Let R, be a subset of the complex plane, and f a function defined 
in Rx R,. Let {g,} be a sequence of functions defined in the set R,. 
Suppose that, for each N, 


N 
ae lz|* | f(z, w) — 2 Ilw)" =0 
2ER 


uniformly for we R,. Then we say that f has the uniform asymptotic 
expansion È z-o 9a(W)z7Ă at z = œ in R x R,, and write 


fe w) ~ È galwa" 


uniformly in R x Ra. 
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(b) Let R be a subset of the complex plane, and let {fp} be a sequence 
of functions all defined in R,. Let {g,} be a sequence of functions defined 
in R,, and suppose that, for each N, 


N 
lim mY fanl) — > 9n(wym-" =0 
m — o | n=0 


uniformly for win R,. Then we say that the sequence {fm} has the uniform 
asymptotic representation ro g,(wym-" in R,, and write 


falo) ~ J galwyn 


uniformly in R,. 

If the set R, consists of a single point, these notions specialize to those 
of the asymptotic representation at infinity of a function in an unbounded 
set R and the asymptotic representation of a sequence, respectively. 

Thus we say that a function f(z) defined in an unbounded set R has the 


asymptotic series $ g-o Gn2~” if 


ae lz|* | f(@) — Eaz =a] =0, N21, 
ad 
and that a sequence {fm} has the asymptotic series Ee 09nm if 
N 
lim mY |f, —Y gam =0, N21. 
m= œ n=0 


5 Lemma. Let R, be the closure of a bounded domain in the complex 
plane, and let {fm} be a sequence of continuous functions defined in R, and 
analytic in tts interior. Let 


me 


uniformly in R,. Let go have a single simple zero Cy in R, and let Cy be 
interior to R,. Then, for all sufficiently large m, fm has a single simple zero 
én in R, and the sequence En has an asymptotic series representation 


ao 
eas >: baim t, 
n=0 


where Či, Ca, ... are certain coefficients. 


Proor. Note first that it follows immediately from Definition 4 that 
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the functions g,, are continuous in R, and analytic in its interior. Thus we 
can meaningfully assert that C, is a simple zero of gy). Let U denote a small 
circular disk with {, as center, and C denote the periphery. Let U U C be 
contained in R,. Since gy is not zero in R, — U and is continuous there, 
there exists a positive e >0 such that |go(z)| Z « for z in R, — U. Since 
limmo | fm(2) —9o(2)| = 0 uniformly in R, it follows that for m sufficiently 
large f,,(z) has all its zeros (if any) in U. By Cauchy’s integral formula, 
the number of zeros of fp in U (counted according to multiplicity) is 
(2mi) t fo {fn(2)/ fn(z)} dz. Since this integral is integer valued and tends 
toward (27t)~+ fo {96(2)/Go(z)} dz = 1 as m +o, it follows immediately that 
for sufficiently large m, fm has one simple zero €,, in R,, which lies in U. By 
Cauchy’s integral formula we have 


Sa) 9 
c fale) 


If, in this integral, we make use of the asymptotic relation 


En = 


| fm(2) -$ gale) =o0(m- N), 


which clearly implies that | f/,(z) —)%_og,(z)m~"| =o(m~™), it follows 
immediately that {zf;,(z)/ fn(2)} may be represented on C by an asymptotic 
series 


fale) 2 7 
fatey ~ Zn 


uniformly for z in C, where ho(z) =290(z)/go(z). But then, by placing 
En = (2i) fo h,(z) dz, it is seen that én ~ X r-o Eam". Q.E.D. 


In what follows, we shall have use for the general notion of the 
adjoint of an unbounded operator. 


6 DEFINITION. Let T be a linear operator defined on a dense subset 
D(T) of a B-space ¥. The domain D(T*) of the adjoint T* consists of 
those linear functionals y* in ¥* for which y* 7'z is continuous on D(T). Since 
D(T) is dense in X, there is a uniquely determined functional z* in X* 
for which y* 7x =2z*x for x in D(T). The adjoint T* of T is defined by the 
equation 


T*y* —=z*, y* e D(T*). 
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7 Lemma. The closure of the range of a densely defined linear operator 
T is the set of all x such that y*x =0 whenever T*y* =0. 


Proor, If 7*y* =0, then y*y = y* Tz = (T*y*)z =0 for all y= Tz 
in the range of T, and hence for all y in the closure of the range of T. On 
the other hand, if y is not in the closure of the range of T, then by the 
Hahn-Banach theorem (II.3.13) there exists a y* in Y* such that y*(y) 4 0, 
y*Tz =0 for z in D(T). Then it follows from Definition 6 that T*y* =0 
while y*y 40. Q.E.D. 


8 Lemma. Let Ao be a spectral point of the discrete operator T in a 
B-space X. Let fi, fz, ..., fx be a basis for the solutions of the equation 
(T* — ào) f*=0 and let X be the space of solutions of the equation 
(T —Ao)o =0. Then ào is a multiple pole of the resolvent R(A; T) if and only 
if some non-zero o in X satisfies the equations f;*(c) =0, i =1, 2,..., n. 


Proor. We can readily see from Lemma l(c), that A, is a multiple 
pole of the resolvent if and only if there exists a solution g of the equation 
(T — ào)?g = 0 which is not a solution of the equation (T — ào)g =0, that 
is, if and only if some non-zero o in J is in the range of (T — à, I). The 
lemma will consequently follow from Lemma 7 once it is seen that the 
range R(T) of (T — Ao J) is closed. To see this, we may proceed as follows. 
Since, by Theorem VII.9.8, E(ào; T)R(T) S R(T), it follows that 
R(T) = Elo; T)R(T) © (I — E(ào; T)) R(T). The first of these direct 
summands is finite dimensional by Lemma 2.2 and hence closed by 
Corollary IV.3.2. Hence it suffices to show that the second of the direct 
summands is closed. By VIT.9.8(b), 


(I — E; TIT — Ao DDT) 2 U — Bao; TIT — Ag LAT) 
= (I — E^; T))X, 
where A(A) =0 for A in a neighborhood of àp, and h(A) = (À — ào)! 
elsewhere. Since (Z — E(ào; T)(T — ào L)X S (I — E(ào; T))X is clear, it 
follows that 
(I — Eo; TRT) = (I — E; T))X, 

proving by the above that R(T) is closed. Q.E.D. 

We shall return later in the present chapter to the general theory of 


unbounded adjoint operators in a Banach space. It is well to remark, how- 
ever, that in the special case in which the Banach space is Hilbert space, the 
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usual distinction between the definitions of adjoint operators arises. This is 
because in Hilbert space we use the Hermitian rather than the pure 
Banach space adjoint, contrary to our practice in other Banach spaces. 
This has the effect of introducing complex conjugates in many of the 
Hilbert-space formulas where the corresponding Banach-space formulas 
do not have complex conjugates. None of this should cause the reader any 
essential diffculty. 


9 Lemma. Let E be a projection of a B-space X onto a finite dimen- 
sional range and let E* : X* + X* be its adjoint. Then, if p1, pa, ..., Parisa 
basis for EX, we can find a unique basis pi, bh, ..., pý of E*X* such that 
prl) = ôy, and then 


=S olf» fex. 


Proor. Any element Hf can be written uniquely as 


Hf => palf) 


where the «,(f) are linear functionals. If fn >f and «;(fn) > «i, it is clear 
that x; = &;( f). Hence, by the closed graph theorem, the uniquely deter- 
mined linear functionals œ; are continuous. Hence «,(f) =*(f) for some 
pi e X*. 

From the equation 


Ef = de PS) 
it follows readily that 
E= Y pyp 


so that Pi, BF, ..., bX span E*¥*. To see that Wï, fF, ..., yh are linearly 
independent, let }7., 8; Y —0; then 


B= (3, Blt) =o, 
so that Lemma 9 is completely proved. Q.E.D. 


We now turn to the details of the analysis of second order differential 
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operators arising out of the formal differential operator 


T= -(5) + af). 


The perturbation result given in Corollary 2.9 reduces the study of this 
operator to the study of the much simpler operator —(d/dt)? on L,(0, 1). 
The information needed about the latter operator is summarized, however, 


in the following lemma. 


10 Lema. Let k,, k, be arbitrary constants and let T be the unbounded 
operator in L,(0, 1) defined by the formal differential operator t = —(d/dt)? 
and the boundary conditions 

fO) ~ko f'(0)=0, fA)— kif’) =0. 
Then T is a spectral operator satisfying all the hypotheses of case (b) of 
Corollary 2.9. 


REMARK. We may also admit the boundary conditions determined by 
ky = 00 and/or kı = œ, that is, the conditions f'(0)=0 and f'(1)=0, 
respectively. 


Proor. Since it is easy to treat all special cases in which one of ky or 
kı is zero or infinity by a separate argument much like the argument given 
below, we shall assume for simplicity that we have none of these special 
cases to deal with. If we put A = s?, the general solution of the equation 


—f"(t) —Af) =0 
is sin s(t + «), where « is an arbitrary constant. This satisfies the boundary 
condition at t = 0 if 


tan sæ = ky $, 
and satisfies the boundary conditions at t = 1 if 
tan s(1 + æ) =kys. 


Thus, using the addition formula for the tangent function, T — M can 
only fail to have an inverse if À = s?, where s is a root of the equation 


(ky — ko)s cs 


; d 0. 
l+kokı? 1-+ds? fs 


(i) tan s = 


By Corollary 2, À is in the spectrum o(T) if and only if s satisfies the 


XTX.3.10 SEPARATED BOUNDARY CONDITIONS 2315 


equation (i). Since not every s satisfies (i), it follows immediately from 
Lemma 3 that T is discrete. Since the function tan s is periodic of period 
a, the roots of (i) in the period strip (2n —1/2)7 < Rs < (2n + 3/2)a are 
the sums of 2na and the zeros of 


els + 2nz) 


(ii) tan s — 1 +d(s+ 2m7)? 


in the strip — (1/2)r < Zs < (3/2). Since |tan s| >1 as |s| > œ in this 
strip, and since 


ce(s + 2n7) 
1+ d(s + 2n7)? 


, 


lim 


n> O 


it follows that there exists a finite K such that for n sufficiently large all 
the zeros of (ii) lie in the portion |.%s| < K of our strip. The function tan s 
having the two simple zeros s =0 and s =~ in the strip —(1/2)7 < 
Rs < (3/2)z, it follows from Lemma 5 that, for large n, (ii) has exactly two 
zerosin — (1/2)a < &s < (3/2), and that these zeros s, and s, have asymp- 
totic series representations 


[ce] 
San~ > n~”, Sa ~ > apn 
k=1 


in terms of coefficients a, and a; . Substituting this series in (ii), we find that 
ai = 4, =c(dz)~1. Thus the roots s, of (ii) may be enumerated, after omis- 
sion of a finite number, in such a way that s, = na + c(din)~ ++ O(n~?). 
We thus obtain an enumeration A, (n =k, k + 1, ...; note that k need not 
be 1) of the eigenvalues of T such that 


An = (na)? + 2cd-1 + O(n~?). 
Hence, if d, is the distance from A, to the remainder of the spectrum, 


da = 77(2n — 1) + O(n t), 
so that 


È dr? <0. 
n=k 
It is evident from the form of the boundary conditions defining our 


operator that each A, can correspond to at most one function p, (up to a 
scalar multiple), which satisfies the equation 


(T —A,L)p, =0. 
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Thus, if H(A,) is to be anything but a projection onto a one-dimensional 
range, it follows from Lemma 2.2 that A, must be a multiple pole of the 
resolvent. By Lemma 8, the condition for this is (pn, Ya) =0, where h, is 
a solution of 


(7* —X,,I*)p, =0. 


Since by Theorems XIII.2.10 and XII.4.28, 7* is defined by the formal 
differential operator —(d/dt)? and the complex-conjugate boundary condi- 
tions of those that define 7’, it is clear that there are constants y, #0 
such that 


Yn Prlt) = Gall): 


Hence, A, can only be a multiple pole of the resolvent of T if 


[Gente at =0. 
Now, we have 
galt) = sin 8,(¢ + an) =sin(s,t + Ba), 
where 8, must be determined so as to satisfy 
ko tsz sin B, = cos fp. 
It follows readily that 
Ba =F — (nmko) “t + O(m?) 


so that 
Part) = cos(s, t + ôn), òn = (narko) ~! + Oln~?). 


It follows that 
1 1 
f (pa(t))? dt ~ f cos? nat dt =}, 
0 0 


so that only a finite set of A, can be multiple poles of the resolvent of T. 
For those A, which are simple poles of the resolvent of T, the projection 
E(A,) is, by Lemma 9, the operator determined by the integral kernel 


CAOLA) = E(t, u), 


where ®, is a scalar multiple of p,, the scalar being so chosen as to make 


1 
[ len? dt =1. 
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We have pan = Cn Pn, and a simple computation reveals that 
Cy = 27124 O(n-?). 
Hence it follows that 
(cd-*a + kg +) 


E(x, y) = 3 COS NTL COS NTY — a Sin NTE COS NTY 
NT 


aE k -1 
ze yth] sin ny cos nmg + O(n), 
nr 
which gives a decomposition of FE, into four terms 


(iii) E, =Ê, + 4, + Ba + 4n- 


It is now easy to find a uniform bound for 


neJ 


where J is an arbitrary finite set of integers, by making use of the decom- 
position (iii). We have 


neJ 
since the Ê, are a family of orthogonal projections. We have 


<M, 


n 


since 
|4| =0(n7?) and J, n7? <o. 
n=1 


The operators A, and B, have the form 
A,=—f,A, and B,=,Ê,, 
where 
|â =O(n-*) and |B,| = O(n~), 


a situation studied above in the last paragraph of the proof of Theorem 2.7, 
where the argument given proves, with suitable slight modifications, not 
only the uniform boundedness of )’,-; 4,, but also that 


SA 


m=n 


(iv) lim =0. 


nwo 
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All that remains to complete the proof of our lemma is a proof that 

p3 E(À) —= I, 

t=k 
By Lemma 2.5, the projection 

isk 
either projects onto an infinite dimensional space or is zero. But, by (iv), 
lim (x —y BO) = (2 —y 2,) 

m —> æ nem n=m 


Hence, by Lemma VII.6.7, 


=0. 


I—Y E(À,) 
n=m 
has a finite dimensional range for all sufficiently large m, and hence, a 
fortiori, E „ has a finite dimensional range. Q.E.D. 


-> 11 THEOREM. Let T be the unbounded operator in Hilbert space defined 
by the formal differential operator rt = —(d/dx)? and the boundary conditions 


[+] fO) — ko f'(0) =9, fA) — kf’) =9, 


where kọ and k, are arbitrary, possibly infinite, complex numbers. Then if 
B is an arbitrary bounded operator, T +- B is a spectral operator. 


Proor, This follows from Lemma 10 and Corollary 2.9. Q.E.D. 


12 COROLLARY. Let q be a bounded measurable function and T be the 
unbounded differential operator defined by a formal differential operator 


2 (; j 
r=- (5) + 


and by the boundary conditions [*]. Then T is a spectral operator. 
Proor. This follows immediately from Theorem 11. Q.E.D. 


As the final lemma of this section, we state a useful elementary 
principle in the theory of spectral differential operators. 


13 Lemna. Let r be a formal differential operator of order n defined 
on an interval I. Let T be a discrete spectral operator obtained from r by 
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imposition of a finite set of boundary conditions. Let {X,} be an enumeration of 
o(T), and J a compact subinterval of I. Then, if f is in the domain D(T), 
the series expansion 


YBa Tf 
converges to f unconditionally in the topology of A™(J). 


Proor. The series )j2, H(A,; T)f certainly converges uncondi- 
tionally in the topology of L (J). On the other hand, so does the series 


r( È Bas Mf) =È Bas MTN 


(cf. VII.9.8). Hence, by Lemma XIII.2.16, the original series converges 
unconditionally in the topology of A™(J). Q.E.D. 


14 COROLLARY. Let T be as in Corollary 12 and let f be in the domain 
D(T). Then if {A,} is an enumeration of o(T), the series 


LEAS 
i=1 
converges unconditionally in the topology of A? J). 


Proor. This follows immediately from Corollary 12 and Lemma 13. 
Q.E.D. 


4. Spectral Properties of (; =) 
t dx 


In this section it will be shown that an nth order differential operator 
on a finite interval will give rise to a spectral operator under each of a large 
class of boundary conditions. The method used for establishing such results 
is that of applying the general perturbation theory of Section 2 by con- 
sidering an arbitrary nth order differential operator (whose leading 
term is (—id/dt)") on[0, 1] as arising by perturbing the fundamental 
operator 


on the interval [0, 1]. When the integer n is understood, the symbol 7 will 
sometimes be used in place of 7,. 
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Throughout this section, B,, i =1, ..., n, will denote a set of n 
linearly independent boundary values for r. Thus, by Corollary XTIT.2.23, 
there exist two n X n matrices «,, and B;, such that 

n-1 n-1 
(1) Bf) Si ai, f (0) T Buf (1), E PE 


The symbol T will denote the operator whose domain is 


(2) D(T) = {f|f € HMT), Bf) =0, i=1,..., n}, 
and which is defined by 
(3) Tf=rn f, feEDT) 


We wish to study the resolvent of 7’; to do this we shall begin by studying 
the set of eigenvalues of T. 

It is convenient to make a certain normalization of the set {B,} of 
boundary conditions at the outset. Suppose that if B is a boundary value, 
we agree to call the order of the highest derivative at 0 which appears with 
a non-zero coefficient in the unique expression of B in the form 
Bf =V 22h y, f (0) + V7zd Pi f(1), the order of the boundary value B at 0. 
The order of the boundary value B at 1 is defined similarly. The maximum of 
these two orders will be called the order of the boundary value B. If we are 
given two boundary conditions B(f) =0, C(f) =0, the boundary values 
B and C having the same order m at 0, then it is evident that by sub- 
tracting a suitable multiple of B from C, we can pass to an equivalent set of 
boundary conditions B(f) = 0, (C — pB)(f) =0, where the boundary value 
C — pB has order less than m at 0. The same observation holds relative to 
orders at 1. It then follows that if any set of three boundary conditions 
Bf) =0, C(f) =90, and D(f) =0 is given, and if B, C, and D all have 
order not greater than m, we can find an equivalent set B( f) = 0, C(f) =0, 
Dif) =0, B and Č having order at most equal to m, and D having order 
at most equal to m — 1. If B and Č do actually both have order m, then, 
subtracting a suitable multiple of B from CG, and a suitable multiple of 
Č from B, we find an equivalent set of three boundary conditions in which 
at most one element has order m at 0, and at most one element has order m 
at 1. Applying these observations inductively to the set B, of boundary 
conditions, we see that we can suppose without loss of generality that the 
orders m, of B; form a non-increasing sequence of integers, not containing any 
three successive equal terms, and that if B; and B,,, have equal orders,B, 
has a higher order at O than B;,,, and B;,, has a higher order at 1 than B,. 
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We denote the sum )'?_, m; by the symbol p. 

It is easily seen in this case that the pair of terms of order m, in the 
boundary value B, is uniquely defined up to a constant multiple, inde- 
pendent of the particular way in which we normalize the original set of 
boundary conditions. We now specify this constant factor by specifying 
that if B, contains f(0) with a non-zero coefficient, this coefficient is 
to be 1, whereas if B, does not contain f (0) with a non-zero coefficient, 
the coefficient of f (1) in B, is to be 1. 

The details of the analysis of eigenvalues are slightly different when n 
is odd from these details when n is even. For this reason, we consider these 
two cases separately. 

Case 1. n even. 

Let n = 2v. Let w;, j =0, ..., n —1, denote the nth roots of unity, 
enumerated in such a way that wọ =1, w, = —1, the imaginary part of 
w, is positive for 0 <i <v, and the imaginary part of w; is negative for 
vp<i< 2p. 

Let À be an arbitrary complex number. Let u = p(A) denote that 
unique nth root of A which lies in the sector z/n = arg u > (—7)/n of the 
complex plane. Put 
(4) o;,(t, p) = 00, O<skS», 

Oplt, p) = 60D, y<k<2. 
Then oo(t, w(A)), - -> On- 1 (t, p(à)) clearly form a basis for the set of solutions 
of the equation 7, f = Af. 


Put 
(5) B,(o;(u)) =M ilp). 
The eigenvalues of T are clearly the set of values À for which there exists a 
set of constants cg, ..., C,-1, not all zero, for which 


B, (Se ould) => a Mj,(p(A)) =9, t=1,...,0. 


Thus if we put 
(6) M(p) = det(Mi,(u)), 
the eigenvalues of T are the zeros of M(p(A)) =0. 

We shall study the roots of the equation M (u) = 0, and see that, under 
a suitable assumption on the set {B,(f) =0} of boundary conditions 
defining T, they have a simple asymptotic representation. 
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It is evident from the form (4) of o,(t, u) and the form (1) of B, that 
B,(ox(t, p)) =M rlu) has the form 
M yp) = Pulp) + Qulp) "t, 0<kzr, 
M alp) = Pulu) + Qilwye” V4, v <k <2, 


where Piy and Q,, are polynomials in pw of order at most m, for all 
lsicn0SkSn—l. 


(7) 


Let A denote the angular sector 


m 
(8) 4=||lerg2| <7) 


in the complex plane. We shall investigate the zeros of M(p) in the 
sector A. Since (À) lies in the sector A for all A, this will give us complete 
information on the zeros of M(p(A)). Since for 0 <k <v, w, is an nth root 
of unity with positive imaginary part, it follows that for 0 <k <v, iw, p 
ranges over an angle entirely contained in the left half-plane as pu ranges 
over A. Similarly, for v <k <2v, iw, ranges over an angle entirely 
contained in the right half-plane as u ranges over A. Thus, if we put 

N lp) = Pale); O<k<v or v<k<2p, 
(9) N olu) = Molu) = Piol) + Qio(wye™s 

Np) = M (p) aa Pyy(p) T Qw(p)e~ *, 


it follows that there exists a number a > 0 such that 

(10) IM slu) — M ll = Ofe- elul), 

as |u| > œ, p remaining in the angular sector A. Let N (u) = det(V,,(j4)). 
From the form (9) of the matrix N (u) it follows that N(u) has the form 
(11) N (p) = mi (we + momen ™ + rly) 

where 71, 72, and 73 are polynomials in u of order at most p =} f-m. 
From relation (10) it follows that for any positive number b <a we have 
(12) |W (4) — M(p)| = O(ePlalel*4!) 

as |u| > œ, p remaining in the angular sector A. 


In order to bring our analysis to a successful conclusion, we must 
now make the following hypothesis. 


1 REGULARITY HYPOTHESIS FOR EVEN ORDER CASE. The polynomials 
mı and no are of order p. 
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If Regularity Hypothesis 1 is satisfied, we may write 

my(pt) =A BP tap- 1u? +e +a, dy £0, 

(13) malu) = Dp p? + Bp? Hbo, bp 0, 
malu) = 6p u? + Cp -ap?-? + +++ H C0: 


The labor of verifying Hypothesis 1 may be simplified by using the 
following elementary observations. By equations (1), (4), and our preli- 
minary normalization of boundary conditions, the terms of order p in the 
determinant N (u) are evidently the same as the terms of order p in the 
determinant Ñ(u) of the matrix (Mix()) defined by the equations 


Å alp) = im ipw)",  0<k <r, 

Ñ ale) = Ĝim (ipw), v <k <2», 

Ñ olp) = timi lip)" + Bimli)" e", 

D o(p) = aim in)" + Bimi (ip) e. 


Consequently, by factoring out a factor (ip)?, the coefficients ap, bp, 
cp of the terms of order p in the determinant N (u) become the same as 
the coefficients ap, bp, €p in the determinant N (u) = ape“ + bpe" + cp 
of the matrix (Ñ ix) defined by the equations 


p) 
p) 


Å i = i mi Wes 0<k <r, 
= Bim We» v <k <2p, 

Ê, = Qim + Pimi e 

Ñ., = (im + Pim e7 *)(—1)™. 


Whether or not Hypothesis 1 is satisfied for a normalized set of boundary 
conditions consequently depends only on the “leading ” coefficients in the 
boundary conditions, that is, on the coefficients «,,,, and Bim; of the 
highest derivative occurring with a non-zero coefficient. 

At any rate, if Regularity Hypothesis 1 is satisfied, it follows from 
(11), from (12), and from (13) that 


(14) wo? (yu) = aye! + bye + cp + Pale 
+ pale + palp) + Ofe-Plal + ul) 
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uniformly as |u| > œ, u remaining in A, where p,, P2, and pg are poly- 
nomials in ~~! without constant terms. Let t and s be so large that 


Ipa) + lP) + lpw] < zla] |u| >t, 

[bp e7] + [ep] <$ Jap e*l], —F (p) >s, 
and such that the final term on the right of (14) is less than 4 |a, e*| for 
ju] >t, —%p>s. Then it is clear from (14) that M (p) is non-zero in the 
subregion {u E€ A | —%p >s, |p| >t} of A. In the same way, it follows that 
we may choose ¢ and s so large that M(p) is non-zero in the subregion 
{pE A| Ip >s, |u| >t} of A. This proves the following lemma. 


2 LEMMA. Let the set (1) of boundary conditions satisfy Regularity 
Hypothesis 1. Then there exist real numbers t and s so large that every zero 
z in the angle A (defined by formula (8)) of the determinant M(p) (defined 
by formula (6)) satisfies either |z| <t or | %z| <8. 


Let « be chosen so that 


(15) ape = —b,e-™ =k. 
Then we may write 
(16) ape bpe # +c, = khet- — emt) 4 e, 
= 2ik{sin(u — æ) — B}, 
where 
c 
(17) B Zoi 


We shall show below that the zeros of M (u) are much like those of 
sin(u — a) — $. If 8 # +1, all the zeros of this latter function are simple. If 
B = 4 1, the zeros of sin(u — «)F 1 = 0 are u =a + 7/2 + 2m7, and are 
all double. Consequently, we. shall divide our analysis into two cases, 
depending on whether 8 = +1 or fÆ +1. 


Case 1A: The constant B of formula (16) is different from +1. 


Then the period-strip 0 < Zz < 2r contains exactly two roots z, and 
z, of the equation sin z = $. To see this, note that the mapping w > h(w) = 
w —(1/w) maps the w-plane with w = 0 removed onto the whole z-plane, 
and that each point z except z = +27 is the image of exactly two points w. 
The mapping ze” is a one-to-one mapping of the period strip 


XIX.4.3 SPECTRAL PROPERTIES OF ((1/¢)(d/dx))" 2325 


O< Rz <2r onto the w-plane with zero removed. Since sinz = 
(1/2t)h(e*), our original observation is evident. The roots of sin(z — «) 
— B = 0 are consequently simple and fall into two arithmetic sequences, one 
of the form z = 2mn + « + zı, the other of the form z = 2a7n+ a + zg, 
where 27 > zı = Kz, = 0, 21 #2,. In order to obtain information on the 
zeros of M(y) from this, we now use Lemma 3. 

We know by Lemma 2 that all but a finite number of roots of M(p) 
lie in a strip |.%z| <s. Let x, be chosen in such a way that both zeros z; + « 
and z + « of sin(z — «) = ĝ lie interior to the period strip 27(n+1)2 
A(z — a) Z 2an, and choose y so large that y > |£ (z1 + «)| + |%(z2 + @)|. 
Divide the rectangle 27 => A(z —«,) 20 into two rectangles R® and 
R®), each of which contains exactly one zero of sin(z—«)=f. Put 
RY = RO +1 2m7, RY = R® + 2mz7. Taking our cue from the known 
form 2am + a +z; 27m+a+t2zg, 2142, 2m > Bz, => Pz. => 0 of the 
zeros of sin(z — «) — 8, we wish to show that for m sufficiently large each 
rectangle RP and each rectangle RY contains precisely one zero of M (p). 
This, however, follows from Lemma 3.5 and from formulas (16) and (14). It 
also follows, from Lemma 3.5, formula (16), and formula (14), that the zero 
én of M (p) in RYP has the asymptotic representation 


En~ Dorm +a tzat Y ban", 


and that the zero £, of M (u) in RY has the asymptotic representation 
E,~ Barn + % + zat Y Enn", 


where the ¢,, and m are certain coefficients. Since the strip | %z| < s, 2z = 
(z1 + 22)/2 — m is the union of the rectangles RY, n =1, 2, ... and the 
rectangles R?, n = 1, 2, ..., this establishes the following result. 


3 Lema. Let the set (1) of boundary conditions satisfy Regularity 
Hypothesis 1. Let the constant B of formula (16) be different from +1. Then, 
if we neglect a finite number of roots, the remaining roots in the angle A 
(defined by formula (8)) of the determinant M(p) (defined by formula (6)) 
are all simple and may be enumerated in two sequences {én}, {En}, in such a 
way that we have asymptotic expressions 


(18) Em ~ 2 1 + y cm"), Ën P 2mm(1 4 2. eam"), 
n=l n=1 
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where 
ĉi =c +2, z #0, 1 >z 20. 


If we note that A = (u(à))*, then the roots of M(u(à)) =0 are simply 
the nth powers of the roots of M(u) =0. Hence, by Corollary 3.2, the 
spectrum of T is the set of roots of M(p(A)) =0. We obtain the following 
lemma directly from Lemma 3 and Corollary 3.2. 


4 Lemma. Let the set (1) of boundary conditions satisfy Regularity 
Hypothesis 1. Let the constant B of formula (16) be different from +1. Then 
the spectrum of the operator T defined by formulas (2) and (3) consists entirely 
of isolated points, all of which lie in the point spectrum of T. If we neglect a 
finite number of these points, the remaining ones may be enumerated in two 
sequences {Xn}, {Am} in such a way that we have asymptotic expressions 


(19) Ag ~ mmr S am-*), eee (nme Ey dm=), 
kal kal 
where 
di=d 4z, 240, n>Rzz0. 


5 CoroLLARY. With the hypotheses and in the notation of Lemma 4, 
the operator T is discrete. 


Proor. This is an immediate consequence of Lemmas 4 and 3. 
Q.E.D. 


In order to apply the perturbation theory of Section 2 to T, we must 
show that for all but a finite number of points à in o(T) the projection 
E(ào) has a one-dimensional range. This is accomplished by means of the 
following lemma. 


6 Lemma (G. D. Birkhoff). A simple zero Ay of M(p(A)) is a simple 
pole of the resolvent of T. Moreover, the projection E(Xy) = E(Xo; T) associated 
with the spectral set Xo has a one-dimensional range. 


Proor. Let J denote the interval [0,1]. Let f be in L(I) and let 
G(A)f denote that unique solution g of the equation (A — 7,)g =f which 
satisfies the initial conditions g(0) =g'(0) =-:-=g*-1(0)=0. By 
Corollary XTII.1.5, G(A)f depends analytically on À. Since G(A) is clearly 
a closed mapping of L(I) into H™(Z), it follows by the closed graph 
theorem (IT.2.4) that G(A) is a bounded mapping of L,(I) into H™(Z). Thus, 
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since the topology of HZ) is stronger than the relative topology of 
H™(I) as a subspace of L(I), G(A) may be regarded as a bounded mapping 
either of L (I) into H™(Z) or of L (I) into itself which depends analytically 
on the parameter A. Let Ñ ,,„(u) be the cofactor of the element M (p) in 
the matrix whose elements are given by the equation (5), so that the 
elements M(u)` 1M (u) are those of the inverse matrix of the matrix 
defined by the equation (5). Then Ñ nlp) depends analytically on p, 
l1 <i, k <n. Consider the element 


A f= GAS — Mw)? p HE nuBS oe w(A)) 


of H™(I). Since (r — A)o;(u(A)) =0, we have (A — r)H(A)f = (A — r)G(A) Sf 
=f. Moreover, by (5), 


B HNS = ByG()f— Mu) YAW) Mud) By GAS 


= B,G()f—B,QA)f=0, j=l,....% 


Thus A(A)f is in D(T), so that H(A) is simply the resolvent R(A; T). This 
establishes the formula 


(20) RO; TF = GAP — MUNE Ý Maud) (BG oH) 


for every A such that M(u(à)) 4 0. From this formula, it is evident that a 
simple zero of M(y(A)) is a simple pole of the resolvent R(A; T), so that 
the first part of the lemma is proved. 

To prove the second part, let Ay be a simple zero of M(p(A)) and hence 
a simple pole of R(A; T), and suppose that E(ào) has a two-dimensional 
range. Then, since by Lemma 2 and Corollary 5, (T — Ao I) f =0 for each 
f in the range of E(ào), it follows that there exist at least two linearly 
independent solutions p1, p2 of the equation rp = Ay ¢ such that B,(g1) = 


By.) =0, t=1, ..., k. Then p, may be represented uniquely as 

=} 7-1 Cry 0,;(u(A)) and, similarly, p2 =} 7-1 C2; 0,(u(A)). The vectors 
[ci ---> Cin] and [c21 .--, Can] are clearly linearly independent. Let 
[631 <- -3 Can], +--+ [Cni -+ -> nn] be chosen so as to form a basis for Euclidean 


n-space when taken together with these two vectors. Then the matrix 
¢,, is non-singular. Put o,(A) = V7.1 Cy o,(u(A)), Dul) = Bi(p,A)), and 
P(A) = det{®,,(A)}. Then, if C denotes the non-zero determinant of the 
matrix c, we have ®(A) = CM(p(A)) by (5) and (6). Now, the first two 
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rows of the matrix ®,,(A) vanish when A = ào . Since the determinant ® 
of ®,, is a linear combination of products each of which contains one factor 
from each of the rows of ®,,, it follows that ® has a double zero at À = Ap. 
This is contrary to assumption, and thus we have a contradiction which 
proves the lemma. Q.E.D. 


We shall now establish an asymptotic form for the projections 
associated with the various eigenvalues of T. 
Put 


v 
(1) gmh S) =m EY (ie, b>, 
io 
2yv-1 
=n W YS liwet tS, t<s. 
j=y+1 


Then it is clear that g is an infinitely differentiable function of t and s for 
ts. We have 


(Tr — p")G(p3 t, So) =9, t #8. 
Moreover, 


2yv-1 
g'"(p; TE 8) —g™(p; s- A s) =n tp n X (iw) +1. 


j=0 


Since the sum of kth powers of the nth roots of unity is 0 for k #n and n 
for k =n, this means that 


(22) glu; S4, 8) — 9 (wu; s- , 8) =0, O<k<n-1, 
g@" (ws 8, 8) — 977 (pw; 8, 8) =i". 
Thus g(x; 89) is in C“~?[0, 1], but is not in C*~1[0, 1]. Put 
(CUPO = f glut syf(e)as 
Then 
(G, f(t) = [9 t,s)f(s)ds, O<k<n, 
0 


and, differentiating once more, we have 
1 
GA) = f gust s\fle) ds 
+ (9% Y(ys t,t) — 9" Mus t tA) FO) 


= fs t, s) f(s) ds + i"f (t) 
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(tT — p")G, f =f. 


It follows, precisely as in the derivation of formula (20) of the proof of 
Lemma 6, that 


(3) RW P) f = Guf — Mu)? 3 Mle B.G, ford) 


where Ñ (u) is the cofactor of the element M (u) in the matrix whose 
elements are given by equation (5). 

By (9) and (10), the cofactor determinant M ,„(u) has the asymptotic 
form 


(24) M ala) ~ pw? (ale + Tlp) H Tila) 


Tms Trs and T being finite polynomials in 1/p. It follows immediately 
from formulas (21) and (4) that (B,G, f) can be written in the form 


n 1 
(25) (BG, f) =m" Y Talp) f oll — s, p)f (6) ds, 
k=1 0 


a T x is a polynomial in p of order at most m; . Thus, using formulas 
), (23), (24), and (25), we see that the resolvent R(u”; T) is represented 
nee in the following way: 


(26) Riu"; T) f(x) ~ Gf (2) 


(Ar (pe + Aisle *+ Arlu) oE, p) f o,(1 — 8, p) f(s) ds 
Alpe + A'u)" + A”(p) f 


A, A’, A” and A,,, Aj, and Apr being polynomials in 1/y. Moreover, 
formula (26) may clearly be differentiated any number of times with 
respect to x, and still remain a valid asymptotic expression. The coefficients 
a, a’, a” in the constant terms of A(p), A'(u), and A”(y) are of course the 
same constants as a,, bp, €p of formulas (13) and (16). The projections 
En = E(An; T) and E,, = E(\,; T) are the residues at the points én and 
En, respectively, of the contour integral 


| ROA; T) dd = f npr? Ru; T) dp. 
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Since G, is analytic by formula (21), we have only to take the residues at 
Én and &,, of the contour integral 
(27) f (np™ R(p”; T) — nu" 1G4,) dp. 


By Lemma 3, if we take any sufficiently small € > 0, and let C,, denote the 
circle with radius € and center 27m +-2zc,, Cm contains only the single 
singularity ém» of R(pu"; T). Consequently, the contour integral (27), 
extended over the contour Cn, gives the residue Ep = E(A,,; T). It follows 
from formula (26) that H,, is given asymptotically by the formula 


(28) (Enf)() 


È È Aude + Samet + Aisi + Barner + Age + Ram 

l a Ga E 

X o,(t, p + 2an)o,(1 —s, p + 2mn)f (s) ds dp. 
Moreover, both sides of this formula may be differentiated any number of 
times with respect to x and the asymptotic relation will still remain valid. 


It is clear that since Cy contains no zeros of qe! + a'e“ 4a” = 
a, e+ b,e~ + cp, we have 


(Alu + 2arnje + A'(u + Qarnje~# + A”(u + 2mn)) t 
—(ae~# + a'e a") = O(n-}), 


uniformly on Cy. Thus, formula (28) may be rewritten as follows: 


a) BO 5 S [ee 
p2 0 “Co 


aet + a’e# 1 @ 


X o( , p+ 2am)o,(1 — y, p + 2am) f (y) dy du 


e ie FO (p)o;(-, w+2am)o,(1 —s, p + 2am)f (s) ds dp, 


where ars, @; , Agy are certain constants, and F, 0 <k, j <n, m2 1, isa 
sequence of functions of u which is uniformly O(m~+) on Cy as m —> œ. We 
shall show, using formula (29), that the family of all sums 


| È Fal, 
meJ 


J ranging over all finite sets of integers, is uniformly bounded. To do this, 
it is evidently sufficient, in view of formula (29) and the fact that 


E 
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of, p + 2mm) is uniformly bounded for u in Co and m 2 1 (by formula 
(4)) and that o,(1 — y, p + 2am) =o,(1—y, p)o,(1 — y, 2am) (by this 
same formula), to establish the following two separate assertions. 

(a) For 0 <k, j <n, m21, and pEC,, let AP (u) be the operator 
defined by 


(80) AEP f= olu + 2am) f o, — s, p + 2am) f(s) ds. 


Then, as p ranges over Co, k and j over the set of all integers between 
0 and n — 1, and J over the family of all finite sets of integers, the family 
of sums 


remains uniformly bounded. 
(b) For 0 < k <n, let b(f) be defined by 


bf) = p o,(1 — s, 2mm) f (s) ds. 


Then there exists a constant M such that 


owl 
È. e 


m= 


Pe! < lf, OSk<nfe L40, 1). 


Now (b) will follow from the uniform boundedness theorem (Corollary 
TI.3.21) and Lemma IV.4,1 once we show that 


(31) E [B@(P2<00, OSk<n, fe Ll0, 1). 


We propose to do this in the lemma immediately following the next 
paragraph, 

If US and V$ denote the operations of multiplication by o,(¢, p) 
and o;,,(1 —t, u), respectively, it is obvious from formula (30) and formula 
(4) that 


62) AR) = UPAPOV P; 
since the operators U% and V“ clearly remain uniformly bounded as p 


ranges over the circle Cy, (a) will be proved if we show that as J ranges 
over the family of finite collections of integers, the family of sums 


>, AP(0) Oskj<n, 


med 
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remains uniformly bounded. In view of the uniform boundedness 
principle (Corollary II.3.21), and of formulas (31) and (30), it is sufficient 
for us to establish that as J ranges over the family of all finite sets of 
integers, the family of sums 


yX bm o,(t, 277m) 
meJ 


remains uniformly bounded in L,(0, 1); here 0 <j <n, and {bm} is some 
given sequence in lz. 
Thus both (a) and (b) are consequences of the following lemma. 


7 LEMMA. Let «40, Za <0. Then 
(a) for each f in L,(0, 1), the sequence {am} of coefficients 


1 
On(f ) =f ermat F(t) dt 
0 
is in la; 
(b) for each sequence {bm} in lo the family of all finite sums of terms 
in the sequence {bm exp(2rmax)} is bounded in L,(0, 1). 


Proor. First we shall prove (a). If « = if is purely imaginary, then 
we decompose f into a finite sum of square integrable functions, each 
vanishing outside an interval of length at most 1/8, and immediately 
apply the ordinary theory of orthogonal expansions in Hilbert space 
(cf. Theorem IV.4.13) to obtain the desired result. If 8 = —B(«) > 0, then 
we note that 


jant 2 | [enero ae. 


Hence, putting f(t) =0 for t>1, and making the change of variable 
s = —2mft, it is clearly sufficient for us to show that for each fin L,(0, œ), 
the sequence b,,(f) defined for m = 1 by the formula 


bn(f) =f ems at 


isin l. We may clearly suppose without loss of generality that f is positive, 
in which case 5,,(f) is clearly a decreasing function of m. Consequently, 
[On(f)|? < SZ- |b:(f)|? dt, so that we have only to show that 


f bal f) dm <o. 
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Hence, in view of the Fubini theorem, the proof of (a) will be complete as 
soon as the quantity 


A i [emempes(e) dtdsdm al [rau ds 


is proved to be finite. 
Since f is in L,(0, œ), it is sufficient by Schwarz’s inequality to show 
that 


e Sls) e fiut) 4 
AU ees ea 


belongs to L,(0, œ). Putting f,(x) =f (tx), we may use Theorem ITI.11.17 
to obtain the following formula, in which we write g as the integral of a 


{fa 
=f era 
Now | ful] = (So f (tu)? dt)? = u-1/?| f|. Thus 
un) f 
wis f a 


vector valued function: 


u, 


and since 


u12 


ies i du < œ, 


it follows that |g| < œ, proving that g is in L,(0, œ), which completes the 


proof of (a). 

Statement (b) can be derived from statement (a) as follows. By the 
uniform boundedness theorem (II.3.21) and by Theorem IV.8.1, (b) will 
follow if only we establish that for each f in £,(0, 1), the set of all finite 
sums of terms bm få exp(2amat) f(t) dt = bm aml f) is uniformly bounded. 
Since {bm} E lo by hypothesis and {a,,(f)} is in la by (a), this is evident. 
-Q.E.D. 


As remarked above, it follows immediately from Lemma 7 that the 
collection of all finite sums of projections #,, is bounded. In the same way 
it follows that the collection of all finite sums of projections n is bounded. 
Thus we see: 
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The collection of all finite sums of projections E(A; T), AE o(T), is 
uniformly bounded. 


(Here we have used the uniform boundedness theorem (Corollary 
TI.3.21). In all this, and in what follows, the reader should compare the 
final paragraph of the proof of Lemma 3.10.) 

We shall now improve this assertion by showing that 
(33) » EA; 7T)=1, 

AE G(T) 
so that in Case 1A, T is a spectral operator. This we do as follows. By 
Lemmas XVII.3.5 and XVII.3.4, the series ),. 7) H(A; T)f converges 
strongly and unconditionally for each f in L,(0, 1). Let 


i Ei 4 pei DS; 


we wish to show that g = 0. It is clear that H(A; T)g =0 for A in o(T). By 
Definition 2.4 and Lemma 2.6, R(A; T)g is an entire function of À. On the 
other hand, it follows from the asymptotic formula (26) and from the 
formula (21) giving the form of the kernel defining the operator G, that 
if we excise from the angle A of the y-plane (defined by formula (8)) a 
circle of radius £ about each of the roots 2am +- 2ac,, 2am + 2rč of the 
function ae“ + a’e~ 4-a” =a,e%+b,e-+4c,, then R(y"; T)g is uni- 
formly bounded in the resulting domain and approaches zero at least as fast 
as |p|+~*. Thus, by the maximum modulus theorem and by Liouville’s 
theorem, the entire function R(A; T)g is constant. Differentiating with 
respect to A, we find that R(A; T)?g =0; since R(A; T) is one-to-one for A 
in p(7’), g =0. This proves that, in Case 1A, T is spectral. 
We sum up the preceding discussion in the following theorem. 


8 THEOREM. Let n be even. Let the set (1) of boundary conditions 
satisfy Hypothesis 1. Let the constant B of formula (16) be different from +1. 
Then the operator T defined by formulas (2) and (3) is a discrete spectral 
operator, all but a finite number of whose eigenvalues À correspond to one- 
dimensional projections E(A; T). The eigenvalues of T have the asymptotic 
distribution as stated in Lemma 4. 


We now turn to consider the case in which n is odd. 


Case 2: n odd. 
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Let n=2v+1. Let w,, 7=0,..., »—1 denote the nth roots of 
unity, enumerated in such a way that wọ =1, the imaginary part of w, 
is positive for 0<i<v,and the imaginary part of w, is negative for 
v<iS 2. 

Let A be an arbitrary complex number. If À is in the right half-plane, 
let u = p(A) denote that unique nth root of A which lies in the angular 
sector {| 7/2n > arg p > —7/2n}. If À is in the left half-plane, let (A) 
denote that unique nth root of A which lies in the angular sector {p| 7/2n = 
(arg u) — m > —7/2n} of the complex plane. Put 


(34) oplt, p) = ete", 0<k<v, 


ig thee, v<k< 2p. 


Then oo(t, w(A)), ---, Gn -1(t, w(A)) is clearly a basis for the set of solutions 
of the equation tf =f. 

Put 
(35) Bio,(u)) =M lu), Miu) = det(M ,;(1)). 


(See (1) for the definition of the boundary conditions B,.) Then, just as in 
the even order case studied above, the eigenvalues of T are the zeros of 
M(p(A)) =0. We shall study the zeros of this equation, considering the 
right and the left half-planes separately. 

Tt is evident from the form (34) of o,(¢, u) and the form (1) of B, that 
M (p) has the form 


(36) M (p) = Pulp) + Qul pee", 0s k <v, 
M alp) = P(e) + Qulp) eH, v <k <2, 


where Piy and Qu are polynomials in p of order at most m, for all 
lsi<sn0skesn-l. 

Let A, and 4, be the angular sectors in the complex plane which are 
defined as follows: 


4,=( 


largz| < = 
2n 
(37) 
A,= | 


|(arg z) — 7| sz. 


We shall first investigate the zeros of M(y) in A,, and then those in A,. 
Since 2(A) lies in A, U A, for all A, this will give us complete information 
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on the zeros of M(p(A)). Since for 0 < k < v, w, is an nth root of unity with 
positive imaginary part, it follows that for 0 < k < v, tw, ranges over 
an angle entirely contained in the left half-plane as u ranges over Aj. 
Similarly, for v <k < 2v, iw, p ranges over an angle entirely contained 
in the right half-plane as u ranges over Ay. Thus if we put 


(38) Niolu) =M olp) z; P(n) + Qio(p)e 
Nulu) = Pilu) 0<k< 2, 

it follows that there exists a number a > 0 such that 

(39) IN sce) — Mile = O(e-alel), 


as |u| > 00, u remaining in the angular sector A,. Let N(u) = det(Ny,(p)). 
From form (38) of the matrix N,,() it follows that N(p) has the form 


(40) N(p) =m (p)e™ + mu), 


where 7, and 7, are polynomials in p of order at most p. From relation 
(39) it follows that for any positive number b <a we have 


(41) |N (2) — M(p)| = O(e-*#lel Ful), 


as |u| œ, u remaining in the angular sector A,. In order to continue 
with the analysis, we must now make the following assumption. 


9 First REGULARITY HYPOTHESIS FoR Opp ORDER Case. The 
polynomials m, and m, have the precise order p. 


Thus we may write 
mi(u) = Op p? + + a, a, #0, 
mau) = Opp? +--+, 5, 490. 
Tt then follows from (42), from (40), and from (41) that 
(43)? M(u) = ape" + bp + Py(ue™ + Poly.) + O(e-%! #141!) 


uniformly as |u|—> œ, u remaining in A,, where P(y) and P.(p) are 
polynomials in ~~’ without constant terms. Let t and s be so large that 


[Pil] + |Pw] <la] al >t, 
[b,|<$lape“|,  —Ip >s, 


(42) 


and such that the final term on the right of (43) is less than 4|a,e| for 
|u| >t and —%p >s. Then it is clear from (43) that M() is non-zero in 
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the subregion {ue A,|—%p>s, |p| >t} of Ay. In the same way, it 
follows that we may choose t and s so large that M(p) is non-zero in the 
subregion {p E€ A,| Fp >s, |u| >t} of Ay. 

Tt is quite easy to make the corresponding analysis for the angular 
sector A,. Put 


Ñ olu) = Mio = Polu) + Qolp)e", 

Ñ alh) =Qulp), O<bS 2, 
Then there exists a number a > 0 such that 
(45) |N ulu) —e7 eM plu) =O(e4!), O<k Sp, 
(46) |N ue) — 00M plp)| = Ole 41), v <k < 2v, 


(44) 


as |u| > 00, p remaining in the angular sector A, . Let N(p) = det(N ,,()). 
Then from (46), if b is any positive number less than a, we have 


|Ñ(u) —e™ M (p)| = O(e~?lHlel 74!) 


as |u| > 00, p remaining in the angular sector A,; here we have put 


y 2y 
n=—i $ wti © w 
k=1 =y +41 
From form (44) of the matrix Ñ (u) it follows that Ñ(u) has the form 
(47) Ñ (p) = õlu)" + alp), 


where 7, and 7, are polynomials in u of order at most p. Now we make 
another regularity hypothesis. 


10 SEconp REGULARITY HYPOTHESIS FOR ODD ORDER CASE. The 
polynomials 7, and ña have the precise order p: 
(48) ala =G,pP H Ho Ay £0, 
Talu) =b p? +: + bo, b, #0. 
Just asin Case 1, we may simplify the labor of verifying our Regularity 


Hypotheses 9 and 10 by using the following observations. If Ñ(u) = 
ae“ +b is the determinant of the matrix Ñ (u) defined by the equations 
Ñ alu) =e, me)",  O<K Sy, 
Rau) = Bi, mi (W), v<k < 2v, 


Ñ a(g) = Ximi + Bi. mes 
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then, just as in Case 1, the coefficients a and b are identical (up to a 
common factor of modulus 1) with the coefficients a, and 6, of formula 
(42). Similarly, if Ñ(u) =de™ + 8 is the determinant of the matrix ¥,,(,) 
defined by the equations 


a 


Ñ alp) =B,, mW)”, 0 <k < V, 
Kap) = 04, m (Wy), v <k < 2y, 


Ñ olp) = %, mi + By, mes 


then the coefficients @ and 6 are identical up to a common factor of modulus 
1 with the coefficients a, and 6, of equation (48). Thus, for a normalized set 
of boundary conditions, Hypotheses 9 and 10 depend only on the “leading ” 
coefficients in the boundary conditions, that is, on the coefficients «,, m, and 
Bi. m, Of the highest derivative occurring with a non-zero coefficient. If 
Regularity Hypotheses 9 and 10 are satisfied, it follows just as in the above 
analysis of A, that numbers ¢ and s may be chosen so large that M (u) is 
non-zero in the subregion {u € 43| | f p| >s, |u| >t} of A. Summing up, it 
is seen that we have proved the following lemma. 


11 Lemma. Let the set (1) of boundary conditions satisfy Regularity 
Hypotheses 9 and 10. Then there exist real numbers t and s so large that every 
zero z in the angle A = A, U A, (defined by formula (37)) of the determinant 
M() (defined by formula (35) ff.) satisfies either |z| <t or | %2| <s. 


Note that the roots of the equation a, e" + b, =0 are all simple and 
form an arithmetic sequence of the form 27ni + 2). Using this observation, 
Lemma 3.5, and the preceding lemma, we find, just as in Case 1, that all 
but a finite number of the roots of M (u) =0 which lie in A, are simple, and 
that they may be enumerated in a sequence ém in such a way that we have 
an asymptotic expression 


(49) En ~ 2am(1 + ` eam). 


The analysis of the angle A, is exactly similar, and leads in exactly the 
same way to the conclusion that all but a finite number of the roots of 
M(p) =0 which lie in A, are simple, and that they may be enumerated 
in such a way that we have an asymptotic expression 


(50) En~ -2mm(1 + 5 em). 
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Tf we then pass from the p-plane to the A-plane, where A = p”, and make 
use of Lemmas 3.5 and 4.6, we obtain the following statement, which is the 
analogue for the odd order case of a combination of Lemma 4 and 
Corollary 5. 


12 Lemma. Let the set (1) of boundary conditions satisfy Regularity 
Hypotheses 9 and 10. Then the operator T defined by formulas (2) and (3) 
is discrete. The spectrum of T consists entirely of isolated points. If we neglect 
a finite number of these points, the remaining ones are all simple poles of 
the resolvent of T, and all have associated projections with one-dimensional 
ranges. Moreover, the points of o(T) may be enumerated in two sequences 
{An}, {Am}, in such a way that they have asymptotic expressions 


(61) a Onm(1 J5 dm), 
k=1 


Àn ~ —(2nm)e(1 +) lym). 


To show that T is a spectral operator we may proceed just as in 
Case 1A. Put 


y 
(52) glp; t, S) =n p" Y (iwe,  t>s, 
=0 
2y 


— n'y l-a (iw, etti t =, t <s. 
j=y+1 


Then g is an infinitely differentiable function of t and s for t Æ s. It follows 
just as in Case 1A above that if we put 


GA) = | g(t, f(s) ds 


then 
(Ta —p)G,f =f, 
so that 
(8) Rh D)P=G,f— My)? Y MaB GL Yoel) 


tk=1 


where Ñ (u) is the cofactor of the element M;„(u) in the matrix whose 
elements are given by equation (5). 
By (38), the cofactor determinant M (u) has the asymptotic form 


(54) M plp) ~ PPT ™ glp" + Fpl), 
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where ñ; and 7}, are finite polynomials in 1/p. It follows immediately 
from formulas (52) and (34) that (B,G,f) can be written in the form 


(55) (B,G,f) = pnd Pala) f o,(1 —s, p) f (8) ds, 


nee he is a polynomial in pu of order at most m,. Thus, using formulas 
(40), (41), (53), (54), and (55), we see that the resolvent R(u”; 7’) is repre- 
a ee in the Gi way in the sector A,: 


(56) Riu"; T)f (2) ~ G, f(x 


E (An(we + Ai(wog(e, u) o1 —s, p) f(s) ds 


— e Ret 

p A(p)e + A’(p) 
A, A’, A,,, and Aj, being polynomials in 1/p. Moreover, formula (56) may 
clearly be differentiated any number of times with respect to x, and still 
remain a valid asymptotic expression. The coefficients a, a’ in the constant 
terms of A(p) and A’(y) are of course the same constants at a, and b, of 
formula (42). It now follows just as in Case 1A that the projection 
En = E(An; T) is given asymptotically by the formula 


n 
i È Awla + 2mme" + A; u+ 2xm)| 
menona I a 
at 3 Co (u + 2arm)e u 4 A'(u + 2am) 
x o;(x, w+ ee — 8, p + 2am) f(s) ds dp, 
Co denoting a sufficiently small circle about the point 27mc,, and c, being 
as in formula (49). Moreover, both sides of this formula may be differen- 
tiated any number of times with respect to x and the asymptotic relation 
will still remain valid. It is then clear, since C, contains no zeros of 
ae 1. a’ =a,e%+-b,, that we have |(A(u + 2am)e + Alp + 2rm)) t 
— (ae + a’)~1| = O(m—") uniformly on Cy. Thus, formula (57) may be 


’ 


rewritten as follows: 


(58) 


bs 1 (deze + es) : E 
Enf) ~ k.J= Fle aet + @ ——_—— oj(-, 2+ 2arm)o;,(1 —s, p + 2am) f(s) dsd 


Sl i F@ (w)o(-, p+ 2am)o,(1 — s, p+ 2am)f(s) ds dp, 


t2, 
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where ap; and aj, are certain constants, and Fœ, 0 <k,j <n, m 21,isa 
sequence of functions which is uniformly O(m~') on Cy as m —> œ. We 
wish to show, using formula (58), that the family of all sums 


2 Enl, 


mel 


J ranging over all finite sets of integers, is uniformly bounded. This follows 
from (58) by an argument using Lemma 7, which is similar to the corres- 
ponding argument used in the discussion of Case 1A. It follows in the 
same way that the collection of all finite sums of projections E(\,,; T) 
is uniformly bounded. Hence it is seen that: 


the collection of all finite sums of projections E(A; T), with À in o(T), 
is bounded. 

We now wish to improve this assertion by showing that 

> EA; T) =I, 
AEa(T) 

so that in Case 2, T is a spectral operator. Just as in the corresponding 
proof in Case 1A we see that it suffices to show that if R(A; 7')g is entire, 
then g = 0. It follows from the asymptotic formula (56) and from formula 
(52) giving the form of the kernel G, that if we excise from the angle A, of 
the y-plane (defined by the formula immediately following (36)) a circle 
about each of the roots 27m + 27c, of the function ae“ + a’ =a,e# + bp, 
then R(u”; T)g is bounded in the resulting domain. By the maximum 
modulus theorem, R(u”; T)g is bounded in the whole angle 4,. We can 
show by an exactly corresponding argument that R(y"; T)g is bounded 
in the angle A,. Thus R(p"; T)g is uniformly bounded in the whole 
complex plane, and it follows just as in Case 1 that g =0 and that T 
is a spectral operator. 

We sum up the preceding discussion in the following theorem. 


13 THEOREM. Let n be odd. Let the set (1) of boundary conditions 
satisfy Hypotheses 9 and 10. Then the operator T defined by formulas (2) and 
(3) is a discrete spectral operator, all but a finite number of whose eigenvalues 
A correspond to one-dimensional projections E(A; T). The eigenvalues of T 
have the asymptotic distribution described in Lemma 12. 


An interesting special case in which the Regularity Hypothesis 1 is 
automatically satisfied was discovered by H. P. Kramer. Let n = 2v, and 
suppose that the set {B,} of boundary valuesfallsintotwo parts, B,,..., B, 
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being boundary values for 7 at 0, B,,,,..., Bj, being boundary values for 
7 at 1. By the remark following formula (3), it is no loss of generality to 
assume that the order of B, is m, and that m, >m,>-:- >M, m41 > 
My, 42 >*t > Mg. Moreover, we may clearly assume that the coefficient 
of f» in the unique expression Bf) =)%23 yf (0) + 423 yf 0) 
is 1. Then, if B,,..., B, and B,,,,..., Bay are arranged together in “ size 
place ” according to their orders, we have a set of boundary values normal- 
ized according to the specifications of the paragraph following formula (3). 
Thus, all the above analysis applies without any other preliminary normal- 
ization to the set B,,..., B, of boundary values. By the remark following 
Regularity Hypothesis 1, we may then assume without loss of generality 
that B,f=f%(0) for l<i<v and Bf=f(1) for v <i < 2v. The 
matrix Ê (u) Of the remark following Regularity Hypothesis 1 is con- 
sequently determined by the equations 


N,, =0 for O<k<v and v<i< 2, 
=0 for v<k<2v and 1<i <p, 
Ny, = (tw,)™! otherwise, if k 0, k Av; 


B=, l<i<», 
=i ett, v <i S2, 

Ñ p =(—i)™, lsisy, 
=(—i) "et, v <i S2. 


The determinant Ñ (u) of the remark following Regularity Hypothesis 1 
is consequently of the following form. 


| 
EI pe 
first» | 8 | | 2 
rows | < | | & | zero 
£ 
°° | ls 
Oo | | a 
N 
| | 
Fon) eyo OE E 4+---—~—~-—+— Sa 
second y 


| 
rows | Zero 
| 
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Consequently, if we use Lagrange’s rule to expand this 2v x 2v deter- 
minant by minors of order v, we find that the expansion contains only 
two non-vanishing terms. Thus our 2v x 2v determinant may be expressed 
as P,P, + QQ, where P, and P, are the v x v determinants of the first 
v rows and columns and the second v rows and columns, respectively, 
and where Q; is the v x v determinant of the first v rows and the second 
through (v + 1)th column, and Q, is the v x v determinant of the second 
v rows and the first and (v + 2)th through 2vth column. Consequently, 
P,P, is equal to the product 


(iwo)? (iw) +++ (iwy-1)™ 
(iw)? = es 
(iwo)™ (iwy -1)™ 


= . My+1 fz, m ote m 
e (iw) PET (Wy 41) Pet Tay at (Woy -1) vee 
e~ (iu) * (50, p tR . si 
= Ce > 
= . m . m . m 
e (iw) *(iwy +1) ar soe (Way 1) uA 

where c,, a8 the product of two non-vanishing Vandermonde type deter- 
minants, is non-vanishing. Moreover, Q,Q. is equal to the product 


ety)? (iy 1) tI o> (Woy) +E] (iw) (iw)! + (iw,)™ 

etu (iwg)™ +? ‘eats bwi (iw)? 

elias neo (itaya) || (Geos) vo (iw) 
=¢ et #, 


where c, fails to vanish for the same reason. We then learn according to 
the remark following Regularity Hypothesis 1 that the constants a, and 
b, of formula (13) are non-zero, whereas the constant c, of formula (13) 
is zero. Consequently, Hypothesis 1 is satisfied and the constant 8 of 
formula (16) is zero. 

The conclusion of Theorem 8 is consequently valid in all cases in 
which n = 2v is even and the boundary values (1) may be separated into 
a set of v boundary values at zero and a set of v boundary values at 1. 

We state all this as a formal theorem. 


14 THrorem (H. P. Kramer). Let n be even and let T be the closed 
operator defined by the formal differential operator t, =1~*(d/dt)” on the 
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interval [0, 1] and by a set of n linearly independent boundary conditions, of 
which n|2 are boundary conditions at zero and n/2 are boundary conditions 
at 1. Then all the conclusions of Theorem 8 are valid. 


In this connection, it is also worth making a simple remark on the 
notion of regular boundary conditions in the case of a second order 
differential operator. If the boundary conditions are written in the 
normalized way described in the paragraph following formula (3), then we 
have three possibilities. 

(a) m, =1, mz, =1. In this case the boundary conditions in normal- 

ized form are 
[+] WO) =0, wl). =0, 
(neglecting boundary terms of order less than 1). By the remarks following 
formula (13) and Regularity Hypothesis 1, it follows, since the set of 
boundary conditions w’(0) =0, u’(1) =0 is evidently regular, that the 
boundary conditions [*] are regular. 

(b) m, =0, mg =0. In this case, the boundary conditions in normal- 
ized form are 


and are evidently regular. 

(c) mı =1, m =0. Then, assuming for the sake of definiteness that 
u’(0) occurs with a non-zero coefficient in the first boundary value, our 
boundary conditions may be written as 


u'(0) + ku'(1) +++ =0, 
au(0) + bu(1) =0. 
If a =0, these boundary conditions can be written as 
w'(0) +ku'(1) +++ =0, 
u(1) =0, 


and are readily seen to be regular. If a 40, the boundary conditions may 
be written as 


u'(0) + ku'(1) ++ =0, 
u(0) + k'u(1) =0, 
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and a simple computation based on the condition given in Regularity 
Hypothesis 1 shows that such a set of boundary conditions is regular if 
and only if k + k’ 40. Thus a set of two linearly independent boundary 
conditions for the second order operator is irregular if and only if it has 
one of the forms 


u'(0) + ku'(1) +++: =0, 
u(0) —ku(1) =0 
or 
u'(1) + ku’(0) +++ =0, 
u(1) —ku(0) =0. 


Before proving the main result stated as Theorem 16 below, we must 
establish the following lemma. 


15 Lemma. Let T be a closed operator in the Hilbert space L,(0, 1) 
derived from the formal differential operator ((1/1)(d/dt))" by the imposition 
of a set of n boundary conditions. If n is even, let these boundary conditions 
satisfy Regularity Hypothesis 1 and let the constant B of formulas (16) and 
(17) be different from 1. If n is odd, let these boundary conditions satisfy 
Regularity Hypotheses 9 and 10. Let X€ o(T), and let k be an integer. Then 
(T —AI)—*!" is a continuous linear mapping of L,(0, 1) into H®(0, 1). 


Proor. First note that, by the first paragraph of the proof of 
Theorem 2.7 (which is valid word for word for any discrete operator T all 
but a finite number of the points of whose spectrum correspond to projec- 
tions with one-dimensional ranges), (T — AI)~*!" is a bounded operator. 
Let oy be a finite collection of points in o(7’), including all those points for 
which (A; T) fails to have a one-dimensional range, and also including 
zero, if 0 € o( 7’). Let og =0(T') — og. Then 


(T —XI)-*" = Efo) T — X1)-* "EB (09) + (T —AL)~*!*E(0}) 


by Theorem XVITI.2.9. We shall show separately that the operators 
E(oo)(T —ALI)~*'"E(o9) and (T —AI)~*!"E(o9) are continuous mappings 
of L,(0, 1) into H 0, 1), and in this way prove the lemma. 

By Lemmas 4 and 12, we may suppose without loss of generality that 
09 = {Àx Àx, Ax+i Axsi, ---}, K being greater than 1, and the sequences 
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{à} and {\,} having the asymptotic forms given in those lemmas. By the 
first paragraph of the proof of Theorem 2.7, 


i) (T -ADE (oif =li | O (As AYE MEA) 


p> 


+È A ynos). 


By Lemma 3.9, the one-dimensional projections E(A;) and E(À,) are all 
bounded mappings of L,(0, 1) into H® (0, 1). The limit on the right-hand 
side of (i) clearly exists in the topology of H®(0, 1) for each f in 
E(o,)L(0, 1) and for each f of the form f = {E(A,) + E(A))} and, conse- 
quently, for each f in a dense subset of L,(0, 1). By Theorems 8, 13, and 
11.3.6, the continuity of (T —AI)~*/" as a map of L,(0, 1) into (0, 1) 
will be established once it is shown that the set of mappings 


p D,a 
Gi) LAA HBA) + YAH), p2K, 
of £,(0, 1) into H® 0, 1) is uniformly bounded. We shall first establish 
that the set of mappings 


Pp 
2 A AEA) p2k, 
1=K 
of £,(0, 1) into #0, 1) is uniformly bounded. The corresponding result 
for the mappings 
DP as ~ 
LAA eH), p2K, 
i=K 


will follow similarly. From these two results, (ii) evidently follows. 
By Lemmas 4 and 12, we have the asymptotic relation (Àm —A)~"/" ~ 
const. m—*, Thus (by Theorem XVIIT.2.11) the map 


4 =) (A AEE) 


of £,(0, 1) into itself is bounded and has a bounded inverse. Since, by 
Theorem XVITI.2.11, we have evidently 


($ aago) (3 m-*B()) 4 


i=k 
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it suffices to show that the family 
p 
(iii) X mE) pk, 
m=K 


of maps of L,(0, 1) into H® (0, 1) is uniformly bounded. An equivalent 
norm in HQ, 1) is 


(iv) lf| = (iror ay} a (hirer ar) 


The family (iii) of maps is evidently uniformly bounded as a set of maps 
of £,(0, 1) into itself. Consequently, it suffices to show (using the uniform 
boundedness theorem, Corollary IT.3.21) that for each f in L, the set of 
functions 


a (a\k 
(v) Lom (=) (EADAE, PZK, 


is uniformly bounded in L,(0, 1). It follows from formula (28) (in Case 1A) 
and from the corresponding formula (57) (in Case 2) that 


d 


m= (Z) EANO 


is represented asymptotically by a formula of exactly the same sort, (28) 
or (57), as (Z(A,,)f )(t). Thus, we may show that the set of functions (v) 
is uniformly bounded in L,(0, 1) in the same way that we showed that 
the set of functions 


1/2 


YEQnf pK, 


is bounded in the course of proving Theorem 8 and Theorem 13. This 
observation completes the proof of the present lemma. Q.E.D. 


-> 16 THEOREM. Let T be the closed operator in the Hilbert space L,(0, 1) 
derived from the formal differential operator (—id/dt)" by the imposition of a 
set of n boundary conditions. If n is even, let these boundary conditions satisfy 
Regularity Hypothesis 1 and let the constant B of formulas (16) and (17) be 
different from 1. If n is odd, let these boundary conditions satisfy Regularity 
Hypotheses 9 and 10. Let P be an operator whose domain is the subset 
H®~11(0, 1)] of £,(0, 1) and which is defined by the formula 


(PAE) an la) fo) E (BLOM, 
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where a,_1(x) is a function in C°[(0, 1)] and Bo,..., By_, are arbitrary 
bounded operators in L,(0, 1). Then T+ P is a discrete spectral operator, 
all but a finite number of whose spectral points are simple poles of the resolvent 
giving rise to projections E(A; T + P) with one-dimensional range. 


Proor. First suppose that a, _,(¢) = 0. Then the present result would 
follow from Theorem 2.7, Corollary 2.8, Theorem 8, Theorem 13, and 
Lemma 15 once we showed that (using the notations of the hypothesis 
of Theorem 2.7) X 2-1 dn?(|Am| + dm)?" < oo. Using the asymptotic 
form for 4, given in Lemmas 4 and 12, we see that we have only to show 
that dp = Km”-1 for sufficiently large m and some constant K >0 in 
order to obtain the desired result. Consider, for example, the case in which 
n is even. Then, by Lemma 4, upon neglecting a finite number of eigen- 
values, the remaining ones fall into two sequences Àm , Am Such that Àn differs 
by a bounded quantity from 


(*) bn = e@amp( HÈ or m=) 

and Àm» differs by a bounded quantity from 

E) A2 @mmy(1 +5 ê, m=) l 
Moreover, 

G) ĉi =c¢; + nz, z 0, n> Rz20. 


We shall show that for large m the distance between um and the closest 
of the um, m m, and of the ñm, is bounded below by a function of the 
form Km*'-}, and shall establish a similar result for the j,,. This will 
clearly give the desired result. 

Note first that if we multiply pn and ñ, by a constant « of modulus 1, 
we may assume without loss of generality that #c,~ABe,, Bey = 
Reg +2',n > Rz' > 0. Since |u —A| = |Zu — AA|, it suffices to establish 
our assertion for the sequences 


Aim = 2nmy(1+'S) (Aom) 
R21 


and Zm; thus we may assume without loss of generality that c, and 
é,,and hence um and ji, , are real. It is then evident that for m sufficiently 
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large, pn and ñm form increasing sequences. Hence, for m sufficiently 
large, 


ma [Hm — Mae] Z max(|um— Hm-ils [Hm — Hml) 
m 


Since, by (*), 

lum — Him eal ~ 2rn(2mm)" 1, 
it is clear that min, 4m |un — Hr| is bounded below by a function of the 
form Km*~+ for sufficiently large m. Since cı Æ @,, we have either c, > é, 


or 6, > ¢,. Suppose for the sake of definiteness that c, > @,. Then it is 
clear that um > fim for sufficiently large m. On the other hand, since 


a 


fim — Pm 1 =27(č; —¢3)(2arm)"-3 + Qrrn(Qarm)"-1 + O(m” =?) 
= 2n (n + &, — c1) 2mm)! + O(m-?), 


and since we have seen above that n + @, — c, is positive, it follows that 
Um > fim > Hm-1ı for sufficiently large m. Consequently, 


t > fim > em > fim > Um-1 > fim-1 >t. 
Thus 
ma | im — krl = max(| Hm — fim|, [lm — Ëm+1|)- 


Tt now follows from (,), (#), and ($) that min,|4m — ji,| is bounded below 
by a function of the form Km"~!, which proves our theorem in case 
,-1(t) =0 and n is even. 

Tf n is odd, a similar calculation based on Lemma 12 establishes the 
corresponding results in the same way, the calculations in this case being 
even easier. 

Tf a„-ı(t) is not identically zero, we may argue as follows. Let 
b(t) =n! fi ay_1(s) ds, and A(t) = exp(b(t)). Then A(t) 40, so that the 
map U defined by (Uf )(t) =A(t)f (t) is an automorphism of Hilbert space 
£,(0, 1) into itself. We have, formally, 


(= (5) uo = (F) +¥) 0. 


Tt is easy to see from this and from Definition XIIT.2.17 that if S is the 
operator in Hilbert space defined by the formal differential operator 
(—-id/dt)” and a certain set C,(f), i = 1 ... n, of boundary conditions, then 
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U-1TU is the same as the operator in Hilbert space defined by the formal 
differential operator (—id/dt + b’(t))" and the set C (Uf) =0, i =1... n, 
of boundary conditions, Since 


sn d ee Nn d 4 d a tpt 
(i (z) +20) siei (5) +a4-(0( 5] int, 


the operator 
T4+P=T a Be) 
= _i(t) (= (— 
+ + an 1( ) (z) T2 A 
of the hypothesis of the theorem may be written as 


Tg d\/ 
s+,» (a) 
B,, j=0, ..., n —2 being bounded operators. Hence, U(T + P)U~1 has 
the form T + P’, P’ being an operator of the form } 7-2 Bydjaty’, B,, 
0 <j <n—2, being bounded operators. Since 7+ P has the same 
spectrum, and, in fact, identical properties as an abstract operator as 
U(T + P)U-}, it follows that it is no loss of generality (provided that the 
set of boundary conditions C,(Uf)=0 is regular) to assume that 
a,-1(t) =0. But, under the condition that the set of boundary conditions 
C,(Uf) =0 is regular, this has been established above. 

Thus, to complete the proof, it suffices to show that the set C of 
boundary conditions C,(Uf) =0, i=1,...,n, is regular, Let C,(f) be 
given by the formula 


CU) = F auf”) +Y By f OU). 


Then, since U-1(d/dt)Uf = ((d/dt) + b'(t)) f (£), it follows that 
CUP) =Y By FO) Y hu fW, 


where Gm, = im; » Bimi = im; - The regularity of the set C of boundary 
conditions now follows immediately from the regularity of our original set 
of boundary conditions and the remarks following Regularity Hypotheses 
1, 9 and 10. Q.E.D. 
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5. Approximation by Generalized Eigenfunctions 


In many cases in which the spectrum of a discrete spectral operator 
T is distributed in the complex plane in too chaotic a way for the very 
restrictive hypothesis of Theorem 2.7 to apply, a variant of the proof of 
Theorem 2.7 enables us to show that the set of solutions of (T + P — A)*f = 
0, k 2 1, àeo(T + P), is fundamental in the B-space X. The present section 
is devoted to stating and proving results of this generalized sort. We begin 
with a basic definition and with a preliminary investigation of the concept 
of adjoints for closed operators in a general B-space. 

1 DEFINITION. Let ¥ be a B-space, and T a discrete operator in X. 
Then by sp(7’), the spectral span of T, we denote the smallest closed mani- 
fold containing all the manifolds Z(A; T)X with à in o(T). 

Remark. It follows, by Lemma 2.2, that sp(T) is the smallest closed 
manifold containing the solutions f of all of the equations (T — AZ)*f =0, 
k2=1,A€o(T), and is also the smallest closed manifold containing all the 
solutions f of all of the equations (T — A)’ f =0 with A in o( 7). 

The adjoint T* of a densely defined unbounded linear operator was 
given in Definition 3.6. Now we shall develop more of the theory of adjoint 
operators than was done at that point, paralleling the theory in Hilbert 
space as given in Section XIT.1. 

Let ¥ be a B-space, and ¥ @ ¥ the vector direct sum of ¥ with itself. 
In X @X, let the norm be defined by 

lix, yl] = [æl + lal - 


Then ¥ @ ¥ is evidently a B-space. The space ¥ © ¥ admits the evident 
automorphisms 


Ay: [x, y] > ly x), 
As: [x, y) >[—y, 2]. 
We have 
A? = —A?=—], Ad = —A, Ay. 
If M is a subset of a Banach space Y, its annihilator M + is the closed 
subspace of 9)* defined by 


Me = {y* e D* | y*(M) =0}. 
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The graph of a transformation T in the B-space X is, as before, the set 
I(T?) = {[x, Tx}|x e D(T)}. 


Let » be a continuous linear functional on X ® X. Then the equations 
gi(x) = g([x, 0]) and p(y) =¢([0, y]) clearly define continuous linear 
functionals on X, and it is readily seen that the map g >[q1, p2] is an 
isomorphism of (¥ ® X)* onto all of X* © X*. Consequently we may regard 
X* © X* as being equivalent to the conjugate space of X ® X, in which case 
we have 


[2*, y* Jiz, y) =a*a + y*y. 
It is also evident from this consideration that if X is reflexive, then X ® £ 


is reflexive. 
By Definition 3.6 we see that 


T(T*) = {[x*, y*)|2*(T2) =y*(a), ce D(T)}, 
= {[2*, y*)|2%y —y*x =0, [z, y)eI(T)}. 
Thus 
I(T*) =[4 rT) +. 
This shows in particular that T™* is a closed operator. 


2 Lemma. Let T be a densely defined operator. Then 

(a) T and T* both have bounded everywhere defined inverses if either does, 
and (T~1)* =(T*)-}; 

(b) if B is a bounded operator, (T + B)* = T* + B*. 

Proor. Suppose that for the purpose of the present proof we consider 
multivalued linear operators T, which we suppose to be defined when their 
graphs I(T) are given as arbitrary linear subspaces of X ® X, and take 
T~+ and T* to be (possibly multivalued) linear operators defined by the 
formulas 


I(T- =A),  (T*) =[4;, rT). 
Then to prove (a) we have only to observe that 


PUTS) = AP (T*) = A (4a P(T) + = (444 P(T) = PT). 
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Thus (7*)~+ = (7'~1)* even if either or both of the transformations are 
unbounded, multivalued, or not everywhere defined, so that (a) follows as 
a special case. 

To prove (b), we first suppose that x* is in D(7* + B*). Then, since 
B* is bounded, x* is in D(T*) and 


((T* + B*)x*}(x) = (T*a* (x) + (BYa*)ex 
=x2*{(T + B)zx}, xe DT). 
Thus a* is in D((T + B)*) and (T + B)*x* = T*x* +. B*x*, On the other 
hand, if z* is in D((T + B)*), so that 
a*((T + Biy) =(T + By*tx*'y), ye DT), 
then 
a*(Ty) = {(T + B)*a* — Bex*}y), = ye D(T). 
Thus «* is in D(7)*, and 
T*x* + B*z* = (T + B)*x*. Q.E.D. 
3 Lemma. Let X be a reflexive space, and T a closed densely defined 
linear operator in X. Let T* be the adjoint of T. Then 


(a) D(T*) is dense; 

(b) the second adjoint T** of T is the same as T. 

Proor. If D(T*) is not dense, then, by the Hahn-Banach theorem, 
Corollary II.3.14, and the reflexivity of X, there is an x in ¥ such that 
2D(T*) =0, while x 40. Then 

A,[0, x] =[—2, 0] e F(7*)+. 
Thus 
—[0, x] = A2[0, x] e (A, (7*)) + = r(T**). 
Thus, if (b) is established, it follows that [0, x] e (7), and since T is 
single valued, that x =0. This shows that (a) follows from (b). 

To prove (b) we shall first show that for closed linear submanifolds W 
of a reflexive B-space, we have (M+)+ =M. Indeed, it is clear that 
mc (M+)+. On the other hand, let x ¢ Mt. Then by the Hahn-Banach 
theorem there exists a y* in M+ such that y*(x) 40, proving that 
v¢(M+)+, 
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Thus 
T(T**) = (A, IP(T*)) + =[A,(A,T(T))*]* = AR (2)*)* 
=—I(T)=I (1). Q.E.D. 
4 Lemma. Let T be a densely defined operator in a B-space X. Then 
(a) if one of T and T* is discrete, both are; 
(b) we have o(T) =o(T*); 
(c) if T and T* are discrete, then E(A, T)* =E(A;7*) for each À in 
o(T) =o(T*), 


(d) if X ts reflexive, if T and T* are discrete, and one is spectral, then so 
is the other. 


Proor. By Lemma 2, we have 
(P AN“ = (T —AN*) = (A)? 


with the operators on both sides of this equation existing as bounded 
operators for exactly the same À. This proves (b) and (a), since by Theorem 
VI.5.2 an operator and its adjoint are either both compact or both not 
compact. 


To prove (c), we note that H(A; T) may be characterized as 


1 
EA; T) = — z5 f (T — pD dp, 


where C is a sufficiently small circle about A. But then 


1 
E(\; T*) = rer eas pI)! du 


l + 
== 5 [er p1)-1)* dp 
1 * 
San ({ (7 -un dn) 
= KA; T)*, 


by (b) and Lemma 2. This proves (c). 

To prove (d), note that it follows from the preceding lemma that we 
have only to show that if T is spectral, then 7'* is spectral. It follows from 
(c) that if T is spectral, 7* satisfies condition (a) in Corollary X VHI.2.33, 
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so that by that theorem it suffices to show that if H(A; 7*)z* =0 for each 
Aéo(T), then «* = 0. To do this, note that in this case, since T is spectral, 
it follows from (c) that 
a*(x)=a*( X) EA; T)x)= } (E(A; T)*x*)(x) 
A€a(T) 


AEa(T) 


= ð (0 = 0; xeX, 


A€a(T) 


so that x* = 0. Q.E.D. 


We are now able to relate the spectral span sp(7’) of an operator T to 
the manifold ©,,(7*) given by Definition 2.4. 


5 Lemma. If T is a discrete operator in the reflexive Banach space X, 
then sp(T) = S,.(T*) +. 

Proor, It is clear that if À is in o(T) and we have E(A)f =f, while 
E()*g* =0 for every u in o(T) =0(7*), then 

g* (S) =9* (ENS ) = B)*9*(f) = 0. 
Thus it is clear that sp(7) S S,.(7*)+. Conversely, if f ¢ sp(T), there 
exists a functional g* in ¥* such that 

g*(f)=1,  g*(5p(T))=0. 

Since g*(H(A)f’) =0 for any f’ in ¥ and any À in o(T), it follows that 

E(A)*g* =0, àco(T)=0(T*). 
Thus, by (c) of the preceding lemma, g* is in S,,.(7*); and since g*(f)=1, 
it follows that f ¢ S,.(7*)-. Q.E.D. 

REMARK. It should be emphasized that the condition for sp(T) = ¥ 
given in the preceding lemma is S,,(7*) = 0 and not S(T) = 0. Indeed, 
H. Hamburger [1] has constructed an example of a compact operator U 
in Hilbert space X whose generalized eigenvectors span X, and which is 
such that an infinite dimensional closed subspace Xp of ¥ exists such that 
UX) S Xo, and VU is quasi-nilpotent in ¥, . If we put T = (U*)~1, we have 
sp(T) AX, while S(T) =0. 


The next theorem gives the central result of the present section. 


-> 6 THEOREM. Let T be a discrete spectral operator in the B-space X. 
Suppose that all but a finite number of points in o(T) are simple poles of the 
resolvent function R(A; T). Let U, be a sequence of bounded domains covering 
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the whole complex plane, which is such that min,. y; |z| > œ as i —> œ. Let 
V, be the boundary of U,. Let O <v< 1, and put 
p= max |a |à— p]. 
AeVi mEo(T) 

Let ào ¢ o(T), and let P be an operator such that P(T — ^ I) ~” is bounded. 
Then 

(a) if p,>0, T+ P is discrete and S(T + P) =0; 

(b) if lim sup, pi S K < œ, there exists a8 =8(K, T) > 0 such that 
if |P(T —AoI)~*| < 8, then T + P is discrete and S,,(T + P) =0; 

(c) if lim sup,» o pı < ©, and P(T — ^`’ 1)~” is compact, then T + P 
is discrete and S(T + P) =0. 


Proor. Let S be the scalar part of T, and N = T —S. Let E be the 
resolution of the identity for T. Then by Definition XVITI.2.27, Lemma 
XVIII.2.13, and Lemma XVIII.2.25, S and T have the same spectrum. 
By Lemma 2.2, T|H(A)X =Al| E(A)X if A is a simple pole of the resolvent 
of R(A; T). Thus, by Definition XVIII.2.27, T | H(A)X =S| E(A)X¥ for each 
simple pole A of R(A; T). Let oo be the finite collection of points in o(7’) 
for which A is not a simple pole of R(A; T), and oj = o(T) — oo. Then by 
Definition XVITII.2.8, a vector x in H(o4)X is in D(f(7)) if and only if it 
is in D(f(S)), and, moreover f (T)æ =f (S)x, for each analytic function f 
defined on o(T) and for x e E(o,)X. In particular, v is in D(T) if and only 
if x is in D(S); and Tx =Sz for each x in H(o4)X. By Theorem XVITITI.2.9, 
E(oo)X is contained both in D(f(7)) and in D(f(S)), and by this same 
theorem this space is invariant both under f (T) and under f (S), which are 
both bounded in E(o,)X. This shows that D(f (T)) = D(f(S)), and that if 
we put 

N,x=f(T)x—f(S)x, we E(o)oX, 
N,«x=0, xe E(o9)X, 


N, is a bounded operator, and f(T) =f(S)+N,. Since N, has a finite 
dimensional range, it is compact. Thus, for each analytic function f defined 
on o(7), the operator f(T) is the sum of f(S) and a compact operator. In 
particular, T =S + N, N being compact, Consequently, S is discrete if 
and only if T is discrete. Moreover, if we let 

Lx =x, xe E(04)X, 


Læ =(T —Al)(S—Al~’x, xe E(o)X, 
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then it is clear that L is a bounded operator and that (S — AI)” = 
(T —AlI)~’L. Hence 
(P+ NXS —AD = P(S —ADT-’ + N(S —Al)~” 
= P(T — XI)’ L+ NWS —2dI)-” 


is a bounded operator which is compact if P(7—AJ)~”’ is compact 
(cf. VI.5.4). In all cases (a), (b), (c) of the theorem, we may consequently 
pass from consideration of the operators T and T + P to consideration of 
the operators S and S + (N + P). Which is to say, we may and shall 
suppose, without loss of generality, that T =S is of scalar type. 

Now, under this assumption, (T — Ag 1)” = Lye om) (A — ào) H(A; T) 
and by Theorem XVIII.2.11, the series is the uniform limit of the finite 
sums 

L A=) EA; T), 


AEa(T) 
|A~Ao| Sa 


for each v > 0. Since, by Lemma 2.2, each of these finite sums has a finite 
dimensional range and is hence compact, it follows from Lemma VI.5.3 
that for v > 0 the operator (T —A,I)~” is compact. Thus, if v > 0, then 
since P+ T =(P +^ .I)+ (T — àI), and since (P+ A IT —AI)~” 
is clearly compact if and only if P(T —A,I)~” is compact, we may pass 
from consideration of the pair of operators T, T + P to consideration of 
the pair of operators T — ào Z, (T — ào I) + (P + ào T); that is, we may 
and shall assume, without loss of generality, that A, =0. If v =0, this is 
no longer strictly valid; nevertheless, to avoid notational complications, 
we shall assume that A, = 0 in this case also, and leave to the reader the 
task of making the simple elementary modifications necessary in the more 
general case of arbitrary Xo. 

It will be shown below that T + P is discrete. Suppose for the moment 
that this is established. Let f be in S(T + P), so that, by Lemma 2.6, 


FQ) =(T+ P A) Y 
is an entire function. We shall show that F(A) is uniformly bounded; it 
will follow from Liouville’s theorem that F(A) =g is constant and thus 
that f =(T + P —Al)g for all À. From this it will follow that 0 = (A, — A,)g 
for all A, and A,, and hence that g =0, so f =0. Hence, the theorem will 
be proved. 
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To show that F(A) is uniformly bounded, we proceed as follows. Since 
D(T’) 2 D(T) by Theorem XVITIT.2.9(vii), we have D(P) 2 D(T). Thus 
D(T + P)=D(T). By hypothesis, the operator PT-” is bounded and it 
will henceforth be denoted by the symbol A. 

Next we observe that it follows exactly as in the third paragraph of 
the proof of Theorem 2.7 that for any p such that |” R(p; 7)|<|A|-} 
the operator (uI — T — P)~1 exists as an everywhere defined operator and 


is given by the series 
(i) Blu) = Rip; T) X AT R(ps T)} 
= 
By Theorem XVITII.2.11, there exists a constant M = M(T) such that 
|T" R(u; T)| <M max |A)"|e—AI-3. 
Aea(T) 


Thus it is clear that if, in case (a), we take i sufficiently large, no point u 
in V, belongs to o(T + P), and that B(u) = (wl — T — P)~} for p in Vj. 
The same reasoning is valid in case (b), provided only that we consider 
an integer i 2 1 for which My,|A| < 1; that is, provided that we take 
ô < (MK)~? in the hypothesis of (b). 
From (i) and Theorem XVIII.2.11, 
| B(u)| < sup M |u —A\~* X, (M |A] pi)" 
AE0(T) n 


=0 


=M(1—M|A|p,)~* sup |p—Al~*, we Vy. 
ecT) 


Since 0 is not in o(T) by assumption, there exists a constant K, such that 


sup JaA SK, sup AeA 


AE0(T) 
Thus we have 
(ii) |B(u)| S MKi —M |A| p), we Vy. 
Since we have assumed in both cases (a) and (b) that M |A| p, <1 for all 
but a finite number of indices 7, the inequality (ii) gives us an immediate 
bound for the function 
Jle) = Riu; T + P)f = Buu) f 


in all but a finite number of the sets V,. By the maximum modulus 
principle this entire function has the same uniform upper bound in all but 
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a finite number of the sets U,. Since each of the finite number of excep- 
tional sets U, is bounded, and since |]; U, is the whole complex plane, 
it follows immediately that f(u) is uniformly bounded. Moreover, equation 
(i) shows that the operator T + P is discrete. This establishes the desired 
result in cases (a) and (b). 

If hypothesis (c) holds, we argue along essentially similar lines, as 
follows. Let {A,} be an enumeration of o(T), let o, =(Jh1A,, and let 
o, =0(T) —o,. It will first be shown that lim, o |H(o},)A| =0 where H 
is the resolution of the identity for T. If this is false, there exists an e> 0, 
an increasing sequence {n,} of integers, and a sequence 2, of vectors of 
norm l such that |E(o;,,)Aa,| = £, i =1, 2,.... Since A is compact, we may 
suppose, without loss of generality, that the limit lim,..,. Ax; =y exists. 
Now, if M is a uniform bound for |H(o},)|, we have 

e < lim sup |E£(o;,)Az,| < ii sup |Elo, (4z, —y)| 


i> o 


+ lim sup |E(on,)y| 


i> o 


< M lim sup | Ax, —y| +0 
i> o 


=0+0=0. 


This contradiction proves our assertion. 
Next observe that the series B(u) of equation (i) may be written as 


ii) Blu) =T-"(T’R(p; T) + T’R(p; T)AT”R(u; T) 
+ T”R(p; T)AT”R(u; T)AT” Rp; T) +) 


© 


som (T”R(u; 1) Ay} TR; T). 


Thus the series B(p) converges for all u for which |T” R(p;, T)A| < 1, and 
if Kı =| T|, we have 

| B(w)| < Kı |T”Rlu; T) (1 —|T"R(u; T)A|) 
We have already noted that |T”R(u; T)| < My, for p in V;. Thus, for p 
in V, and |T”R(p; T)A|<1, it follows that B(u)= (uI —T — P)! 
exists, and that 


| B(u)| S K,Myp,(1 —|T”R(p; T)A|) 
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It will be shown below that |7”R(u; T)A| < 4 for u in V, and i sufficiently 
large. From this it will then follow as above that the function f(y) = 
R(p; T+ P)f is uniformly bounded. It will also be shown that T~” is 
compact. From this, (iii), and Theorem VI.5.4, it will follow that B(u) = 
R(p; T+ P) is compact for u in V, and i sufficiently large, so that the 
theorem will be proved. 

Let u be in V,. To show that |T”R(u; T)A| <4, for i sufficiently 
large, we argue as follows. By the above, |T”R(u; T)| < My,; thus 
|T”R(u; T)| < MM’, where M’ =sup,<;< pi. We have shown above 
that limp» |H(o;,)A| =0. Thus there exists an N such that |E(oy)A| S 
(4MM"')-1, Then 


|T”R(p; T)A| S|T’R(p; T)E(oy)A| + |T"R(p; T)E (oy) A| 
S|T’R(p; T)E(cy)A| + b. 
It follows from Theorem XVIIT.2.11 that 
|T*R(u; P)E(oy)Al < M sup [APJA — p] => Al. 
EON 


Since infz y; |z| > 00 as i œ, it follows that 

|T"R(p; T)H(oy)A| S 4 
for p in V, and ¢ sufficiently large. Thus | 7” R(u; T)A| < 4 for p in V, and 
i sufficiently large, as asserted. 

To see that T-” is compact if v>0, note that, by Theorem 
XVIII.2.11, lim, o |D” —YrecyA~ E(A)| =0, so that T-” is the limit 
in the uniform operator topology of a sequence of operators with finite 
dimensional ranges. Since an operator with a finite dimensional range is 
clearly compact, T=” is compact by Lemma VI.5.3. This completes our 
proof if v >0. If v =0, we argue as follows. By (iii), 

By) =| È Rs PAY) Rs D); 
since R(u; T) is compact, B(u) = (pI — T — P)~1 is compact in this case 
also, so that T + P is discrete even if v =O, and the theorem still holds 
wheny=0. Q.E.D. 


From Theorem 6, we obtain the following theorem as a corollary. 


7 THEOREM. Let T be a discrete spectral operator in the reflexive 
B-space X. Suppose that all but a finite number of points in the spectrum o(T) 
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are simple poles of the resolvent function R(u; T). Let U, be a sequence of 
bounded domains covering the whole complex plane, and suppose that 
liM; o Minze y; |z| = œ. Let V, be the boundary of U,. Let 0 <v< 1, and 
put 

i= max = |pl"|A—pl-?. 


AeVi, nEo(T) 


Let ry ¢ o(T), and let P be an operator such that P(T — ào I)” is bounded. 
Then 

a) if p,—>0, T + P is discrete and sp(T + P) =X; 

b) if lim sup, py £ K < œ, there exists a 8 = (K, T) >0 such that 
if |P(T — ào 1)-*| < 8, then T + P is discrete and sp(T + P) =X 

c) if lim sup; o pı < 0, and P(T —2XoI)~” is compact, then T + P 
is discrete and 5p(T + P) = 

Proor. By Theorem 6 and Lemma 5, it suffices to show that in each of 
the cases (a), (b), (c) the operator (T + P)*is discreteand S,,.((7' + P)*) = 
By Lemma 4 and Theorem 6, T + P is discrete. Thus, as in the third 
paragraph of the proof of Theorem 6, it is sufficient to show that 


F*(d) = ((T + P)* —Al)*f* 


is uniformly bounded for each fe S.((T -+ P)*). However, in the 
course of the proof of Theorem 6 it was established that the function 
I(T + P) — AI)-}| is uniformly bounded for À in |) y V,, provided that 
N is chosen sufficiently large. By Lemma 3, 


(2 + P)* —AD)~*| = |(T + P —AD)~3| 


for such À. Thus, F*(A) is uniformly bounded for À in (Jy V;, and hence, 
by the maximum modulus theorem, is uniformly bounded for A in (J% y U, 
Since the set {U,}, i = N, covers the whole plane, with the possible excep- 
tion of a bounded set, | F*(A)| is uniformly bounded. Q.E.D. 


8 COROLLARY Let T be a discrete spectral operator in the Banach 
space X. Suppose that all but a finite number of points in the spectrum o(T) 
are simple poles of the resolvent function R(A; T). Let {U,} be a sequence of 
bounded domains whose union is the entire plane and which is such that 
lim; o Min e y; |2| = ©. It is assumed that the boundary V, of U, is disjoint 
from the spectrum. Let d, be the distance from V, to the spectrum o(T) and let 
B be a bounded operator. Then 
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(a) if d,—> œ, then T + B is discrete and S(T + B) =0; 

(b) if lim inf,» di 2 K >0, then there is a number e =e(K, T)>0 
such that T + B is discrete and S(T + B) =0 whenever |B| < e; 

(c) if lim inf,_,.. d; >0, and B is compact, then T + B is discrete and 
S(T + B)=0. 

Proor. This follows from Theorem 6 by placing v =0. Q.E.D. 


9 COROLLARY. Let T be a discrete spectral operator in the reflexive 
B-space X. Suppose that all but a finite number of the points in o(1') are 
simple poles of the resolvent function R(A; T); let {U ;} be a sequence of bounded 
domains covering the entire plane, such that lim, Minze y; |z| = œ. It is 
assumed that the boundary V, of U, is disjoint from the spectrum. Let d, be 
the distance from V, to the spectrum o(T) and let B be a bounded operator. 
Then 

(a) if d,— œ then T + B is discrete and sp(T + B) = ¥; 

(b) if lim inf; o dı = K >O, there exists an e =e(K, T) >0 such that 
T + B is discrete and 5p(T + B) = X whenever B < €; 

(c) if lim inf,- di >0 and B is compact, then T + B is discrete and 
sp(7 + B) =X. 

Theorem 7 gives us a fairly general insight into a range of situations 
in which a “spectral density ” property 5p(T) = ¥ is to be expected of an 
operator T. However, in applying these results it is convenient to be able 
to deal, wherever possible, with solutions of the equation (T — AI)f =0, 
rather than with solutions of the equation (T — AI)*f =0. The next lemma 
describes a simple case in which this is possible. 


10 Lemma. Let T be a discrete spectral operator in the Banach space 
X. Suppose that all but a finite number of the countable set {A,,} of points in 
o(T) are simple poles of the resolvent function and correspond to projections 
with one-dimensional ranges. Let U;, i = 1, be a sequence of bounded open 
domains covering the whole complex plane which is such that as io, 
min, e; |2| > ©, and suppose that all but a finite number of the domains U, 
contain at most one point of o(T). Let V, be the boundary of U,. LetO s v< 1, 
and put 


i= max [p|"|A—pl~?. 
AeVi, uec(T) 


Let A, € p(T), and let P be an operator such that P(T — ^ I)~” is bounded. 


XIX.5.10 APPROXIMATION BY GENERALIZED EIGENFUNCTIONS 2363 


Then all but a finite number of points in o(T + P) are simple poles of the 
resolvent R(A; T + P) corresponding to one-dimensional eigenspaces if any 
one of the following conditions holds: 

(a) u, approaches zero; 

(b) lim sup; o pi £ K < œ, and |P(T —A,1)~*| <8 =8(K, T); 

(c) X is reflexive, lim sup; o y;< 0, and P(T — à I)~” is compact. 

Proor. By Theorem 6, T + P is discrete. It may be shown exactly 
as in the proof of Theorem 6 that, under any of the hypotheses (a), (b), 
or (c), 

lim sup sup |PR(A; T) =1—e <1. 
i> œo Aevi 

Thus, putting 6 = ¢/2, there exist only a finite number of indices 7 for which 
the relation 


sup |PR(A; T)| < 1— ô 
AEVi 


fails. Let W, be the union of all the corresponding domains U,, of all 
domains U, containing more than one point of o(T), and of all domains 
U, containing a point of o(T) which is not a simple pole of the reso]vent 
function or which corresponds to projections with ranges of more than one 
dimension. Let W, be the union of Wy and of all domains U, which inter- 
sect Wy. If p is in the boundary W, of W, then it is evidently in the 
boundary of one of these domains U;. Hence we have 

sup |PR(A; T)| < 1 — ô. 

Aew1 
If we now enumerate the sets U,, not contained in W, as W,, W3,..., we 
see that in our original hypothesis we may assume without loss of generality 
that 


(i) sup,ey, |PR(A; T)| <1 —8 for alli 2 1; 


(ii) if i = 2, U, contains at most one point of o(T), which is a simple 
pole of the resolvent function and corresponds to a projection with a one- 
dimensional range. 


Let 6; = 4{(1 —8)-1—1}. Then sup,. vy; |p PR(A; T)| <1 for |n| < 
1+-8,, and all ¢ > 1. Let A, be some conveniently chosen point in some 
V,. It follows as in the proof of Theorem 6 that for |n| < 1 + 6, 


K(n) = (Aol —T — yP) 
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exists and is given by the formula 
Kín) = Rdg; T) — PRA; T)) ~+. 


Since R(ào ; T) is compact by Lemma 2.2, it follows from Lemma VII.6.6 
and Theorem VI.5.4 that K(ņ) is a compact operator which depends 
analytically on 7 for |n|< 1+ 8,. It follows from Lemma VII.6.6 that if 
O is any bounded open set whose boundary does not contain any point of 
o(K(y)), and |7|< 1 + 8,, then E(O; K(n)) depends analytically on y for 
y sufficiently near to nọ. From this and from Theorem VII.9.5 it follows 
immediately that H(U, ; T + nP) dependsanalytically on y for |n| < 1+ ô, 
and for i 2 1. Since, by (ii), H(U,; T) has a one-dimensional range for 
i 2 2, it follows from Lemma VII.6.7 that E(U;,; T+ P) has a one- 
dimensional range for ù > 2. It follows from Theorem VII.9.5 and Theorem 
VII.3.18 that, for i = 2, U, contains precisely one point in o(T + P), and 
that this point is a simple pole of the resolvent function R(A; T + P). 
Since U, is bounded and T + P is regular, it follows from Lemma 2.2 that 
U, contains only a finite number of points of o(7 + P). Thus the present 
lemma is proved. Q.E.D. 


The next result is of a different type, depending as it does on the 
Carleman inequality of Section X1.6. 


11 THEOREM. Let T be a discrete unbounded self adjoint operator in 
Hilbert space H. Let {A,,} be the set of eigenvalues of T, each eigenvalue being 
repeated in this enumeration a number of times equal to the dimension of 
E(A,; T)H. Suppose that k is an integer such that 


Y Aal < 00. 
n=1 


Let P be an operator (possibly unbounded) such that every product A of l S k 
factors P and T containing at least one factor P satisfies the conditions 
D(A) 2 DT") and 


lim |A{R(pi; T)} | =0. 
b> +o 


Then T + P ts discrete and sp(T + P) = Ñ. 


Proor. Let p be so large that |PR(pi; T)|< 4. Then, by Lemma 
VII.3.4, (J — PR(m; T))~ 1 = B exists and is bounded. Since T is discrete, 
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R(pi; T) is compact by Lemma 2.2. Thus, by Theorem VI.5.4, 

R(pi; T)B =C 
is compact. We have 

(pil — T — P)Cx =(B—PR(pi; T)B)x 

= (I — PR(pi; T))Bx =x, xe§, 

and 
C(wl — T — P)x = C(I — PR(pi; T))(pil — T)x 
= R(pi; T)(pil—T)x =z, ze D(T)=D(T + P). 

Thus R(ui; T + P) exists and equals C, proving by Definition 2.1 that 
T + P is discrete. 

Since by hypothesis D(7T'-1P) > D(T!) for 1< k, it follows that 
PRT) S DT'-1). Thus D((T + P)*) > D(T*), and for each u and 
x e D(T*), (uI —T — P)"x may be expanded as (pI — T — P)*x = 
(I — T)Fa +9¥-0o wk-'A,2, each operator A, being a sum of products 
of l factors +T, +P, each product containing at least one factor P. 
Consequently, |A,{R(ui; T)}!| +0 as u—+œ by assumption. Since 
[(ui)*- (R(t; T))*-"| is bounded as p—-+ œ by Theorem XII.2.6, it 
follows that 


=0. 


k 
( È (ita) Reis 2 


lim 
H> +o 


It now follows by an argument like that given in the first paragraph of 
the present proof that if u is sufficiently large so that the operator O, = 
(© $ oli) lA, )(R(ui;T)) has norm less than 1, then the operator 
((uil — T — P)*)~} exists and is equal to R(ui; T)*(I + O,)~}. This shows, 
in particular, that D((7 + P)*) S D(T*), so that D((T + P)*) = D(T*). 

Next we shall show that if |p| is sufficiently large and p lies in 
the sector |arg u — 7/2| < 7/2 — £, e>0 of the upper half plane, then 
(ul — (T + P)*)~* exists and satisfies the rate of growth condition 


(i) (ul — (T + P} < O(| Fp] ~>). 


By what has been shown above, we have D((T + P)*) =D(T*), and 
(T + P)" = T" + Ay, where D(A,) 2 D(T*), and 


(ii) lim |A,(R(pi; T))*| =0. 


H 
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We have 

(iii) Ao Ru; T*) = Ao(R(|pa|2"*6; 7))*(|w li — T} Riu; T*). 

By Theorem XII.2.6, 


XA — | ul tiki )K 
(lu)? — T)"R(u; T*)| S sup = 3 
~o <4< +o À — pH 
ae (A —i)¥ 
eiai AK — p/p ` 


It is clear that lim, 4). |(A —4)*/(A* — «)| = 1 uniformly for |«| = 1. Thus 
there exists a number c > 2 sufficiently large so that 


(A — i)" 
X piel 
On the other hand, |(A—1)*| is bounded in the region |A| <c, and 
(A* — p/|u|) is bounded away from zero as À varies in the interval [—c, c] 
of the real axis, and u #0 varies in the angle |arg u — 7/2| < 7/2 — e of 
the upper half-plane. Thus 


(T — |p) iI" Rw; T*)| 


su 
Jajzc 


is uniformly bounded as p + 0 varies over the angular sector |arg u — 7/2| 
< (7/2) — £ of the upper half-plane. It follows from (ii) and (iii) that 
lim |Ay R(p; T*)| =0. 


EA 
areu-5| S357¢ 


(iv) 


|u| +00, 


The same argument can be applied to show that we also have 


lim |4 Rip; T*)| =0. 
arguti|sz~e 


(v) oe z 


It now follows by an argument like that given in the first paragraph of the 
present proof that for |arg u — 7/2| < 7/2 — e, and for |u| sufficiently large 
such that |4, R(x; T)*|< 1, the resolvent R(u; (T + P)*) = Rip; T" + Ap) 
exists and is given by the formula 

Rp; (T + PY) = Riu; TH) — Ao Ry; T*))?. 


As |u| > 00, u remaining in the indicated sectors of the upper and lower 
half-planes, it follows from Lemma VII.6.1 that |(I — Ay R(u; T") =+ 1. 
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Since |R(u; T*)| =O(|%p|~1), it follows from Lemma XII.2.2 and the 
formula displayed immediately above that 


(vi) | R(w; (T + P)*)| =O(|Fp|~*), 


as |u| -> 00, p remaining in a sector |arg u + 7/2| < 7/2 — e of the upper 
or the lower half-plane. 

Next, choose some po for which Ry = R(po; (T + P)*) exists and is 
given by the formula 


R(po; (T + PY) = R(po ; TL — Ao R(pos T*))~*. 
Let {pn} be a complete orthonormal basis for Hilbert space § consisting 
of eigenvalues of T (cf. the proof of Theorem XITI.4.2) and let To, = 
AnPn- Then it is seen from Theorem XII.2.6 that E(A,)on = pn, and 
R(fo > T*)n = (fo — Àk) on ‘ 

Hence, since $ 2, |A,|~** converges by assumption, the series 

È | Rao: T*)pal? = F, [io — Axl? 

nal n=1 
converges also. Thus, by Definition X1.6.1, R(jip ; T*) is of Hilbert-Schmidt 


type, that is, R(jip; T") e HS. Moreover, 
Ry = {(I — Ao R(ño ; T*))~1}* Blo ; T*) 


È, [RSpl? < |Q — 4o Rios 1) -1° Y [Rios Tpl? < o. 


This proves that Rý e HS, so that, by Lemma XI.6.2, R, € HS. 
Since Ro = (uo I — (T + P)*)~}, it follows from Lemma VII.9.2. that 


o( Ro) = {(uo — £) 7+ | £E o((T + P)*)} v {0}, and that 

(pI — Ro)" = po — pF R( po + wo; (T + PY). 
It follows immediately from this formula and (vi) that for u 40, p in the 
sector larg p —7/2| <7/2—e of the upper half-plane or in the sector 


larg p + 7/2| < 7/2 — £ of the lower half-plane, and |u| sufficiently large, 
the operator (uJ — Ry)~* exists, and has its norm 


(wT — Bo)-*| =O(|z|~")- 
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It follows immediately from Theorem X1.6.29 that the set of vectors 
{f| (Ro —AD*f =0, À e o( Ro), k 2 1}, 


is fundamental in §. Since Ro = (uo I — (T + P)*)~1, Ro is one-to-one, 
and hence Rý f =0 implies f =0. Thus 


{f| (Ro —Al)*f =0, A € o( Ro), ` #0, k 2 1}, 
is fundamental in $. By Definition VII.9.3 this means that 
{f € E(A; Ro)H|A€ o(Ro), A #0} 
is fundamental in $. By Theorem VII.9.5, 
{fe H(A; Bo)S|A€ o( Ry), A 0} 
= {fe E(u; (T + P)S|pe o((T + P))} 
= {f e E(f; T+ P) |A e o(T + P)}. 
Thus, by Definition 1, sp(7 + P)=§. Q.E.D. 


We conclude the present section with the following improvement of 
Theorem 4.16. 

12 THEOREM. Let T be the closed operator in the Hilbert space La(0, 1) 
derived from the formal operator (—id/da)" by the imposition of a set of n 
boundary conditions. If n is even, let these boundary values satisfy Regularity 
Hypothesis 4.1 and let the constant B of formulas (4.16) and (4.17) be different 
from 1. If nis odd, let these boundary conditions satisfy Regularity Hypotheses 
(4.9) and (4.10). Let P be an operator whose domain is the subset H™ (0, 1) 
of L.(0, 1), and which is defined by a formula 


n-1 
Pf=AfM+ YBsl, feH™, 
j=0 
where A is compact, and B, is bounded, j =0,...,n—1. Then T + P is 
discrete and sp(T + P) = §. 
Proor. Let us first note that Pf may be written in the form 
PH=As+Baf, fel, 


where A, and Bo are compact. To show this we see from Theorem 
V1.5.4 that it is sufficient to prove that, for each j, 


fP =(CfP + Bf), feH, 
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where C and B are compact. Now, f %-? = Int(f) +f %- (0), 
where Int is the operation of integration defined by 


(Int ft)=f fle)ds, fe L0, 1 


Since, by the Schwarz inequality |(Int f)(é) — (Int f)(s)| < |f| |s — t|, 
the compactness of Int follows from Theorem IV.6.5. It is consequently 
sufficient to show that f%—1(0) may be written as 


[t] f 9-0) =OfFO+ Bf, feH®, 
where Ĉ and Ê are continuous, and hence compact, linear functionals on 
Hilbert space. Now, if p is any function in C”[0, 1] which vanishes in the 


neighborhood of 1 and has the value 1 at ¢ = 0, and all of whose derivatives 
vanish at t =0, we have 


FO) =f lef M0) ds + (17 f pl) ds 
o 0 


by Green’s formula, Theorem XITI.2.4, which proves [t]. 

Let A, be the eigenvalues of T, and E, = H(A, ; T) the corresponding 
projections. Let u, = Zà. By Theorems VII.9.5, VII.4.5, 4.8, 4.13, and 
Lemma XVII.2.2, Ê =f -1 Hn En — T is the sum of a finite dimensional 
and a bounded operator, and hence is bounded. Let 7 =F ®_; pn En in the 
sense of the functional calculus of Theorem XVIII.2.11. By Lemma 
XV.6.2 we can introduce an equivalent inner product into Hilbert space, 
in terms of which all the projections HZ, are orthogonal. Hence, without 
loss of generality, we may take 7 to be self adjoint. Since u, —> œ (and 
even 4 |n| 7? < 00 by Theorems 4.8 and 4.13), it follows that 7 is 
discrete. Since, by what has been proved above 


(T+ P) =f +A f + Bf, 


_ where A, is compact and B is bounded, and since |BR(ui; Î)|—>0 as 
u—> +œ by Theorem XII.2.6, the present theorem will follow immediately 
from Theorem 11 once it is shown that 


d\" 
4,(5) Riui; Î) 


To prove this assertion, we argue as follows. Since T = T + Ê, where Ê 
is bounded, it follows (cf. the proof of Theorem 6) that if u is so large that 


—>0 as y —> + 00. 
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|BR(yi; T)| <4, then u ¢ o(T) and 
R(pi; T) = R(pi; PI — BR pi; P) ~+. 
This equation shows that for u sufficiently large so that |BR(ui; P| < 4, 


we have |R(ui; T)| <2u~+. Thus, arguing once more as in the proof of 
Theorem 6, we have also 


R(pi; Î) = R( ui; T) I+ BR(pi; T)) 
for sufficiently large u. What must then be shown to conclude the present 
proof is that 
lim |A,7R(pi; T)| =0, 
boo 
that is, that 
lim |A,(piR(pt; T) —I)| =0. 
H> o 
Now, 


|ui(R(pi; T) — R(ui; P))| = |uiR(pi; T)BR(pi; P) 


< 2|Ê| u~. 

Hence, it is sufficient, in order to complete the proof, to show that 

lim |A,(uiR(pi; 7) — pil)| =0. 

H => o 

Suppose that this is false. Then there exists a sequence {u;} of real 

numbers approaching + œ, a sequence {x,} of vectors of unit length, and 
an £> 0 such that 

|Ar(ujtR(u, 4; Î) — p, ile, 2 e. 


Since, by Theorem XII.2.6, {z,} = {(u,tR(u,i; 1) —p,iI)z;}is a bounded 
sequence and A, is a compact operator, we can assume without loss of 
generality that {z,} is a convergent sequence with limit z. Clearly, |z| = e, 
so that z 0. On the other hand, it follows by Theorem XII.2.6 and the 
Lebesgue dominated convergence theorem that 


+o À 
-o Uni —À 


(m= (E(dA)e,, Aty) 


converges to zero as n —> œ, for any ye H. Hence (z, y) = 0 for all y in $, 
so that z = 0. This contradiction proves the theorem. Q.E.D. 
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6. Notes and Remarks 


The theory developed in the present chapter was initiated by G. D. 
Birkhoff in 1908 (cf. Birkhoff [3, 6, 7]), and continued by Tamarkin [2] in 
1912; there is, however, related earlier work (1896) by H. Poincaré [2]. 
Investigations along the lines initiated by Birkhoff and Tamarkin were 
continued by Tamarkin [3], who studied a considerably generalized problem 
for nth order differential operators, by Birkhoff and Langer [1], who 
treated the case of a first order system of differential equations, and by 
C. E. Wilder [1, 2], who studied the case in which linear conditions are 
imposed at interior points of the interval of definition of a formal differential 
operator. 

The abstract operator-theoretic approach via perturbation theorems 
used in Section 2 was introduced by J. Schwartz [2], and extended by 
H. P. Kramer [2] to the general case. Some results similar to those presented 
here are given in Turner [2] and Clark [1]. The main results of Schwartz 
were generalized by Maeda [1] to locally convex spaces. 

Birkhoff and Tamarkin study not the problem of unconditional con- 
vergence in the mean, on which prime emphasis has been placed in the 
present chapter, but the problem of conditional convergence at given 
points. Birkhoff [3] showed that if the set of boundary conditions is subject 
to the regularity hypotheses of Section 4, the eigenvalue expansion of a 
function f of bounded variation converges to 4{f(t + 0)+ f(t —0)} at an 
interior point ¢ of the interval [0, 1] on which the formal differential 
operator is defined, and to af (0+) + bf (1—) at an end point of [0, 1]; here 
the constants a and 6 are determined by the particular boundary conditions 
imposed. Tamarkin [3; Theorem 12] established a generalization of the 
following equiconvergence theorem, which had been demonstrated pre- 
viously in the second order case by W. Steckloff [1] and by A. Haar [3]. 


THEOREM. Let T be a linear operator determined by the formal differ- 
ential operator 


J= (5) + mt ++ alt) 


on the interval [0, 1], and by a set of n boundary conditions satisfying the 
regularity hypotheses of Section 4. Let T, be the linear operator defined 
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by these same boundary conditions and by the formal differential operator. 


d n 
r= (5) i 


If fe L,(0, 1), let o (f, t) denote the nth partial sum of the expansion of 
f in eigenfunctions and generalized eigenfunctions of T, and let 6,(f, t) 
denote the nth partial sum of the expansion of f in eigenfunctions and 
generalized eigenfunctions of To; in each case, we suppose terms to be 
summed in the order of increasing moduli for the corresponding eigenvalues. 
Then 

lim max |o,(f,t)—6,(f,¢)|=0, fe L,(0, 1). 


no OsStsl 

This most interesting theorem allows the detailed study of the con- 
vergence of eigenfunction expansions to be reduced to the theory of Fourier 
series in many cases; in the theory of Fourier series, of course, a colossal 
literature is available. For proofs of versions of the equiconvergence 
theorem in the second order case, see Titchmarsh [16; Chapter I] and 
Coddington-Levinson [1; Chapter 12, Theorem 3.2]. A resumé of the 
Birkhoff-Tamarkin theory is also given in the recent book of Naimark [5]. 
Related but weaker theorems on the convergence of the eigenvalue series 
are given by W. E. Milne [2]. 

An approach to the problem of convergence and summability of eigen- 
function expansions in a number of singular second order nonselfadjoint 
cases in which the operators under investigation have purely discrete 
spectrum is given by Joanne Elliott [1, 2]. The theory developed by Elliottis 
based on the Feller-Phillips-Hille theory of semi-groups in L, and C defined 
by parabolic partial differential equations. 

The most general set of two linearly independent boundary conditions 
for 


on the interval [0, 1] falls into one of four cases. 

(a) Regular boundary conditions, satisfying the regularity hypotheses 
of Section 4. 

(b) Totally degenerate boundary conditions like 


XTX.6 NOTES AND REMARKS 2373 


which exclude the whole complex plane from the spectrum of the operator 
they determine. 
(c) Totally degenerate boundary conditions like 


fO SFA); f0) =f), 


which determine operators including the whole complex plane in their 
point spectrum. 
(d) Intermediate boundary conditions like 


f(0)=0; f0) =f (1). 


These boundary conditions determine discrete differential operators having 
eigenvalues A =s? determined by equations of the form 


sin s = ks. 


In this case the eigenvalues are located asymptotically at the points 
an? + ibn Inn-+..., the ratio of a and b being real. The eigenfunction 
expansion theory of these intermediate cases is the subject of Steven P. 
Hoffman, Jr. [1]. 

B. Friedman and L. I. Mishoe [1] studied expansions in terms of the 
eigenfunctions of the equation 


u” + g(t)u + A(p(t)u —u') =0, 
subject to the boundary conditions 
u(0) =0, u(1) =0. 


By the change of variable v(t) = w’(t) — p(t)u(t), this may be reduced to a 
more conventional form of eigenvalue problem. Friedman and Mishoe 
deduce the corresponding expansion theorems. Mishoe and Ford [1] give a 
number of related results. 

The final Theorem 5.12 of Section 5 is related to the completeness 
theorem proved by Browder [6], who used the fundamental inequality of 
Carleman in a manner similar to the manner in which it is used in the 
proof of Theorem 5.12. Cf. Theorem XIV.6.28. 

Keldyš [1] announced a generalization of the following theorem, which 
is related to completeness Theorems XI.6.29 and XI.9.29, and applied it 
to the study of the eigenfunctions of systems of ordinary and partial 
differential equations. 
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THEOREM. Let T be an unbounded discrete self adjoint operator in 
Hilbert space H, and let A be compact. Suppose that T -1 exists and is bounded, 
and that for some sufficiently large positive integer m, T-™ is of Hilbert- 
Schmidt type. Then (I — A)T is a discrete operator, and sp((I — A)T) =§. 


DIFFERENTIAL OPERATORS. For further references on differential 
operators and boundary value problems, the reader is referred to Askerov, 
Krein, and Laptev [1], Balslev [1], Birman [5, 6], Butler [2, 3], Coddington 
and Gilbert [1], Ercolano and Schechter [1], R. S. Freeman [1], Gehtman 
and Stankevié [1], Gilbert and Kramer [1], Glazman [5], Goldberg [2], 
Greiner [1], Hellwig [1], Hérmander [2], Huige [1], I. S. Kac [1], Keldys 
and Lidskii [1], Kemp [1], Kesel’man [2], Ljance [4, 6], McGarvey [1], 
Maréenko [3], Maréenko and Rofe-Beketov [1], Martirosjan [4], Pavlov 
[1], Straus [6], and Weidmann [2]. 


EIGENFUNCTION Expansions. The question of the expansion of a 
given function in terms of eigenfunctions (or generalized eigenfunctions) 
of an operator has been discussed by many authors. In addition, it is 
desirable to know when the (generalized) eigenvectors of an operator are 
fundamental in a given space. In the self adjoint case, much information 
can be found in the treatise of Berezanskii [5]; for other references, the 
reader may consult Aleksandrjan [1], Allahverdiev [1 through 5], Bere- 
zanskii [3], Foias (4 through 6, 18], Gerlach [1], Giertz [1], Gohberg and 
Krein [6], Greiner [1], Harazov [5], Hirschfeld [1], I. S. Kac [1], Kacnel’son 
[1], Krein [22], Kuroda [8], Lidskii [1, 2], Ljance [6], Macaev [2, 3], 
Maréenko [3], Maréenko and Rofe-Beketov [1], Markus [l through 4], 
Maurin [1 through 7], Nelson [1], Novosel’skif [1], Palant [1], Pincus 
[2, 3], Pustyl’nik [1, 2], Rofe-Beketov [1], Shizuta [1], Smart [3], Turner 
[2], and Vizitei [1 through 3]. 


CHAPTER XX 


Spectral Operators with Continuous Spectra: 
Applications of the General Theory 


The present chapter is devoted to the examination of a number of 
cases in which it may be shown that a particular operator with a con- 
tinuous spectrum is a spectral operator, or has one of a variety of closely 
related weaker or stronger properties. Here we are very much at the 
boundary of the known theory. The material in the present chapter is 
accordingly somewhat fragmentary, and is presented in the hope that it 
may stimulate research on the topics treated. 

In the first section, we show by the use of Theorem XVIITI.2.34, 
following an idea first suggested by Naimark, that under suitable hypo- 
theses an operator T determined by a singular second order formal 
differential operator 

d\2 
(5) +40. Ost<o, 
is a spectral operator. In this section, we use the following idea: The 
steps for calculating the spectral resolution of T, which we know by the 
Weyl-Kodaira theorem (XIII.5.13) to be valid if T is sclf adjoint, can in 
any case be carried out formally. If this is done, we arrive at formal 
expressions for a family of operators E(e) which are logical candidates for 
the spectral resolution of T, if T has in fact any spectral resolution. If these 
operators H(e) can be shown to form a uniformly bounded family, then we 
can in fact conclude that T is a spectral operator; this is the content of 
Theorem XVIII.2.34. To show that the operators E(e) form a uniformly 
bounded family, we have only to compare them to the corresponding 
operators calculated for the “ unperturbed ” formally self adjoint operator 


d 2 

ZHENG, oatao. 

(z) Shao 
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If the coefficient g is sufficiently small, it is reasonable to expect that this 
procedure will show T to be spectral. In the first section we shall show that 
this program can be carried through successfully if q is of a degree of small- 
ness conforming with the requirement 


im +#)|q(t)| dt < ©. 


The idea involved is of quite general applicability; a number of other 
cases in which this general procedure can be carried out are stated in the 
exercises at the end of the chapter. Here the following open problem seems 
of interest. For what a, b, c, and q can the operator 


2 
- (5) Hal HAHA +) Hel +42 + qt), OSt<x, 


q(t) = O(t-*) as t—> œ, 


be treated by the method of Section 1? For what a, b, c is this operator 
spectral? 

In Section 2 we study an interesting idea due to Friedrichs. If an 
“unperturbed” operator T and a “perturbation” K are given, one 
attempts to find an operator U such that T+ K =U~'TU, in this way 
reducing the spectral theory of T + K to that of T. We shall see that this 
idea can be applied with success to a wide variety of operators and, in 
particular, to certain partial differential operators of the form — F + V(z). 
Applications of this same method to other operators are given as exercises 
in Section 5. 

In Section 3 we generalize the Friedrichs technique to operators with 
discrete spectra, along lines first developed by Turner. Here one begins 
with an unperturbed operator T in an explicitly “diagonal”? form and 
attempts to solve a perturbation equation of the form T + K= 
U-1(f+ D)U, where D is a “purely diagonal” operator. The general 
methods developed in Section 3 are applied to various particular operators 
with discrete spectrum; additional applications are given as exercises in 
Section 5. 

A quite different idea is developed in Section 4. Given a self adjoint 
operator T and a perturbed self adjoint operator T + K, the “wave 
operator” U =lim,.,. e'87e~ tT +O, if it exists and is unitary, may easily 
be seen to satisfy the operator equation T + K = U~!TU. In Section 4 we 
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develop this “wave operator method,” deriving general theorems of 
Kato and Kuroda concerning the existence and properties of the wave 
operator U, and also deriving associated relations between the spectra 
of T and T + K. Section 4 contains general theorems rather than concrete 
applications. However, a number of applications of the results of Section 4 
are given as exercises in Section 5. 

It is worth noting that the material covered in the present chapter 
is closely related to certain profound investigations in quantum mechanics, 
quantum field theory, and various branches of the classical theory of wave 
phenomena, especially electromagnetic theory; these studies have played 
a central role in twentieth century physics. In quantum theory, the 
eigenfunctions and the eigenvalues of certain self adjoint operators 
determine the energy levels of physical systems. In the classical linear 
wave theory, these same functions are the key to a successful analysis of 
wave propagation and dispersion. In cases where closed-form solutions 
are not available, physicists have been accustomed to discussing the 
eigenfunction theory of the partial differential operators which arise in 
these subject areas using perturbation-theoretic methods. Quite typically, 
an operator of the form — V + V(x) is treated as a perturbation of the 
operators — V; an operator of the form 

ô \? ô \? 
= (<) E (<) + V(a1, £2, 83) + V(xq, £5, Xe) 


Ox, 0x6 


+ V(x —%q, o — L5, g — Le) 


as a perturbation of 


' CR] 


and even more general multi- and infinite-dimensional cases are treated 
using the same idea. As the unperturbed operators —V and (f) have 
continuous spectra covering a half-axis, the proper mathematical treat- 
ment of the continuous-spectrum perturbation problems which arise here 
are by no means easy. The various mathematical investigations on which 
we report represent a few of salient cases in which it is possible to 
develop rigorous versions of informal reasoning based upon empirical 
principles. Additional references to related physical and mathematical- 
physics literature are found in the section of Notes and Remarks at the 
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end of this last chapter. Friedrichs [17], Faddeev [2 through 4], and Lax- 
Phillips [2] will be particularly interesting to the reader wishing to follow 
the most recent developments in this area. 


1. Spectral Differential Operators of Second Order 


In the present section we shall apply Theorem XVIII.2.34 to show 
the spectral character of a class of operators in Hilbert space determined 
by formal differential operators 7 of second order, 


(1) r=—(5) +00. 0<t<o, 


having coefficients which are small at infinity in a sufficiently strong sense. 
The main part of our analytic work will consist in making sufficiently fine 
asymptotic estimates of the solutions of the equation ro = Xo to be able 
to verify the hypotheses of Theorem XVIII.2.34 by direct computation. 
This task, while somewhat tedious, is not of any great difficulty in principle. 

Suppose then that there is given a formal differential operator 7 of 
the form of equation (1) and that g e C”[0, oo). Let 


(2) A(f)=0 
be a nontrivial boundary condition for 7 at zero. By Corollary XIITI.2.23 
the boundary condition (2) can be written in one of the two forms 


(2a) f(0) =0, 
(2b) f'(0) + kf (0) =0. 
Let T be the closed operator in L,(0, œo) determined by 7 and by the 
boundary condition (2). (Cf. Definition XTII.2.17.) 
The first condition which we shall impose on the coefficient q of (1) 


appears in the following lemma. 


1 Lemma. Let the coefficient q in (1) satisfy the inequality 


flol dt < œ. 


Let P* ={p|p 20}; P ={p E Pt| |u| >e}. Then the equation ro = po 
has a solution o,(t, u) defined for (t, u) €[0, 00) X P with the following 
properties: 
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(i) olt, p) is O” int, pe Ps; 


(ii) oy(t, p) and oj(t, p) are analytic in u for p interior to P§ and 
continuous in pw for pe P, OSt< œ. Moreover, o,(t, p) satisfies the 
following asymptotic relationships; 


olt, p) ~ et as t—> œ, uniformly for pe Pi, £ >0; and also as 
|u| > 00, p remaining in P*, uniformly in 0 St < œ. 


J 


oilt, p) ed ipet 
Proor. Let a = 0 and let L, be the operator in the B-space C[a, œ) 
of bounded continuous functions on [a, oo) determined by the formula 


(3) (L, h)(t) == f “[e2ms-0 — 1Jg(s)h(s) ds, pe Pt. 
Zip Jo 
Then it is clear that |L,| < |u|~1 f£ |¢(s)| ds, p e P+. Moreover, 
|(L,, h)(t) — (L, h)(6)| <7 jl PML, h(t) — v(L,h)(t n+ [E> FF |n(L, h)(¢)| 
sy in etus- 1) — g2ivis~8| |g(8s)| ds 
1 œ% 
+|=—-] a f lol as. 
H v a 
Thus, if b is chosen so that a <b < œ, it follows that 
Ly L ds 2i, 2i 2 d 
= Z n ut p2ivr 
| ws 1 [ |¢(s)| ds + —— oF goer Je e2ivr]| EG) s 


+ lel -f la(s)| ds. 


Let ¢ be an arbitrary positive number. If u #0 is in P*, and we choose 
b sufficiently large so that |u|~* f? |g(s)| ds < e, it follows from the above 
that 


lim sup |L, — L,| S €. 


Since e is arbitrary, it follows that L, depends continuously on p in the 
uniform topology for u e P*, p #0. It is easy to see by a similar argument 
that L, is analytic in u for p interior to P*. 
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We have 


(4) (Lyhy'(t) = — f -9 g(s)h(s) ds, he Cla, 00), 


(L,,h)"(t) =a()h(t) + Bip [e24-Pg(s)h(s) ds, h e Cla, 00), 


so that 

(5) (La h)"(t) + 2ip(L, hy (t) =gh), he Cfa, œ). 
Let 1 denote the function which is identically equal to the constant one 
and put 

(6) h, = (I — L) 7*1 

(assuming for the moment that the indicated inverse exists). Then 
(7) h, =L,h, +1, 

so that, by (5), h, will also satisfy the differential equation 

(8) — hilt) — Qiphi(t) + q(t)h,(t) =0, 

and the function 

(9) gu(t) = eh, (t) 


will satisfy the differential equation rg, = p79,. 

We now construct the solution o,(t, p) required by our lemma. First 
let £ be a fixed positive number and let a, be the least non-negative value 
of t such that 


(10) et f lale) ds <4. 


Then by the inequality stated in the sentence following (3) above, we have 
1 p° 1 
ILIS f dss pe Pt 
|u| tas 2 


in the B-space C[a, , œ). Consequently, by Lemmas VII.6.1, VIL6.3, and 
VII.6.4, the inverse (J — L,)~} exists, is bounded in norm by 2, is con- 
tinuously dependent on u for pe P+, and is analytically dependent on 
p for p interior to Pt. Thus h, and g, exist, are bounded in norm by 2, and 
depend in the same way on u. Observe also that the solution h, e C[a, 00) 
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of (7) is necessarily unique for u e P+. Now define o,(é, p) to be the unique 
solution of (r—p?)o=0, (t, ») €[0, 00) x P, which coincides with 
galt) for t = a, (ef. Corollary XTII.1.5). 

If ô is some other positive constant and ô < €, then a,2a,. Let 
h(t), (t, u) e[as, 00) x Pf, be the solution of equation (7) which exists 
in Clas, œ), by the above. Then, by the uniqueness of the solution of (7), 
we have h,(t) =h,(t), (t, p) €[as, 00) X Pt, and thus eth, (t) = o,(t, p) if 
(t, u) €[0, œ) x P. This makes it clear that by letting € approach zero 
we can extend the definition of o(t, p) to the whole set [0, œ) x Pj and 
obtain a function which is continuous in pu for p e P and analytic in u 
for u interior to Py. 

It remains to verify the asymptotic properties asserted for the solution 
c(t, p) which we have constructed and for its derivative c;(t, u). Given 
€ >0, we note, using (7), that 


(11) a(t, pen iat =l =h,(é) —l= (LZ, h,)(t), (t, p) E [a, œ) x Pe 
Moreover, by (3), 
2 io) 
(12) Eh S— f la(s)| ds +0 
[al žo 
as t approaches infinity, uniformly for p € P+. Moreover, 


2 œ 
(13) KL hOLA f o ds—-0 
|a] +o 


as |u| > œ, pe P+, uniformly for 0 < t < œ. This establishes the asymp- 
totic properties of o,(¢, u) asserted in the statement of the present lemma. 

To prove the asserted asymptotic properties of the derivative oj, we 
argue as follows. Using formulas (4) and (7), we have 


[katl = (Lu h) H = 


[emo OA h,)(s) + 1] ds 


S|Ly hal f, la) ds + | f, 2*2- Pals) ds 


9 re) is) 
=| la(s)| aj eztut- Ðg(8) a, 
ps t 
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where Q = fẹ |9(s)| ds; this follows since we have shown above that 
[La hgl £ 2a]. 

We shall now show that the second expression on the right of (14) 
converges to zero as |u| —> 00, u remaining in P+, uniformly for 0 < t < oo. 
Let {qn} be a sequence of functions in C®[0, oo), each vanishing outside a 
bounded subset of [0, 00), such that 


f lan(t) —g(t)| dt—>0 as n—>oœ. 
o 
Then clearly 

Í eue- Pg ,(s) ds—> f e2iu = Da(s) ds 


uniformly for p e P* and 0 <t < oo. On the other hand, integrating by 
parts, we see that for each n 


Í eint- 0g (8) ds = ——— q,(t) ——— f e?n- g(s) dt —>0 


as |u| -> oo, we P+, uniformly in 0 <t < œ. Thus our assertion follows 
from the E. H. Moore theorem, Lemma I.7.6. 

Formula (14) now implies that |h,(t)| —0 as |u| -> 00, u remaining in 
P+, uniformly in 0 <t < œ. It is also clear from (14) that |4; (t)| >0 as 
t—> œ, uniformly for p e Pt. Since oj (t, p) = g(t) = ipe'h,(t) + eh, (t) 
by (9), we conclude that o4(é, u) S g,(t) ~ ipet as t—> œ, uniformly for 
p € Ps, and also as |u| —> œ, u remaining in P+, uniformly in 0 £ t < œ. 
Q.E.D. 

Imposing a stronger restriction on the coefficient q, we can make a 
number of crucial improvements in Lemma 1. 


2 COROLLARY. Let the coefficient q in (2) satisfy 
(18) f, 0 + Dll < o. 


Then the solution o, of Lemma 1 may be chosen so as to be defined for p =0 
in such a way as to satisfy conditions (i) and (ii) of Lemma 1 for pe P*, 
and so that o,(t,0) ~ 1 as t-> œ, and also so as to satisfy the inequality 


(16) Joy (t, u) — e| <K(1+ |p) f (1+ s)jg(s)| ds, O<t<o, 


for pe P+, where K is a constant depending only on q. 


XX.1.2 SPECTRAL DIFFERENTIAL OPERATORS OF SECOND ORDER 2383 


Proor. Let g(a) denote the function (2t«)~*(e?** — 1). Then it is 
clear that g(a) is entire, and that its modulus is bounded by 1 in the upper 
half-plane P+. We may write equation (3), which defines the operator 
L,, in the variant form 


(17) (LANA) = f olls — D8 Balsa) ds. 


It is clear from (17) that ifa => 0 the mapping L,: C[a, œ) —>C[a, œ) has 
norm bounded by f? (1 + s)|g(s)| ds. Moreover, if a <b < œ, 


LLS sop lout) — ponl [ (1+ slad f7 A+ aol ds, 


ogtgb-a 


from which it follows readily, as in the proof of Lemma 1, that L, is con- 
tinuous for p e P+. The first assertion of our lemma may now be deduced 
by exactly those arguments used to establish the corresponding assertion 
of Lemma 1; details are left to the reader. We shall only note that 
ox(t, p) =e¥th,(t) for any t such that 


(18) f, 0+9) ds <4, 
h, being (cf. (7)) the unique solution of the integral equation 
h,(t) =1+ f plu(s —t))(s —#)q(s)h, (8) ds. 


Since the norm of the mapping L,: C[t, 00) >C[t, œ) is less than 4 under 
condition (18), it follows (cf. VII.6.1) that |A,(¢)| < 2. Thus 


(19) lial) —1] $2 f A Ha ds 


under condition (18). We find in the same way from (17), and using an 
argument parallel to that of Lemma 1 (ef. (11) and (12)), that 


CO OU S 2a f fas d < 21a f O+ sats) ds 


under the condition (18). It is evident from (19) and (20) that there exist 
constants A and K, so large that 


DH SKADS AH olalde, 0 <t< o, pe P*, 
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unless |u| < A and 0 <t <A. However, since the extension o,(f, u) of 
g,(é) to [0, œ) x P* is continuous in p and ż, it follows that there exists a 
constant K so large that 


lost, we" — 1 SKA + laD if A +sds, OSt<0,pePt 
t 


and this proves the second assertion of our lemma. The fact that o,(t, 0) ~ 1 
as t—> œ follows readily from this inequality. Q.E.D. 


For the spectral analysis of the operator T, we shall also need asymp- 
totic information on the “second solution” of the differential equation 
ro =p7a, that is, the solution asymptotic to e~#! as t—> œ. Since, in 
contrast to c}, such a solution is not uniquely determined by its asymptotic 
form, we meet a number of additional, slight, technical complications in 
the asymptotic analysis of such solutions. For this reason, we shall develop 
the asymptotic analysis of the second solution only in a somewhat frag- 
mentary way, establishing its properties one by one as they become 
necessary for the spectral analysis of the operator T. 


3 Lemma. Let the hypotheses of Lemma 1 be satisfied. Let € >0 and 
Py ={p| Fp Z0, |p| >E}. The equation ro = p20 has a solution o4(t, p) 
defined for (t, p) €[0, œ) x Pt and having the following properties: 


(i) olt, u) is C” in t, OSt<o,peP*. 
(ii) oo(t, p) ts analytic in p for p interior to Pf, and c(t, p) and 
colt, p) are continuous in t and p, pe P+, tefo, œ). 
Moreover, olt, p) satisfies the following asymptotic relationships: 


(ii) oa(t, p) ~ e~t"; oalt, p) ~ —te7*™ as t—> œ, uniformly for p in 
any given bounded subset of the interior of PE. 

(iv) e~#oo(t, u) ts bounded for O < t < œ, uniformly for u in any gwen 
bounded subset of PŁ. 

(v) There exists a continuous function c defined for u real, we Pe, 
such that lim; |oo(é, p) — e7 * — e(p)e| = 0, p real, pe Pt. 


Proor. We proceed very much as in the proof of Lemma 1. Let a be 
chosen so large that 


et f lgo ds <4. 
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Let K, be the linear operator in Cla, œ) defined by the formula 


1 


A) KA = 3 


[fiename-Paterfte) ds + farsi ae]. 


It follows, as in the proof of the corresponding facts in Lemma 1, that 
|K,| <4, pe Pf, and that K, is analytic for p interior to P} . Formula (21) 
shows that (K,f)(é) is continuous in p, uniformly for u e P and t in any 
finite interval. By Lemma VII.6.1, (Z — K,)~} exists, and by Lemmas 
VII.6.3 and VII.6.4, the vector f, e C[a, œ) defined by 


f,=(£—-—K,) U1 
satisfies |f,| < 2, pe P+, and is continuous in p for pe Pf and analytic 
in p for p interior to P. We have 
t 
(KfV) = f e-26-P g(a) f(s) ds, fe Cla, œ), 
a 
(22) 
(Kf) O =F ©) + Bip fe-re-Pgis)f(s) ds, fe Cla, 0), 
so that 


Kf) (t) — 2ip(K,f)'(t) =a) f 0. 
Consequently, since f, satisfies 
(23) fi =K,f, +1, 
f, also satisfies 
Silt) + ipfa) + at) f(t) =0, 
and thus the function 
(24) fat) = e7 "fa (t) 


will satisfy the differential equation 79, = 7°ĝ,. By (9) and Lemma 
VII.6.1, | f,(é)| < 2, a <t < œ. Thus, by (21), 


(25) |(K,F,)(6)| 


< |ual- | fe 28s- » lals)| ds + f” lg(s) Wlas], ast<o, fuz ô. 
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Therefore, by (23) and (24), 


f,(t)~ last—oo, uniformly for pe P}, Ju 2 ô >0, 
(26) 
f (t) ~ e~t ast+oo, uniformly for pe Pi, Fu 2 ô >0. 


By (23), (22), and the Lebesgue dominated convergence theorem, 


t 
(27) lim sup | f,(0)| < lim sup f ¢¢-//,(s)||g(s)| ds =0, 
t= wo t= œ a 
uniformly for we P}, Fp 2 ô >0. Since, by (24), 
falt) = —tpe~ fult) + e7 “fi (é), 
it follows from (26) and (27), that 
(28) g t) ~ —tpe~! ast—>oo, uniformly for pe P}, fp 2 b> 0. 


Since | f,,(é)| < 2, a St < œ, we have leg, (¢)| < 2, we P,a St < œ. By 
(23), (21), and the Lebesgue dominated convergence theorem, 


(29) lim |f (t) — 1 — (2¢p)~ te?** [oe als) ful) ds 
t= 00 a 
=lim eA fo — e?u- D]g(s) f (s) ds|=0 
t= 0 2iu t 7 


for each u e Pj . Now define 
(30)  c(p) = (2i)! f e-2iusg(s)f (s) ds, real, pe P. 


Since f, is continuous in u for pe Pf, c(p) is continuous in p for real 
pe Pz by the Lebesgue dominated convergence theorem. By (29) and 
(24), 


(31) lim lat) — en ite, c(u)et*| = 
t= œo 


for real pe PŁ. 


Letting c(t, u) be the unique solution of ro = p20 on [0, œ) such that 
Colt, p) =9,(t), a St< oo, we now see that all the statements of the 
present lemma follow, using Corollary XTITI.1.5, from what has been 
proved above (cf. the corresponding portion of the proof of Lemma 1). 
Q.E.D. 
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Lemmas 1 and 3 enable us to make some preliminary spectral- 
theoretic assertions concerning T. 


4 Lemma. Let the hypotheses of Lemma 1 be satisfied. Let A(f) =0 
be the boundary condition (2), and c, be the function described in Lemma 1. 
For each complex À, let p= pA) be the unique square root of A lying in 
P+ ={p|%p= 0} but not lying on the negative real axis. Let A(A) = 
A(ox(+, 2(A))).-Phen 

(i) A(A) ts analytic for non-zero À in the complement of the positive 
real axis R ={A|0 <A < 00}, and approaches continuous limits A*(A) and 
A~(A) as À approaches R from above and from below; 

(ii) A(A) ~ Lor A(A) ~ tp(A) as |A| — œ, the first (respectively second) 
asymptotic formula being valid if formula (2a) (respectively formula (2b)) 
above is valid; 

(iii) if Ap #0 and à ¢Ẹ R, then `e oT) if and only if A(Ay) =0, in 
which case Xo is an isolated point of o(T) which belongs to the point spectrum 
of T, and is a pole of the resolvent of T. 


Proor. Statements (i) and (ii) follow from Lemma 1 and formulas 
(2a) and (2b). Let à ¢ R u {0}. If AA) =0, then o4(-, w(Ao)) is an 
eigenvector of T belonging to the eigenvalue Ay, so A, belongs to the 
point spectrum of T. Conversely, if v(-, w(Ao)) is an eigenvector of T 
corresponding to an eigenvalue A, ¢ R u {0}, then v must be a scalar 
multiple of o1(-, p(Ao)), since the equation (7 — Ay)o = 0 has, by Lemma 3, 
a second solution which is exponentially large as t —> œ. Thus A(Ay) =0, 
We conclude that A, belongs to the point spectrum of T if and only if 
A(Ay) =0. It remains to prove that the part of o(T) belonging to the 
complement of R u {0} is a set of isolated points, each of which is a zero 
of A(A) and is a pole of the resolvent. 

Choose an arbitrary € = 0, let |A| > ¢?, and suppose A ¢ R, A(A) £0. 
For convenience write u in place of (À). Consider the integral operator 
R(A) defined by the equation 


RAL) =J REGALO a, — fe LaO, o), 
where 
(32) R(s, t; A) = (Zip A (à)) THA (A)oa(s, u) — BA)or(s, whois p) 8 <t, 
= (Zip A (A) T HA(A)oalt, p) — BAAorlt, poils, p), 8 BL 
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Here B(A) = A(o2(-, p)), o2(+, p) being the function of Lemma 3. We note 
that R(s, t; p) = R(t, s; p). Suppose for the moment that we know the 
quantity sUPozs< œ fo | R(s, t; À)| dé to be finite, Then, for f e L.(0, 00), we 
have 


A 


ROS [ ÒS Ret AISO al as 


(i | R(s, t; ry ae} {f° | R(s, t; A) |f ( (ol? ats 


<| sp f; Re aaf Òf Ret 91 asl isco a 


0Ogs< œ 


is], 
j 


IA 


< sup [f Re sala) yi 


0Ogs< œ 


by Hölder’s inequality, Fubini’s theorem, and the symmetry of R(s, t; A). 
From this it also follows by Fubini’s theorem that 


f Renod 
0 


exists for almost all s and belongs to L,(0, œ). Thus the integral operator 
R(A) with kernel defined by (32) maps L,(0, œ) into itself, and its norm 
may be bounded above as will be seen from the inequality 


(33) |R(A)| < sup an | R(s, t; A)| dé. 


Oss< 


To show that this supremum is finite we argue as follows, Let A 
be a bounded subset of the set {À| [À| > °}. By Lemmas 1 and 3 there exists 
a finite constant K such that 


(34) Jot, p)| < Ke-*™™, |oa(t, p| £ Ke, OSt<0,rEA. 


Hence 
2 


: 2 ty f F K 
35 t, , u)| ds < Ket | etw ds < —, 
(35)  [o:(t, p)| f leate p)| ds < Ke fe E 


and similarly 


2 


© K 
(36) loa(t, p)| J, louls, wll ds S r 
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Put 
(37) C (à) = max{|24 (A)|-* [BN], [24] -} 
and let C,(A) be the common least upper bound for 


t ie) 
lo:t, | floats, p)| ds and loat, mI f lox(s, p)| ds, OSt<o, 


It follows from (35) and (36) that |J (u)|C(À) is uniformly bounded in 
each compact set of P+ and, in particular, that C.(A) is uniformly bounded 
in each compact subset of the interior of P. From this and from (32) and 
(33) it follows readily that R(A) is an operator bounded by 4C,(A)C,.(A); 
using Lemmas 1 and 3, it follows that R(X) is defined and analytically 
dependent on À for each À such that A ¢ R, |A| > e?, and A(A) 40. More- 
over, it follows similarly that at a point A) ¢ R for which |à | > €? but for 
which A(A,) =0, R(A) has a pole of order at most equal to the order of the 
zero of A(A) at Ao. Finally, if0 <A, < œ and A*(A;) 40, A~(A,) 40, then 
|.%(A)| |R(A)| is bounded on a short transversal drawn to the real axis 
through A;. The simple details of the verification of these assertions on the 
basis of (32), (33), (34), and Lemmas 1 and 3, are left to the reader. 

We shall now show that if A satisfies the conditions A ¢ R, |A| > €? 
and A(A) 40, then the resolvent R(A; T) of T exists and is equal to R(A). 
Taken together with what has been established above, this will prove (iii) 
and complete the proof of the present lemma. 

Suppose that f is continuous on [0, œ) and vanishes outside a 
bounded set. Since R(s, t; À) is continuous at s =t, 


o ð 
(RASY = [= Ries t; NSE) dt. 
o os 
However, since 0/@s[.R(s, t; A)] has a jump discontinuity at s =t, 


% /3\2 1 
(ROY) =f" (Z) Be iNO d =z Wen IF 
where —(1/2iu)W(p, s) is the discontinuity 
(@R/as)(s, s — 0) — (3 Rəs) (s, s+-0) 


in the first partial derivative of R. Thus, in virtue of (32), we see that 
W(p, s) is the Wronskian determinant 


W (u, 8) = 01(8, p)oals, p) — oals, 2) oi(s, p). 
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The Wronskian determinant of two solutions of the equation ro = p20 
is independent of s, and by Lemmas | and 3, 


o(s, p) ~e, a (s, p) ~ ipe, 
oo(s, p) ~es,  oz(s, p) ~ —tpem s, 


Consequently W (u) = —2ipv. Thus 


i o/9@\2 
(38) (ROIS) =f" (F) Re HALO a +16), 
(0 S 
showing that R(A)f is a function in L,(0, œ) with continuous first and 
second derivatives. Using (38) and the definition of R(A), it follows that 


oe) 32 
A-RA = | (A— 5 —al0) RE, 6 AT d +r 


Since by (32) we have 
32 
(a -z ato) R(s, t; 4) =0, 


it follows that (A — 7)(R(A)f)(s) = f(s). Thus R(À)f e DAL — T, (7)) = 
D(T\(7)). Moreover, using (32), we see that 


1 w% 
(RASIO = 5p 00, p) — BAO, f FOl, p) a 


1 æ 
(RASIO =F A00, p) — BA)ai lO, w)} f, Soult w) de 


so that 


1 roa) 
ARAD) = gra (AMA als o) — BAAN a) f, Ool p at 


= Fay AOBA — BOAO} f, font, ) de =o. 
Consequently, R(A)fe D(T) for all continuous f vanishing outside a 
bounded subset of [0, oc). Since T is closed, it follows immediately that 
R(A)f € D(T) and (AI — T)R(A) f =f for all f e L,(0, œ). 
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Next let f e D(T), let A(A) 40, A ¢ R, and consider g = R(A)(AI — T) f. 
Then g e D(T), and 


(AI — Tyg = (M — TRAA — T) f = (AI — T) f. 


Since A(A) 40, 6 is not in the point spectrum of T. Consequently f = g. 
This shows that f= R(A)(Al — T) f for each fe D(T). Thus, if Ae R, 
|A| > e?, and A(A) 40, then (AJ — T)-1 = R(A; T) exists and equals R(A), 
completing the proof of the present lemma. Q.E.D. 


5 COROLLARY. Let the hypotheses of Lemma 4 be satisfied and let 
0<A, <0. Suppose in the notation of Lemma 4 that A+t(à) 40, 
A~(A,) #0. Then for X = À lying on any sufficiently short transversal to the 
real axis through à, R(A; T) = (AI — T)? exists and |F (A)| | R(à; T)| is 
bounded. 


For use in what is to follow we record the formula for R(A; T) obtained 
in the proof of Lemma 4 and also observe that in constructing the kernel 
R(s, t; A) in Lemma 4 we may replace the particular “second solution”’ 
olt, À) constructed in Lemma 3 by any solution asymptotic to e~ “ as 
t—> oo. Appropriate choice of this second solution will enable us to calcu- 
late finer properties of the resolvent as needed below. The following 
corollary summarizes the necessary facts in a form convenient for later use. 


6 COROLLARY. Let A(A) and p(à) be as in Lemma 4. Let rX¢ R, 
à #0, and A(A) £0 so that A¢ o(T). If o is any solution of ro = ro which 
as asymptotic to e~ #4! as t —> œ, and B(A) = A(o(-, p(A))), then R(A; T) is 
an integral operator with the kernel 
R(s, t; A) 
= (21u(A)A(A))~ {A (A)o(s, H(A) — BA)oi(s, H(A))}orlt, H(A), s <t 
= (2ip(A)A(A))“{A(A)o(t, H(A) — BAJor(t, w(A))}or(s, WA), s 2 t. 
7 Lemma. Let the hypotheses of Corollary 2 be satisfied, and let 
c(t, A) and A*(A) and A~(A) be the functions of Lemma 1, Corollary 2, and 
Lemma 4. Then: 
(i) A*(A) and A-(A) are continuous for all À such that 0 < À < œ. 
(ii) A*(A) ~ +A7(A) as A> œ, the plus sign being valid if formula 
(2a) describes the boundary condition defining T, and the minus sign being 
valid if formula (2b) describes the boundary condition defining T. 
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If in addition A+ (A) 40 and A~(A) £0 for all 0 <A < œ, then: 

(iii) o(T) is the union of {A|O< A < œ} and a finite set of points ào 
not lying in this set, each of which is a pole of the resolvent R(A; T) and 
corresponds to a finite dimensional projection E (àg; T). 

(iv) For each pair of functions f, g e C[0, œ), which vanish outside a 
bounded set, and for each real À >0, the limits 


Bf, g, à) = a (R(A + iô; T) f, 9), 


6+0- 


exist and are expressible by the formulas 


B*(f, g, N = Cip A +A ff {4+ Ajor(s, =A) 


— 4- (Aor(s, HAJoalt, ADS (EJ) dt ds 
+ (2ipyar(yy-? ff Aol uA) 


O<t<s<o 


— A~(A)ox(t, 4(A))}ou(s, w(A)) f (é)g(s) at ds; 


“(f. 99) = BiAA A ff {4-A)orls, HAY) 


O<s<t<w 


—A*(A)ox(s, —p(A))}or(t, —H(A))f (t)g(s) dt ds 
— (2ip(A)A- (A)? ff {A7(A)or(t, (A) 


O<t<s<o 
— A*(A)ox(t, —p(A))}or(8, —B(A))f (f)g(s) dt ds. 

Proor. It is clear from Lemma 4 and Corollary 2 that A+ (A) = 
A(oy(+, p(A)) and A-(A) = A(oy(+, —p(A))) for 0 < À < œ. Statements (i) 
and (ii) now follow immediately from Lemma 1 (ii) and Lemma 4 (ii) 
(cf. formulas (2a) and (2b)). 

Now make the additional hypothesis that A+ (A) 40, A- (à) £9, for 
all 0 <A < œ. By Lemmas 1 and 3, the equation ro = Ao has no solution 
in L,(0, œ) for O0<A< œ. It follows from Lemma XIII.3.1 that for 
0 <A < œ, À belongs to the spectrum o(T). Consequently, by Lemma 4(iii), 
o(T) consists of the union of the interval 0 < A < œ and a set Z of isolated 
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points of the plane slit by the removal of the positive real axis; moreover, 
each point in Z is a pole of the resolvent of T and a zero of the function 
A(X). Since A(A) ~ 1 or A(A) ~ p(A) as |A| > œ, Z is a bounded set. More- 
over, since A+ (à) 40, AT (à) #0, 0 <A < œ, Z has no limit points on the 
real axis. Consequently, Z is a finite set. Now let A, € Z and let vo be the 
order of Ay as a pole of the resolvent. By Theorems VII.3.18 and VII.3.24, 
each f e E(A,; T)La(0, œ) satisfies (T — A, I)’ f = 0. It then follows from 
Theorem XIII.1.3 and Corollary XIII.1.4 that the range of H(A; T) has 
dimension at most equal to 2v9. (Remark: an easy additional argument 
would show that the dimension of the range of E(X); T) is exactly vo.) 

It only remains to prove (iv). Let f and g be functions in C[0, oo) 
vanishing outside a bounded set. If |.%| > 0, define B(n) = A(o2(-, »(n))), 
where oz is the function of Lemma 3. If A > 0 and 6 > 0, then by Corollary 
6 we have 


(R(A + iò) f, 9) 
= (2ip(A+ 18)A(A+ ið) ff {AA + idoal, (A + 18) 


O0<s<t<ow 
—B(A + i8)o (8, w(A + 48))}or(t, p(A + 68) f (f)g(s) dt ds 
+ (2ip(A +18) AAi) fÈ {AA + 18)ox(6, w(A + i8) 


O<t<s<o 
B(A + iò) (t, w(A + 78))}o4(s, w(A + 18)) f(t )g(s) dt ds. 
By Lemma 3(ii), B(A + iô) has a limit B*(A) as 6 +0. It is therefore 
evident that the se Bt (f,g, A) in statement (iv) of the present lemma 
exists and is given by the expression 


“(fg N= (iA AtA) ff {A+ Ajoals, uA) 


O<s<t<@ 


—Bt(A)ox(s, w(A))}or(t, (8) (E)g(s) dt ds 
+ (iA A) ff {4*A)oale nO) 


O<t<s<o 
— B*(A)ox(t, w(A))}or(s, (A) f (f(s) dt ds. 
By Lemma 3, oz =o,(t, w(A)) has, for real A, the same asymptotic 
form as the linear combination c(t, —y(A)) + c(u(A))or(t, w(A)) of the 
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solutions 6, = c(t, —u(à)) and o = c(t, 4(A)) of the equation rao = Ac. 
On the other hand, since these two solutions are linearly independent, we 
must have a linear relation c} = aĝ; + bo,. It is clear from Lemma 1 that 
such a linear combination can only have the indicated asymptotic form if 
a =l, b =c(p(A)). Hence 


a(t, w(A)) = ox(t, —H(A)) + e(u(A))or(t, pA). 
Therefore B+ (A) = A~ (À) + c(p(A))At (A), and 
A*(A)oa(s, (2) — B+ (A)oy(s, (2) 
= A+ (àjo (s, —p(A)) — A (A)or(s, 44(A)). 


From this, the conclusions of (iv) relative to B*(f, g, A) are evident. The 
conclusions of (iv) relative to B-(f, g, A) may be established in the same 
way. Q.E.D. 


8 Lemma. Let the hypotheses of Corollary 2 be satisfied. Then there 
exists a solution oz(t, u) of the equation to = p?o, defined for 0 < t < œ and 
for all sufficiently small u e P+, such that oz and of are continuous in t and 
u for 0 St < œ and p sufficiently small, and such that 


oa(é, p) ~ e` ttn; o3(é, p) ~ —tpe- ttn; 
as t—> œ, for all pe P+ such that J(u) #0, |p| sufficiently small. 


Proor. Let o, be the function of Corollary 2. Then o,(é, 0) ~ 1 as 
too by Corollary 2. Choose some tọ such that o,(t), 0) 40. Since 
c(t, p) is continuous in ¢ and u by Corollary 2, o1(fo, p) Æ 0 for sufficiently 
small we P+. Let og(t, p) be the unique solution of ro = p20 which 
satisfies the conditions 63(fo, u) =0, 63(tp, u) =01(fo, w)~?. The Wron- 
skian of 63 and o, is plainly equal to 1. By Corollary XIII.1.5, ég(¢, p) is 
continuous in ¢ and p for 0 < t < œ and all sufficiently small u e P+. The 
functions ô and o, are clearly linearly independent. If u >0 then by 
Lemma 3 7o = po has a solution oa(é, u) which is asymptotic to e~ ‘# as 
t—> œ and whose derivative is asymptotic to —ipe'# as too. Then 
Gg(t, u) = a(p)or(t, p) + O(u)oo(t, p) for suitable functions a(u) and b(p). It 
is evident from the asymptotic form of o and the fact that b(u) 40 
(ôs and o, being linearly independent), that é,(t, p) ~ b(w)e~ and 
63(t, p) ~ —tpb(p)e- 4 as t—> œ for J(u) > 0. Since the Wronskian 


Wt, p) = a(t, wort, p) — Gall, p)oi(t, p) 
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is independent of t, and since W(t, u) ~ —2ipb(y), we have 

1 = W(to, p) = —2ipb(p), 
proving that b(u) = —(2ip) ~+. The function og(f, p(A)) = —2tpéa(E, w(A)) 
therefore satisfies the conditions of the present lemma. Q.E.D. 

9 COROLLARY. Let the hypotheses of Lemma 7 be satisfied, and in 
particular let A*(X) and A- (À) be non-vanishing for 0 < À < œ. Let f and g 
be a pair of functions in C[0, œ) which vanish outside a bounded set. Then 
(RIA; T)f, g) has a continuous extension to a neighborhood of the point 
A=0 with the point X=0 itself deleted, and this extension satisfies the 
estimate 


KRA; 7) f, g)| = O(|A|~?) 
as |A| >0. 
Proor. Let og beas in the preceding lemma. Let A(A) = A(o,(-, »(A))), 
BA) = A(ag(-, »(A))) and represent F(A; T) as the integral operator whose 
kernel is given by Corollary 6, using og for the function o of that lemma. 


Then A(X) and B(A) are bounded for non-real À near A = 0 and the asserted 
estimate follows from the formula for (R(A; T) f, g). Q.E.D. 


10 Lemma. Let the hypotheses of Lemma 3 be satisfied. Then there 
exists a solution o,(t, u) of the equation ro = p70, defined for 0 < t < œ and 
for all pe P* such that |u| is sufficiently large, such that 

og(t, p) ~ e71; o4(t, p) ~ —ipe™ te; 


as t—> 00, p >0, and also as |u| —> œ, p remaining in P+, uniformly for 
OSt<o. 


Proor. Choose e so large that 
et f |g(s)| ds <3. 
o 


Then, for |u| >£, p = 0, the functions f, and g, of the proof of Lemma 3 
are all defined for 0 < t< œ. We put c4(t, u) = 9,(t), OS t< œ, pe Pt. 
It follows as in the proof of Lemma 3 that |o4(t, p)| < 2,0 <t <œ, peP. 
By equations (21) and (23) of the proof of Lemma 3, we find that 


ILO I< lal- [la 4. 
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Then, by equations (22) and (23) of that same proof, 


Oe wl [lac as} +| J, e-ame- Pa) a. 


It follows from this formula just as in the proof of Lemma 1 (cf. the para- 
graph following formula (14)) that 


lim |fi(t)|=0, uniformly for 0<t< œ. 
ee 


Hence, by formula (24) of the proof of Lemma 3, 
Gilt) ~ eo; Galt) = —tpe Ff, (t) + ef, (t) 


~ —tpee itn, 
as u—> œ, u remaining in P+, uniformly for 0 <t < œ. The remaining 
assertions of the present lemma follow immediately from Lemma 3. 
Q.E.D. 


11 COROLLARY. Let r and T be as above, and let the hypotheses of 
Lemma 7 be satisfied. Let f and g be a pair of functions in C[0, œ) which 
vanish outside a bounded set. Then (R(A; T) f, g) is bounded for |A| sufficiently 
large, À non-real. 


Proor. Let o, be as in the preceding lemma, put A(A) = A(o,(-, p{A))), 
and let B(A) = A(o4(:, p(A))) (ef. Lemma 4 for the definition of p(A)). 
Then, by the preceding lemma, by Lemma 1, and by formulas (2a) and 
(2b), | B(A)| ~ |A(A)| as |A| > œ. The present corollary now follows from 
the preceding lemma and from Corollary 6 along the same lines of proof 
as Corollary 9. Q.E.D. 


Having accomplished all the necessary asymptotic preliminaries, we 
are now able to state and prove our main theorem. 


-> 12 THEOREM. Let r denote the formal differential operator 


d 2 
—ņħ{— < 
(3) +g), OSt<oo. 


Suppose that q e C”[0, œ), and that 


Í. “(LLP )Iq(t)| dt <0, 
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Let T be the operator in La(0, œœ) defined by the restriction of T,(7) to the 
subspace of functions in D(T,(7)) satisfying a non-trivial boundary condition 
A(f) =0 at zero. 

Let o ,(t, p) be the function of Corollary 2. For each À, let p(A) be that 
square root of À not lying on the negative real axis. Put At(A)= 
A(oi(+, p(A))) and A~(A) = A(ox(-, — p(A))) for 0 < A < œ. Suppose that 
At(A) 40 and A-(A) £0 foral 0 SA< œ. 

Then T ts a spectral operator, whose spectrum is the union of the set 
{A| 0 < À < œ} and of a finite number of additional points not lying on this 
set; each of these points is a pole of the resolvent of T and corresponds to a 
finite dimensional projection E({X}; T). The restriction of T to E((0, œ); T) 
ts a spectral operator of scalar type. 


Proor. The theorem will follow as soon as it is shown that the 
hypotheses of Theorem XVITII.2.34 are satisfied. In the notation of that 
theorem o(T) is the union of the sets consisting of the arc [0, oc) and a 
finite set of isolated points. The exceptional point vp is vọ = 0. The dense 
subspaces X¥, and Xf both may be taken to consist of those functions 
f €C(0, œ) which vanish outside a bounded set. Hypothesis (i) of Theorem 
XVITI.2.34 is satisfied by virtue of Corollaries 9 and 11. Hypothesis (ii) 
has been established and is given by Lemma 7 (iv). It therefore only 
remains to establish hypothesis (iii) of Theorem X VIII.2.34. Let Co[0, 00) 
denote the set of functions in C[0, œ) vanishing outside a bounded set. For 
convenience, and using (iv) of Lemma 7, write 


Of, 9, À) = B+(f, 9: À) E B-(f, 9, À) 
= — (Zip(à)A + (A)A-(A)) ~? 


(40) [J t4- wols, p(à)) —At(A)ox(s, p(y} 


{A7(A)oi(t, w(A)) — A *(A)or(t, —u(A))}f (t)g(s) at ds, 
f, g €C[0, œ). 


We have only to show that there exists a K < œ such that 


41) [IC MAAS Kl lall $g ECO, 0). 
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Put 

(DHP =f oals, p f(s) as, 
(42) 

(®-f)(u) =f oals, u) f) ds. 


By (40), Lemma 7 (ii), and Hölder’s inequality, (41) will follow if we can 
find a finite constant K, such that 


1/2 


ua [Ena s xf oea), feco w) 
and 

œ 1/2 œ% 1/2 
uw [eea rff oea), peoo o 


We shall prove the first of these inequalities in detail; the second may be 
treated in the same way. Let 


(Sf )(u) = [ete ds. 


Then, by Plancherel’s theorem (XV.11.3), 


(43) (ern? dul” sem "Iya. 


By Corollary 2 there exists a finite constant K, such that 


roo) 
o 


(44) EP — BP S Kal +D f? f a + ole) ah ro ae 


Now 
r= f ÒF a+ slas) as} ar 
SOf f+ slay] ds a 


=0f sa +s)|9(s)| ds <Q fa + s)?|q(s)| ds < œ, 
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where 
Q=) +D] dt. 


By (44) and Hölder’s inequality we have 


5) [en-oa <f aeh 

0 = o (1+ p)? 
The inequality (42a) follows immediately from (43) and (45). Since the 
inequality (42b) may be deduced in a precisely similar way, the proof of our 


theorem is now complete. Q.E.D. 


We conclude the present section with an additional remark concerning 
the spectrum of the operator T. 


13 Lemma. Let the hypotheses of Corollary 2 be satisfied. Then the 
equation to = 0 has two solutions o and ox satisfying the asymptotic relation- 
ships 


olt) ~ 1, olt) ~t as t —> oo. 


Proor. We saw in Corollary 2 that o,(t) = c(t, 0) satisfies the first of 
these asymptotic relationships. Let a be so large that o,(t) 40 for 
a<t< œ. Then put 


éalt) = o4(t) f (ox(s))~? ds. 


It is readily verified that (t) satisfies ro, =—0, and also satisfies the 
second of the above asymptotic relationships. Hence, if we let c(t) be the 
unique solution ro, = 0 such that o2(t) = z(t) for a < t < œ, our lemma 
is proved. Q.E.D. 


14 COROLLARY. With the hypotheses and in the notation of Theorem 12 
every point in {0 < À < œ} belongs to the continuous spectrum of T, and 
satisfies H({A}; T) =0. 


Proor. For A 40, this follows from Corollary XVII.2.35. Since by 
the previous lemma, À = 0 is not in the point spectrum of T, Corollary 
XVIII.2.35 also covers the case A = 0. Q.E.D. 
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2. Friedrichs’ Method of Similar Operators 


In the present section we shall begin our discussion of an elegant 
method, due to K. O. Friedrichs, which makes it possible to show, in a 
variety of cases, that an operator is spectral, and even much more. The 
basic idea of Friedrichs’ method may be expressed heuristically as follows. 
Let ¥ be a B-space, and let T be a linear operator in X; let K be a second 
linear operator in X which is, in a sense to be made precise below, very 
small relative to T. Following Friedrichs, we may then surmise that T + K 
and T are similar operators, that is, that there exists a bounded linear 
operator U with bounded inverse, such that T + K = U-11U. To verify 
this conjecture in any particular case, we must solve the linear operator 
equation U(T + K)=TU for the “unknown” operator U, and then 
show that U has a bounded inverse. A precise, though abstract, description 
of a general situation in which this idea may be carried through is given in 
the following theorem. 


-> 1 THEOREM. Let X be a B-space, and let Te B(X). Let UW be an 
“auxiliary” B-space, with the norm ||A||, AEN. Let M, and M, be real 
numbers greater than zero. Suppose that: 

(a) a continuous linear mapping p: U —> B(X) of norm at most M, is 
given; 

(b) a continuous linear mapping T: UW—> B(X), of norm at most M, 
such that 


TI(A)—T(A)T =9(A), Ae, 


is defined; 

(c) a continuous bilinear mapping (A, A1) of U x W into W is defined 
and satisfies 

(i) p($(A, A;)) =L(A)p(4A1), A, A EW; 

(ii) I(A, A)| < Ma A| Ail, 4, Ar E M. 
Then for each A, € Usuch that || A1 || < (Mı + Ma) ~+ the operators T + (41) 
and T are similar, that is, there exists an element U e B(X) with a bounded 
inverse such that T + o(A,) =U TU. 


Proor. We shall search for an operator U satisfying the equation 


(1) U(T + 9(A,)) = TU, 
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assuming that U has the form U =I + I(B), with Be u. Taking U to 
be of this form, we see that equation (1) is equivalent to the equation 


(2) (I + L(B))(T + ¢(4:)) = TH + T(B)), 
that is, to 

(3) I(B)T — TI(B) = —I(B)p(4,) — p(41), 
or, using hypothesis (b), to 

(4) p(B) — T'(Bjp(4:) = (Ai). 
Using hypothesis (c), we may write this last equation as 
(5) p(B — ¥(B, A1)) = ọ(41). 


Now, by hypothesis, the map B —>4(B, A,) of 2 —+Q has norm at 
most M,(M, + M,)~1. Thus, by Lemma VII.3.4, the equation 


(6) B—y4(B, A) =A, 
has a solution B e YU, whose norm satisfies 
|B || < (My + Ma) (A — Ma(My + Ma) 71) = Mj}. 
Thus |/(B)| < M7 1M, =1, so that, using Lemma VII.3.4 again, it follows 
that U =I + IB) has a bounded inverse. As we have seen, equation (6) 


implies equation (1), so that T + (4,) =U~'/TU, and our theorem is 
proved. Q.E.D. 


Since the notion of similarity of operators arises naturally in conneo- 
tion with Theorem 1, we define this notion formally. 


2 Dermrmon. Two operators S and T in a B-space Y are called 
similar if there exists a bounded operator U in Y with a bounded inverse 
such that S = U-11U. 


Note that Definition 2 applies to unbounded operators as well as to 
bounded operators. 


3 COROLLARY. Suppose, in addition to the hypotheses (a), (b), and (c) 
of Theorem 1, that 

(d) the operator I(A) is quasi-nilpotent for each A e W; 

(e) A, EU, and the transformation A —> (A, A,) of UW into itself is 
quast-nilpotent. 

Then the operators T and T + g(A,) are similar. 
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Proor. Using hypothesis (e) and Lemma VII.3.4, we find that 
equation (6) above has a solution B. Similarly, using hypothesis (d), we 
find that U = I + IB) has a bounded inverse. Since equation (6) implies 
equation (1), we have T + (A) = U~ TU just as in the proof of Theorem 
1, and our corollary is proved. Q.E.D. 


It is sometimes convenient to use the following slight variant of 
Theorem 1 and Corollary 3. 


4 COROLLARY. Let X be a B-space, and let T e B(X). Let UÙ be an 
“auxiliary” B-space, with the norm ||A ||, A EUW. Let M, and M, be positive 
real numbers. Suppose that 

(a) a continuous linear mapping p: U —> B(X) of norm at most M, is 
given; 

(b) a continuous linear mapping T: U —> B(X), of norm at most M, 
such that l 


TI(A) —T(A)T =9(A), AeA 


ts defined; 

(c) a continuous linear mapping (A, A) of UW x W into W is defined, 
which satisfies 

(i) p(¥(A, A;)) = 9(A)I(A,), A, A, EM; 


(ii) ly(4, Ay) || < Ma |A| 4l, A, 4, E M. 
Then for each A e U such that || A|| < (M, + M,)~1, the operators T + p(A) 
and T are similar. 

If in addition to (a), (b), and (c) we suppose that 

(d) the operator T (A) is quasi-nilpotent for each A e U; 

(e) AEN, and the transformation A, —p(4, Aı) of UW into itself is 
quasi-nilpotent, 
then we may conclude that T and T + (A) are similar. 


The proof of Corollary 4 is entirely parallel to the proofs of Theorem 
l and Corollary 3, and is left to the reader. 


The remainder of the present section is devoted to the application of 
the preceding theorems and corollaries (and of generalizations of them to 
unbounded operators; cf. Theorem 8 and Corollary 9 below) in a variety 
of analytic contexts. Our main task in the development of these applica- 
tions will be to establish the specific inequalities which correspond, in each 
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concrete situation to be studied, to hypotheses (a) and (c) of Theorem 1. 
Our overall plan will be as follows. First we shall prove an inequality for 
integral operators (Lemma 5 below) which is elementary in the sense that 
it relates only to the norms of the integral kernels involved. We then use 
this inequality to apply Theorem 1 in an illustrative but somewhat 
artificial setting, essentially to multiplication operators whose spectral 
measures are absolutely continuous with respect to two-dimensional 
Lebesgue measure. A first application (Theorem 6) is made in this way, 
and immediately following upon this we develop a similar but consider- 
ably generalized result (Theorem 7) whose hypotheses accord, in a general 
way, with the facts described by the spectral representation theorem 
(XII.3.16) (see also Definition X1I.3.15). In working out this application, 
we note the occurrence of a type of singular integral, which, however, in 
the two-dimensional case is only “mildly” singular and may be treated 
by the elementary means which Lemma 5 provides. Next we generalize 
Theorem 1 and its concrete application Theorem 7 to unbounded operators, 
obtaining Theorems 8 and 10. Theorem 10 completes the elementary, 
illustrative part of the present section. 

We then begin the study, more significant for ultimate application, of 
the implications of Theorems 1 and 8 for self adjoint operators whose 
spectral measures are absolutely continuous with respect to one- 
dimensional Lebesgue measure. Here again singular integrals play a role. As 
compared to the singular integrals treated in the first set of applications, 
these singular integrals are more seriously divergent. Their treatment 
consequently requires the derivation of certain non-elementary inequalities 
concerning Hélder-continuous functions. Lemma 12 begins the technical 
preparation necessary for the desired application, which is finally attained, 
following a series of preliminary lemmas, in Theorem 21. 

The following inequality will provide a technical basis for a first 
group of applications of Theorem 1. Aside from the slight complications 
occasioned by a number of measure theoretic technicalities, its proof 
amounts merely to an application of the Hélder inequality and the Riesz 
convexity theorem. 


5 Lemma. Let X be a B-space, and let (S, X, p) be a o-finite measure 
space. Let lS pSqsrs oo. Let A(-,-) be a strongly up x p-measurable 
function with values in the space B(X) of all bounded operators in X. Suppose 
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that |A(-, -)| is a p X p-measurable function. For each number p such that 
l < p < œ, define p’ by (p’)"1+p-1=1. Put 


Mm  ,—[f{fiawolrmael” wan)”, 2<p<o, 


and 
p'ip\1jp" 
(8) ao—(f{flacoruasl Y",  1<pse. 
Ss\vs y 
Moreover, in the extreme cases p = 1 and p = œ, put 
(9) {4h =p-088 sup f | A(s, t)| w(ds) 
and 
(10) {A} og = p-e88 sup [J4e t)| u(dt). 
s 


Suppose that {A}, < œ and {A}, < 00. Then, for each f e L,(S, 2, p, ¥), the 
integral 


(11) gle) = | Ae, DEFOA 


exists for -almost all s, and defines a function g belonging to L,(S, X, p, X). 
Moreover, the mapping 


(12) FO f AC, OF Ould 


is a bounded linear mapping in L,(S, Z u, X), having norm at most 
max[{A}, , {4}]. 


Proor. We first observe that if f is p-measurable, the function 
A(s, t) f(t) is a u x p-measurable function with values in X. Indeed, by 
Corollary 11.3.8, Theorem I11.3.6, Corollary TI.6.3, and Theorem 
TIT.6.12, and using the o-finiteness of S, we see that there exists a sequence 
fa of p-integrable p-simple functions f, with values in X, such that 
fals) >f (S) as n —> œ for p-almost all s. Since it follows readily from our 
hypotheses that A(s,t)f,(t) is u X w-measurable, we conclude that 
A(s, t) f (t) is p x p-measurable. 
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Next, let h be a non-negative y-measurable function defined on 8. 
Then, by Holder’s inequality we have 


(13) ff 146; DUDHANI ads) 


< { {f4 or mao)” [f eonan] aia = (af oluan. 
If h e L (S, X, p) and 2 <r < œ, it follows that the integral 
(14) (Ahle) = Í JA, DIMO) 


exists for -almost all s, and that, writing |f|, for the norm of an element 
fof L,(S, 2, p), we have |Ah|, < {4}, |k], . Thus, using Theorem III.2.22(a), 
we see that if 2<r< œ, and if g is any complex valued function in 
L,(S, X, u), then the integral 


(15) (A9)(6) = | 1416, D| oma) 


exists for y-almost all s. Since |(Ag)(s)| < fs |A(s, t)| |g(t)| u (dt), we have 
|Ag|, < {4} |g|,. The same conclusion is readily obtained in the extreme 
case r = 00; we leave it to the reader to give the necessary details. 

Next let 1 <r <2. Let h, be a second non-negative, -measurable 
function defined on S. Then we conclude as above that the integral 


(16) (Âh (0) = | |A(6, D| a(s)(ds) 


exists for p-almost all teS, and that, if h, € L,(S, 2, u), we have 
Ah, e LAS, X, p), and |Ah,|,- < {A}, |A,|,-.. Therefore, if h is a non- 
negative p-measurable function in L,(S, 2, u), it follows by Tonelli’s 
theorem (ITI.11.14) and Hölder’s inequality that the integral (14) exists 
for -almost all s in the set {s € S| h,(s) > 0}, and that 


(17) [ (Amy orbs ye(ds) < {4 hl; lal 


Since we may find a non-negative h, e L,(S, Z, p) which is positive every- 
where, it follows that the integral (14) exists for -almost alls e 5. 

If r=1, we may take h,(s)=1 to find that |Ah|, < {A}, |A|,. The 
corresponding conclusion in the case 1<r<2 may be obtained as 


2406 SPECTRAL OPERATORS WITH CONTINUOUS SPECTRA XX.2.5 


follows. If in (17) we take h, to be a function which is identically 1 on a 
certain set of finite u-measure, and identically zero outside this set, we see 
that the function Ah is -integrable over each set e e Z such that p(e) < œ. 
By (17) and Theorem IV.8.1, there exists a function ọ e L,(S, 2, p), of 
norm at most {A}, |h|,, such that 


(18) f (Any(oyh(o)uds) = | plo)ha(s)alds), hy € L,(8, Z, p), by 0. 
But then 
(19) J (Ame) — e(s)yu(ds) =0 


for each set e e Z of finite »-measure, so that by Theorem IIT.2.20 and the 
o-finiteness of S, we find that (Ah)(s) = p(s), p-almost everywhere. This 
shows that Ahe L,(S, Z, p), and that |Ak], < {4},|h|,. If we now use 
Theorem III.2.22 and Theorem TII.2.20(a) (cf. Lemma III.2.15), we see 
that, for all 1<r<oo, and for every complex valued function 
g € L,(S, X, p), the integral (15) exists for -almost all s, and |Ag|,< 
{Abelgle- 

A corresponding conclusion holds for g e L,(S, 2, p). Hence, using 
the Riesz convexity theorem (V1.10.11) and putting M = max[{4},, {A},], 
we find that there exists a bounded linear mapping A of L,(S, X, p) into 
itself, of norm at most M, such that formula (15) holds for every u-simple, 
p-integrable function g. Let g e L,(S, X, p), and suppose that g vanishes 
outside a set e of finite -measure and is bounded. Then, by Corollaries 
TII.3.8 and ITI.6.3, and by Theorems I11.3.6 and ITI.6.12, g is the limit 
almost everywhere of a sequence {g,,} of y-integrable, u-simple functions. 
Making an elementary modification of the functions of the sequence {9,}, 
we may suppose that all of these functions vanish outside e, and that 
the sequence {gn} is uniformly bounded. Then, by the Lebesgue dominated 
theorem we have lim,.,. |gn —g|,=0, so that limpo |4g, — Agla =0. 
By what we have proved already, fe |.A(s, t)| (dt) < œ for -almost all s. 
Hence, using the Lebesgue dominated convergence theorem once more, 
we obtain 


(20) tim [ 146, Ol galdi) = f 1416, D g(a 
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for p-almost all s. It therefore follows, using Corollaries IT1.3.8 and 
TII.6.3, and Theorems ITI.3.6 and III.6.12, that 


(Ag\(s) = | 148, D| gOudi) 


for p-almost all s, so that (15) holds for each g e L,(S, X, p) which is 
bounded and vanishes outside a set of finite p-measure. Next let 
he L,(S, Z, u) be non-negative. Then A is the limit almost everywhere of 
a monotone increasing sequence of non-negative functions h,, each of 
which is bounded and vanishes outside a set of finite ~-measure. By the 
Lebesgue dominated convergence theorem we have lim,,.,,, |h, — Ala = 0, 
so that limp» |4h, —Ah|, =0. By Fatou’s lemma (III.6.17) 


(21) lim f |4(8, O| Aa) m(dt) = | |418, D| A(N 


for each seS, where the integral on the right of (14) exists u-almost 
everywhere. Arguing as above, we conclude that (14) holds for each 
non-negative he L,(S, X, u). Moreover, as we have already noted, 
[hla < M hla 

Therefore, using Theorem ITI.2.22 and Theorem ITI.2.22(a), (cf. Lemma 
TII.2.15), we see that the integral (11) exists j.-almost everywhere for each 
fe LS, 2, p, ¥), and that the mapping defined by formula (12) has norm 
at most M. This proves the present lemma. Q.E.D. 


To illustrate the use of Theorem 1l in a particular case, we may 
proceed as follows. Let D be a bounded domain in the complex plane, and 
let L.(D) denote the Hilbert space of all complex valued Lebesgue 
measurable functions f defined in D and satisfying 


(22) | lee, wl? dæ dy = f |f)? de dy =| f? < œ. 
D D 
Take the operator T of Theorem 1 to be defined by the formula 


(23) (Tf)(«, y) =(@+ ty) f(z, y), that is, (Tf)(z) =zf (2). 

The reader will verify without difficulty that the spectrum of T is the 
closure of D. Take the space 2 of Theorem 1 to be the space of all bounded 
Lebesgue measurable functions on D x D, that is, the space of all 


Lebesgue measurable functions A(x, y; x’, y’) = A(z, z’) with 
(24) |A || = sup |A(z, z’)|. 
2,2/ED 
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Define the transformation » of Theorem 1 by the formula 
(25) [p(A) f 2) = | 4G 2’) f(z) dx’ dy’, fe L.(D 


Define the transformation I’ of Theorem 1 by the formula 


A 
a raono f SEP sey ar dy, fe La(D). 


Even though the kernel of the integral operator ['(A) defined by (26) is 
unbounded, the operator ['(A) is a bounded operator in L,(D). This 
assertion follows at once from Lemma 5 and from the following two 
inequalities: 

|A(z, 2’)| 


p |z—2"| [z —z'| 


(28) ie A(z, eat ae dy < 2r|\A||diam(D). 


(27) | dx! dy’ < |A f da’ dy’ < 2r |\A|| diam(D) 


Note that by (26) we have 


(29) {T(LPA)f}(2) — (TATP) = 


f eee E i ay 


Z—2' 
=| A(z, z') f(z’) da’ dy’ 


=[p(A)flz), fe L(D) 
so that hypotheses (a) and (b) of Theorem 1 are satisfied. 
To verify hypothesis (c) of Theorem 1, we put 


A(z, %)Ai(z1, z’) 


zı —zž 


(30) WA, Ale, 2) = f dæ, dys, 


and note that since, by Fubini’s theorem, 


A(z, 23)Ay(%, z’) 


zk, 


(31) (pA, Ie) =f f fle’) de, dy, de’ dy! 


A(z, 1) EOE (21, 2’) f (2') dx’ dy’ | dx, dy, 


DZ—2%4 


=A) eA) F102), 


XX.2.6 FRIEDRICHS’ METHOD OF SIMILAR OPERATORS 2409 


we have o(i(A, 4,)) = T (4)p(4) for A, A, e UW. Moreover, we have 


(32) dx, dy, 


A(z, 2,)A1(21, 2’) 
—— AE dz, d 
ii vy AY, 


Z — Zi 


< |All 
IAI T J 


< 27 diam(D) ||A || |4; ll, 


so that hypothesis (c) is verified. We may therefore apply Theorem 1, to 
find that if A e A, and if ||A|| is sufficiently small, then the operator T 
and the operator T + y(A) are similar. Since T is obviously a spectral 
operator of scalar type, T + p(4) must also be a spectral operator of 
scalar type. 

We now wish to state a theorem recording the result of the preceding 
analysis for future reference. Before doing so, however, let us note that 
our argument may be generalized in two obvious ways. 


(a) Instead of considering, as above, the space La(D) of complex 
valued Lebesgue measurable functions defined in D and satisfying (7), we 
may let X be an arbitrary complex B-space, and can consider the space 
L,(D, X) of ¥-valued Borel-Lebesgue measurable functions defined in D. 


(b) We may replace the subscript 2 by any p such that 1 < p < œ. 


That is, instead of considering the space [,(.D) as above, we may 
consider the space L,(D, X) of all X-valued Borel-Lebesgue measurable 
functions defined in D and satisfying 


3) (f Iene dedy)” =|| [pte de dy} =f < o. 


Since Lemma 5 applies not only to spaces of complex valued functions but 
also to spaces of ¥-valued functions, all the above arguments remain valid 
with only trivial notational changes. We may therefore state the following 
theorem. 


6 THEOREM. Let X be a complex B-space. Let D be a bounded domain 
in the complex plane, let 1 < p < œ, and let L (D, X) be the space of all 
X-valued Lebesgue measurable functions defined in D and satisfying formula 
(33). Let T be the operator in L (D, X) defined by the formula 


(34) (Tf), y) = (2 + iy) f (2, y) fe L,(D, %). 
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Let A(z, z') be a Lebesgue measurable function defined in D x D, with values 
in the space B(X) of all bounded operators in X. Suppose that 


(35) \|4 || = sup |A(z, z’)| < œ, 
2,2’ED 
and let (A) be the integral operator defined by the equation 
(36) (ANA) =f AG ef) de! dy’, fee L,(D. 2). 


Then there exists a positive constant £ = e(p, D) depending only on p and D 
such that if A|| < elp, D) tt follows that the operator T + (4) is similar 
to the operator T and ts therefore a spectral operator of scalar type. 


The following theorem generalizes Theorem 6 in various useful 
directions. The form in which its hypotheses are stated is suggested by the 
spectral representation theorem (XII.3.16) (see also Definition XII.3.15). 


—> 7 THEOREM. Let ¥ be a complex B-space. Let D be a bounded domain 
in the complex plane, let 1 < p < œ, and let L,(D, X) be the space of all 
¥X-valued Lebesgue measurable functions defined in D and satisfying (33). Let 
1/p + l/p' =1. Let e,, eg, ..., be a family of disjoint Borel sets with union 
D, and let ¥,, Xz, ..., be a family of closed subspaces of X. Let L (D, X) be 
the subspace of L,(D, X) consisting of all functions f such that f(z) eX, 
for all z€e;, 1<Sj< oo. Let T be the operator in L,(D, £) defined by the 
formula 


(37) (Tf (a, y) = (£ + iy) f(x,y), fe L,(D, %). 


Let A(z, 2’) be a Lebesgue measurable function defined in D x D, with values 
in the space B(X) of all bounded operators in X. Suppose that A(z, z')ue X, 
forall xe X andzee,, 1 Sj < œ. Let c>4 be a constant such that c= p 
and c= p’. Suppose that |A(-, -)| ts a Lebesgue measurable function, and 
that 


l/c 
(38) lAI= | f f lle 20h de dy ae’ ay’ <o. 
DYD 
Let (A) be the integral operator L, (D, £) defined by 


(39) (ADNA = | A ef) de dy’, fe LD, 3). 
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Then there exists a positive constant € = e(p, D, c) depending only on p, D, 
and c, such that the inequality ||A||< £ implies that the operator T + (A) 
is similar to the operator T and is therefore a spectral operator of scalar type. 


Remark. It follows from Theorem XTI.3.16 that if T, is any bounded 
normal operator in Hilbert space whose spectral resolution E(e) satisfies 
E(eo) =0 for each Borel subset e, of the plane such that p(eo)=0, u 
denoting the Borel-Lebesgue measure in the plane, then T, is similar to 
an operator T in a space L,(D, Æ) of the sort described by Theorem 7. 
Thus, Theorem 7 can be applied to a fairly general class of bounded 
normal operators To, provided only that the perturbing operator (A) 
is sufficiently “smooth ” and “small ” relative to the normal operator T,. 


Proor or THEOREM 7. Let XN be the space of all Lebesgue measurable 
functions A defined in D x D, with values in the space B(X) of all bounded 
operators in X, such that (38) holds. Let (c’)~1-+ (c)~1=1. Since c = p 
and c = p’, we have c = 2 so that c = c’, and thus the boundedness of the 
domain D implies via Holder’s inequality that there exists a finite con- 
stant M such that 


cfc’ lic 
(40) lj [j |A(z, 2’)|°" dæ ay) dx’ ay’ <M ||A|| 
DKV D 
and 
gjg 1/c 
(41) lf lf |A(z, 2’)|°” da’ ay’) dæ dy) < M |A]. 
D\YD 
Thus, by Lemma 5, the integral operator ¢(A) defined by (39) maps 
L,(D, ¥) into itself, and has norm at most M ||A ||. Since A(z, z')x e X,, 


for all xe ¥, and z € e;, it follows that ¢(A) maps the subspace L,(D, ¥) 
of L,(D, X) into itself. 
If A e N, define the transformation [(A) by 
A(z, z’) 
(42) (F(A) fy) = | 


DZ—zZ 


f (2) da’ dy’, fe L,(D, ¥). 


By Holder’s inequality we have 


A(z, zye ae 
(43) f SaR dz’ dy’ < f |A(z, z'ye da! dy’ 
D| Z—-z2 JD 
x lj L} |eere-onga dyhe, 
DZ — Z 
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Since c > 4, it follows that the quantity e =c’c/(c —c’) = ((¢')7 1 —e7})7? 
is less than (2? — })~1 = 2. Thus the quantity 


(c—c’)ic 
(44) = sup = x’ dy’ 
zeD jz =z’) 


is finite. From (43) we have 


(45) | f L 


We may prove in just the same way that 


(46) | R R 


Thus, by Lemma 5, the integral operator l(4A) defined by (42) maps 
L,(D, ¥) into itself, and has norm at most N1'°’||A ||. Since A(z, z’)a e ¥ for 
all x e ¥ and all z € ¢;, it follows that ¢(A) maps the subspace L,(D, ¥) of 
L,(D, ) into itself. Let f(A) denote the restriction of (A) to the subspace 
L,(D, ¥) of L,(D, ). 

By (42) we have 


A(z, z’) e 


z—z' 


j ciec’ 1/c 
a dy) dæ dy) < Ni’ ||A |]. 


A(z, z’) 


, 
Smg 


cle’ l/c’ 
dz dy) da’ dy) < NY |All- 


(zA(z, z') — A(z, z')z’) 


an Thay — P(A) TA) @) = f EE ede ay! 


= f A(z, z')f (z') deo’ dy’ 


=[¢(A)fl(2), fe £,(D, %). 
Next, put 


(48) [W(A, A,)](z, z=] aie “An 2) 9, idy, A, A4 EM. 


AA 
Since A(z, z,)a e X; for each xve X and each ze X,, it is plain that 


(Y4, A,))(z, z’)]eeX, for each ve and each zeX,;. By Hölder’s 
inequality and the definition (44) of the constant N we have (cf. (43)) 


o f 


Alzi 2’) | ¢ e’e 


zı — 7 


dz dy, S mf, |A, (21, z’): dz, dn) 
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Thus, by (48), and using Holder’s inequality once more, we have 


(50) MA, Aye, 2] sae fate, alt der dys) 


1/c 
x ly |Ay(z1, z’)|e da, dy] ’ 
D 
and therefore 
(51) (A, All SN? Al Mlb 4, A EN. 


We may now apply Theorem 1 to conclude that there exists a positive 
constant ¢ depending only on p, D, and c, such that the operators T and 
T + @(A) are similar whenever ||A|| < e. Q.E.D. 


Theorem 1l and its corollaries are readily generalized to apply to 
unbounded operators. 


8 THEOREM. Let X be a B-space, and let T be a closed, densely defined 
operator in X, with domain D(T). Let U be an “auxiliary” B-space, with 
the norm ||A||, AEN. Let M, and M, be finite positive real numbers. 
Suppose that 

(a) for each A e M, there is defined a linear mapping (A) such that 
D(p(A)) 2 D(T); 

(b) a continuous linear mapping I’: U —> B(X) of norm at most M, such 
that I'(A)D(T) S D(T) and 

(TI(A) —I(A)T)x=(A)z, AEA, xe DT) 
as given; 

(c) a continuous bilinear mapping f(A, A) of U x Winto Wis defined, 
which satisfies 


(i) PHA, 41) =9(A,)L(A), A,A E% 
(ii) IIA, Ax) |] S Ma l4 1i 4 ll- 


Then, for each A, e Wesuch that ||A, || < (Mı + Ma) t1, the operator T + pl 4) 
has a closed restriction which is similar to T. 


Proor. By Lemma VII.3.4, the equation 
(52) B= p(B, A,\)=A, 
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has a solution Be YW, whose norm, by this same lemma, satisfies 
IBI] < (Mf, + Ma) (1 — MAM, + Ma) 7) = My}. 


Thus l (B) <M; 1M, =1 so that using Lemma VII.3.4 again, it follows 
that U = I + IB) has a bounded inverse. 
Let x e D(T). Then, using (52) and hypothesis (c), we have 


(53) p(B)e — p(4,)T(B)z, 
and therefore, using hypothesis (b), we have 

(54) TI(B)s —I'(B)Tx — 9(A,)I'(B)x =0. 
This last equation may be written as 

(55) (T + (Ay) + F(B))a = (I + T(B))T 2, 
or 


(56) (T+ 9(A,))e= (1+ IB) TI + I(B) ts, we (I+ I(B)) D(7). 


Put U = 1 + I(B). The operator UTU-! then gives the closed restriction 
of T+ (A,) whose existence is the conclusion of our theorem. 
Q.E.D. 


9 COROLLARY. Suppose, in addition to the hypotheses of Theorem 8, 
that there exists a complex number à, such that (Ào I — T)~} exists and is 
everywhere defined and bounded, such that p( 4 )(Ào I — T) -1 is bounded, and 
such that (I — p(4)(ào I — T)-1)~} exists and is everywhere defined and 
bounded for some A, EU with |A i|| < (Mı + M,)~}. Then the operator 
T + (4) ts closed and is similar to T. 

Proor. Let 
(57) B= (Ag I —T)-*(I — 9(Ai)(Ao I — T)-?)7?. 

Then 
(58) (Apt — T — 9(A,))B 
= (I — 9(Ay)(Aol — T) — (Ar) (Ao — T) =) = 1. 
Moreover, if x e (7) = D(T + —(A,)) we have 
(59) BAI — T — 9(Ay))e = Bo — T — g(A,))(Ao — TP)" Aol — Te 
= BU — 9 A,)(Aol — T)~*)(Ao I — Px 
= (ào I — T) Hào I — T )e =z. 
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Thus (A, — T —9(A,))~1= B exists, and is bounded and everywhere 
defined. If T, is the closed restriction of T + o(A,) given by Theorem 8, 
then since T, and T are similar, (A) Z — T,)~1 exists and is everywhere 
defined and bounded. Suppose that T, is a proper restriction of T + (A), 
so that there exists an sve D(T + o({A,)) such that zé D(T,). Since 
Aoi —T, maps its domain onto all of Hilbert space, there exists 
some y e D(7,) such that (Aj J —1,)y = (ào I — T — 9(A;))#. But then 
(Aol — T — 9({A,)) (x —y)=0, contradicting the existence of 
(Aj I — T — ¢(A,))~?. This shows that T + y(A,) = 7, and the proof of 
the corollary is complete. Q.E.D. 


The following theorem, which is closely related to Theorem 7, is an 
application of Theorem 8. 


10 THEOREM. Let 2) be a complex B-space. Let D be a subdomain of 
the complex plane which is not dense in the complex plane. Let 1 < p < œ, 
and let L, (D, Y) be the space of all Y-valued, Borel- Lebesgue measurable 
functions defined in D and satisfying the condition 


6o ff enlaza)” ={f Isearaeay)"” =| 41 <o. 


Let ei, €29, ..., be a family of disjoint Borel sets with union D, and let 
Va Ya, ..., be a family of closed subspaces of Y. Let L (D, Y) be the 
subspace of L (D, Y) consisting of all functions f such that f (z) e Y; for all 
zee, 1 Sj <0. Let T be the operator in L (D, Y) whose domain D(T) is 
defined by the formula 


1/p 
(61) D(T) ={fe L,(D, Y) | (í. lef (z)|? dæ dy) <0} 
and which is such that 
(62) (TFN) = (2 + iy) f(z) fe ÊD, D). 
Let A(z, z') be a Lebesgue measurable function defined in D x D, with values 
in the space B(Q) of all bounded operators in Y. Suppose that A(z, z')xe Y, 


for all ve Y and zee,, 1 Sj <0. Suppose that |A(-, -)| ts a Lebesgue 
measurable function, and that 


(63) ||Al| = sup |A(z, 2’)| + sup | | A(z, 2’)] dx’ dy’ 
2.2’ED zeD “D 


+ sup f |A(z, z')| dz dy 
ZeD Tp 
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is finite. Let (A) be the integral operator in L,(D, Y) defined by 
(64) (PANN) =f AzS) da’ dy’, fe LD, D). 


Then there exists a positive constant € = e(p, D, c) depending only on p, D, 
and c, such that if ||A||<e it follows that the operator T + (A) is similar 
to the operator T and is therefore a spectral operator of scalar type. 


Proor. We apply Theorem 8 and Corollary 9. Let the B-space X 
of Theorem 8 be L,(D, Y). Let W be the set of all bounded, measurable 
functions A(-, -) defined in D x D with values in B()), such that (63) is 
finite, and such that A(z, z'w e Y, for each v e Y and z € e. Let p(A) be 
defined by (64) for each A e M; note that since A(z, z’) f(z’) € Y, for all 
zee, o(A)fe L (D, 9). By Lemma 5, ¢(A) is a bounded linear trans- 
formation of Ê (D, Y) into itself, of norm at most ||A||; thus hypothesis 
(a) of Theorem 8 is satisfied. 

The reader will verify without difficulty that X is a B-space with the 
norm defined by (63). Put 


f(z’) de dy’, AeU,feL,(D, 9). 


A , 
(05) (Taypye) = f £22) 


pZz—2 


Since 


A : , 
(66) j a 


dx’ dy’ < f |A(z, 2’)| dz’ dy’ 
zeD 


ļz-z']>1 


1 , r 
+ l4 |l Í reaa dy 


lz-z'įg1 
< (2r +1) lAl}, 
and 
(67) f AE) de dy < (27+ DAN, 
D r Areh 


similarly, it follows, by Lemma 5, that the integral (65) exists for almost 
all ze D. Moreover, using Lemma 5 once more, we see that IA) is a 
mapping of L (D, 9) into L,(D, Y), of norm at most (27 + 1)||A ||. Since 
A(z, 2’) f(z’) € Y; for each z €e,, it is clear that (A) f € £,(D, Y) for each 
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fe L,(D, 9). Finally, itis plain from (64) and (65) that TIA) —I'(A)T = 
g(A), A e W. Thus hypothesis (b) of Theorem 8 is satisfied. 
If A,, 42E M, put 


A, (21, 2’)Ao(2’, 22) 1 5 |, 
(68) (PAn Aena = f a 7 as dz’ dy’. 
D Z’ — Za 
Since 
21, 2')AQ(2’, z Aa , PRS 
ee dz’ dy’ < ||A || f | Ao(z’, 22)| da’ dy 
z — 22 z'eD 
lz'-z2]>1 
+a f g” dy’, 
lz’ aad 


the integral (68) is defined, and 
(70) lyd, Ag)(%1, Z2)| S (27 + 1) |4}! |All. 
By Tonelli’s theorem (I1I.11.14), we have 


(71) f ly, Ao)(z1, Zə2)| dæ dy, 


ES l l, | A(z, 2’)| daldal, z2)| dæ' dy’ 


|2/-22|>1 


+lldall f 


|2’-22|81 


< (27 + 1) |4| 42l 


1 
kzl lj [A(z 2’)| da, dys ds dy’ 
2 D 


and similarly 


(72) f WW(Aa, 4a) n za) dea dya < (27 + DlA; llall 


Since 4; (21, Z’ )Aa(Z', z2w E Y; for each v e Y and z, €e,, it follows from 
(68) that [b(A,, A4a)(z21, Z2)]v € Y; for each v e Y and z, ee,. Thus, using 
(70), (71), and (72), we see that (4, A.) EM, and that |(A,, 42| S 
3(27 + 1)||A,|| 42l. By Lemma 5, the integral 


m ee 
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exists almost everywhere for each fe Z,(D,%), and, using Lemma 5 
once more, the integral 


aen 


(74) f ae “ally 


LF (| de’ dy’) dy 


exists for almost all z” e D. Therefore, by Tonelli’s theorem (III.11.14), the 
integral 


(75 f S asco) SAT er de ay addy 

z'| 
exists for almost all z” e D. It follows from (65) and (68), and from 
Fubini’s theorem (III.11.9), that p(4,) (42) = 9(Y(4;, A2)). Therefore 
hypothesis (c) of Theorem 8 is verified. 

Since by hypothesis the subdomain D of the complex plane is not 
dense in the complex plane, there exists a complex number A) whose 
distance from the domain D exceeds a certain positive real number 
K. It is plain that àZ— T has the everywhere defined bounded 
inverse f(s) poe. 1f(s), and that |(A)J — T)-!| <K-1. We have 
|p(A)(Apl —T)~3| < K~1|A]]; thus, if K-7||4|| <1, it follows by Lemma 
VIL.3.4 that a — p(A)(Ao J — T)~1)~} exists and is everywhere defined 
and bounded. Thus, if K~?||A|] is sufficiently small, the hypothesis of 
Corollary 9 is satisfied. 

We may now apply Theorem 8 and Corollary 9, and the conclusion 
of the present theorem follows immediately. Q.E.D. 


As the reader must surely suspect, Theorems 1 and 8 can also be 
applied if we let T be the operator f(s)—>sf(s) in the Hilbert space 
L (— œ, + œ) formed with respect to the Borel-Lebesgue measure on the 
real axis. This, of course, is the case of Theorems 1 and 8 which would be 
needed to treat self adjoint operators with continuous spectrum, or 
operators which arise by perturbation from such self adjoint operators. It is 
therefore this case of Theorems 1 and 8, rather than the case of Theorems 
1 and 8 given by Theorem 7 or Theorem 10, which is of the greatest 
interest. However, since, in contradistinction to the corresponding two- 
dimensional integral, the one-dimensional integral 


1 l 
(1) ip eal 
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diverges whenever 0 < s < 1, application of Theorems 1 and 8 in such cases 
will necessitate consideration of singular rather regular integrals. This 
circumstance introduces a number of annoying even if non-essential 
complications into our analysis; in particular, instead of proceeding 
directly to the desired application of Theorem 1, we must first prepare 
the ground with a number of definitions and lemmas taken from the theory 
of singular integrals. 


11 DEFINITION. Let y and f be two real numbers, with y = 0 and 
1> >0. Let X be a B-space. The symbol A is used for an X-valued 
function defined on the real axis and we put 
(2) lAl,s= sup (1+|s|)"|A(s)|+ sup 

-0 <s< +0 -0 <s 


<+ 
h>0 


h-4|A(s + h) — A(s)|. 


12 Lemma. Let y and B be real numbers, with y >0 and 1 >B >0. 
Let X be a B-space. Let A be an X-valued function defined on the real axis, 
and suppose that ||A|l,,g < ©. Then: 

(a) The improper integral 


crane [TE dom in (PT 


exists. 


(b) There exists a finite constant M,(y, B) depending only on y and B 
such that 


(4) ITA lo.s S Maly, BAT 6 - 


Proor. Choose 7 so that 0 <7 < y and 7 <2; let (f) 1 + 7/2 =1. 
Since (1 + |o|)"|A(o)| < ||All,.¢, we have 


Ol icles 


s — g 


ae 7/2 
|a < Ital glial ne do) 


t 1/9 
x(f |s—o|-?'de) <a 
|s-o|>1 


by Hélder’s inequality. Therefore ||; ~.;>1 (A(o))/(s — o) do exists. Since 
|A(o) — A(s)| S ||All,.2 lo — s|f, and since 


(6) ə {2 =o, 


-1 0 
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we have 
a (a A ree 


and 


s+1]4 —A 

(8) f A do <a f |s —o|*-1 do < œ. 
s-1 s—o 

Therefore 
3 s-e s+1) A(o) E aii A(o)— A(s) 

(9) iy No + [|S do l 3—0 de 


exists. It follows that the limit (3) exists. Moreover, using (5) and (8), we 
find that there exists a finite constant M(y, 8) depending only on y and 
B such that 


+o Alo 
ao fa fA do| s Maly, BAs © 20 <s < +o. 
We have 
+o Alo o 
E re o— af Sh to 
A(a) 
A(o+s) 


-maj o (o+h)\(o—h) S 


Thus, since 1/(o + h)(o — h) is an even function of o, we find 


(12) al E” =9 | nE de) 

so that 

(13) al : do=+9 [da 
o (o+h)(o —h) 2 J-e (a +h)\(o—h) 


1 p +0 1 1 d 0 
~ 4h I (= a) a 
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Therefore, using (11), we find that for  >0 we have 
(14) [(7A)(s +h) — TA(s —h)| 


2 A(o+s) pf? A+) | 
s2 9 [Come 7), Grin” 
0 A(o +8) 0 A(—h-+ 8) 
Sg rere ee ome Mee coe es | 
saf” Alo +s)—Alh+ s) do + 2h 
0 o? — h? 
y i a a ae 
o o — hll 
SAh Alaf Eido 
co — Alf 
< 4h IA f, Egr 


It is clear from (14) that there exists a constant M (y, 8) depending only 
on y and $, such that |(7'A)(s + h) — (7'A)(s)| < Maly, B)Ro for —œ < 
s<-+oo. Using this statement, and using (10), part (b) of the present 
lemma follows at once. Q.E.D. 


The following definition specifies a class of functions of two real 
variables closely related to the class of functions of one real variable singled 
out by Definition 11. 


13 Dermo. Let y and f be two real numbers, with y 2 0 and 
1 >£ >0. Let X be a B-space. Let A(-, -) be an X-valued function of two 
real variables. Put 


(15) (EDAS, 82) = A(s; + h, 82), 

(EiPA)(81, 82) = A(s1, S2 +4), —0<h<o; 
(16) OMA =h-4(BMA — A), OPA =h- (BPA —A), co>h>0; 
(17) (ORASI 82) = (1 + |81|”)A(s1, $2); 


(OF A)(81, 82) = (1 + |8a|’)A(81, 82). 
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Put 
(18) 4l, = sup sup  |(ORORA)s, 82)|, 


w>hy,hg>0 © >s1,52> — 0 


and let M, ,(X) be the set of all ¥-valued functions A of two variables 
such that ||A|l,,, < œ. 


14 Lemma. The space A, (X) is a B-space with the norm ||All,.,- 


Proor. We leave the proof that ||A|l,,, is a norm in W, .(X) to the 
reader, and only prove the completeness of W, ,(X). Let {4,,} be a Cauchy 
sequence in W, ,(X). It is evident from (15)-(18) that, for each real pair 
[s3, 82], {Am(81, $2)} is a Cauchy sequence in X. Thus there exists a function 
A of two real variables such that lim, ,. Am(81, 52) =A(81, S2) for all 
—0 <8), 8. < ©. By (15)-(17) we have 
(19) lim (OPOR An)(81) 82) 

m> wo 
= (ORORA (S1, $2), —O < s1, 82 < 0, 0 2 hy, ho >0. 
Thus 


(20) sup sup OROR(A — AX} (81) $2) 


© 2h, hg>0 MO >s1,82>-0 


< lim sup ||A, — Aill, g> 121, 
m—> o 


It is plain from (20) that A € YW, ,(X) and that lim; „a || 4 — 4; lly, = 0, so 
that W, ,(X) is complete and our lemma is proved. Q.E.D. 


The following lemma is a kind of “two variable case ” of Lemma 12; 
it will also serve in what follows to verify hypothesis c(ii) of Theorem 8 
in a concrete case which we aim to study. 


15 Lemma. Let y and B be two real numbers, with y >0 and B >0. 
Let A, B EN, (X), and let X be a B-algebra. Then the improper integral 


+œ A(s,, 0) B(o, 82 
(21) (MA, Bln 83) = f S “EBC gg 
exists. Moreover, (A, B) belongs to W, s(¥), and there is a finite constant 
Maly, P) such that |)p(A, B)ll, s < Moly P) ly IB llys - 
Proor. Let — © < S1, S2 < ©, © 2 hi, ho >0. Plainly 


(ORORA o| S ||All,.¢ 
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for —œ <o <% and œ% 2h4>0, while |(OPOPB)(o, s2)| < İİB lly, for 

—o<ao<oand o2h>0. Thus, using (15)-(17) we find that 

(22) (1+ | o|(O%PA)(81, (ORBo, s2)| S lAl. Bly - 

Moreover, we have 

(23) h-|(OWA)(3,, o + h)(OPB)(o + h, 82) — (ORA), 6)(O®BY(«, 82)| 
< h-4|(O@A)(s,, o+ h) — te o)| |(O@B)(o + h, s2)| 

+ h-$|(OPA)(s,, 0)| |(O@BYo + h, 82) — (O@BY(o, sa)| 

< |(OPOPA)(s,, 0)| IIB lly. + Ally. (OPO@B)(o + h, 82)| 
S21All,.s IBlh.s- 

Thus, if M (y, 8) is the finite constant of Lemma 12, and if we put 


(24) (Cle, s) = [AE DP a, 


igs o—s 
we have ((A, B))(s1, 82) =C,,(81, 82), and have also 
(25) [ORORO 82)| + 47r ORORO, , n(S1. 82) — ORORO (81, 82)| 
< 2M(y, PlAll,.s Bils ~ <s <0, 0<h<o, 
by Lemma 12. Therefore 
(26) [A + |s2|")OWC,.(81, 82)| = [ORORO(s1, $2)|s=s0 
S 2M(y, PHA l.sllB Ils- 

Moreover 
(27) h-8 (OCs, +n)(81» 82 +A) — (ORC, (81, 82)| 

L hE SOROS, +n(S1» 82 + A) — OFC, (S15 82 + A)| + ORORO, (81, 82)| 

S4My(y, P) I ll;.s iB I.s- 


By (18) we now have |ip(4, B)|l,,¢ < 4Maly, BHA l.s Bll., and our 
proof is complete. Q.E.D. 


The following lemma is, in effect, a generalization of the Hilbert 
inequality XI.7.8. It will serve in what follows to verify the first part of 
hypothesis (b) of Theorem 8. 
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16 Lema. Let § be a Hilbert space, and let B(H) be the B-space of all 
bounded operators in $. Let y and B be two real numbers, with y >0 and 
1>B>0. Le AeA, .(B(H)), and le f be an infinitely differentiable 
§-valued function of a real variable which vanishes outside a bounded interval 
of the real axis. Then the improper integral 


A(s, © 
(28) rap =o [°° Eo 

s—o 
exists. Moreover, there is a finite constant M3(y, B), depending only on y and 
B, such that 


1/2 


e) [f ZED asl” < Maty, iA f T oas) 


Proor. It is easily seen, using the differentiability of f, that for each 
s there exists a finite constant K(s) such that |A(s,o+A)f(o+h) 
— A(s, 0) f(o)| < K(s)h* for all sufficiently small 8. Since A(s, o)f(c) 
vanishes if o does not belong to a certain bounded subinterval of the real 
axis, the existence of the improper integral (28) follows from Lemma 12. 

Let p be the characteristic function of the interval [—1, +1], and 
put 


(30) B(s, o) = A(s, o) — A(s, 8)p(s — o), — 0 <8, 0 <0. 
Then plainly 
B(s, o) 


(31) 


-| A(s, o) — A(s, 8) 
o 


rn < IA Il,.s |s — ol, |s —o| Ss 1. 


s—o 
Next, let 7 be chosen so that 0 <y < y and F <2, and let (7)~?+ 7/2 =1. 
Then, by Holder's inequality, we have 

Bis, o) o) Bio, s) d 
o—s 
A(o, 8) 


s—o 


do+ 


|s-o|2>2 


(32) Í 


s~o|21 


A(s, o) 


ao—s 


do 


= do + 


|s-0ol21 


(1+ ]o|’)72 
saif ae 


Is~olz1 |&—o| 


7/2 
<2 Ala (f (+ leho) (ec 


Is-o|21 
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If we put 


+o B ,o 
(38) (TB) yo) = f T EEA fto) do, 


it follows from Lemma 5 and from (31) and (32) that there exists a finite 
constant N(y, 8) depending only on y and £ such that 


Ba [fZ EBARA] < Ny Bhala T 1ra) 


On the other hand, it follows from (30) that 


1/2 


aldo 2) 60) do. 
s—o 


(35) (TAS) = (TB) f(s) + Als, 9) | ii 
Put 


(36) af PEP He) do =9(s). 


8 


We shall prove that there exists a finite constant N’ independent of 
y, B and f such that 


(37) (°° tte as} saf” roeas)” 


This we do as follows. Let {x,, a € A} be a complete orthonormal basis 
for §. Then 


(98) (ts), z) =à tim {+f Joe- o) A ao, za) 


inffi f jeo LOH 


C 


=o [Licht g, _ f°" Ceo) 


- 0 s— o 


(J (0), £a) do. 


s—o 


Using Theorem XI.7.8 and Lemma X1I.7.9, we find that there exists a 
finite constant A independent of f and « such that 


(39) [= WG eal? ds < Af 17), wel? ds. 
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Put WN’ = 41/2. Summing the inequalities (39) over all «e A and using 
Theorem IV.4.13, we obtain the inequality (37). Since |A(s, s)| < |/All,.¢, 
it follows from (37) that 


1/2 


+0 1/2 +o 
wo [f a soea} sa A of T roeas) 
Using (35), (36), and (40) we obtain (29). Q.E.D. 


Definition 17 below and the two lemmas which follow it prepare 
slightly modified versions of Lemmas 15 and 16 in the precise form 
required for the culminating application of Theorem 8 given in Theorem 21. 


17 DEFINITION. Let y, 8, and « be three real numbers, and let 
y 20,1 >f >0. Let X be a B-space. If A is an ¥-valued function of two 
real variables, let 


(41) (V(«)A)(81, 82) = (1 + |83|)* A(s1; 82)(1 + [s2])7*. 
Put 
(42) lA llyg. = |A lls + IF (œ)A llys 


Let A, ¢.¢(X) be the set of all ¥-valued functions A of two variables such 
that IAll.s.« < ©: 


18 Lemma. Let X be a B-space. Let y, B, and « be three real numbers, 
and let y >0 and 1 >B>0. 
(a) We have Wy .6.(¥) s Ws (£), and 4 lly.s.a = I|A lly. for 
Ae UW, .6.a(%)- 
(b) The space UW, ¢.o(X) is a B-space with the norm ||A|l,,¢,0- 
(c) Suppose that X is a B-algebra. Let A, BEU, sa(X). Then the 
improper integral 
+o A(s,, o)B(a, 82) 
(48) (WA, B) (ey, s) =9 fT EE Na gg 
-o O — S2 
exists. Moreover, (A, B) belongs to W, g .(X), and there is a finite constant 
M.{y, P) depending only on y and B such that |\b(A, B)|l,6.0S 
2Mo(y, PA lle. IB lyse: 
Proor. Statement (a) follows immediately from Definition 17. Let 


{An} be a Cauchy sequence in M, ¢ .(¥). Then, by (42), {Am} and {V(«)A,,} 
are Cauchy sequences in A, .(X). By Lemma 14, there exist elements 
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A and A in Y,,(X), such that limp,» An— Als =0 and 
Mmo ||\V(«)An —A|ly,s =0. It is plain from (15)-(18) of Definition 13 
that A(s,, $2) =lim, o Am(S1, S2) and 


A(s,, 8) = lim (1 + |sy|)*Am(81, 82)(1 + [82|)~* 
mao 
for —œ© <81, 82 < ©. Thus Â = V(«)A, proving that A € M, sa(X) and 
that limmo 4m — 4 lly.g.¢ = 0. This proves (b). 


It is plain from (41) and (43) that V(«)b(A, B) = 4(V(«)4, V(a)B). 
Thus, by Lemma 15, (A, B) e W, 5.«a(¥) and 


Ikb(A, B) |i. + i Vc)pb(A, B) llys <s 2M(y, B)\|A Ilya. HB lly.e.a , 
proving (c). Q.E.D. 


19 Lemma. Let X be a B-space, and let B(¥) be the B-space of 
all bounded operators in X. Let y, B, and «a, be three real numbers, 
and let y>0,1>B>0, and 4+y>a2}3. Let A,eU,, ,(X). Let 
fe L(—œ + œ), £), and suppose that 


(44) i lof (o)|? do < œ. 
Then the integral 
(45) (pold =f 416, 2) f(0) do 


exists for almost all s. Moreover, there exists a finite constant Ms(y, B, æ), 
depending only on y, B, and « such that 


(46) fT [gol An) S(6) ds < Moly, Baf T lof (o? do. 


Proor. By Definition 17 we have 


(47) |A1(8, @)| S Ailsa (+ ||) ~*~ + fol) 
thus 
+a p+ |4 (8s, o)|? 
(48) f £ T " (+e)? dsda 
ds do 


< Hale ff AEEA + Jal)? + Je)? S 
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The existencealmost everywhere of the integral (45), and also the inequality 
(46), now follow immediately from Lemma 5. Q.E.D. 


20 COROLLARY. With the hypotheses of the preceding lemma let T, 
be the unbounded linear operator in La((—œ + œ), §) whose domain is de- 
fined by the formula 


(49) D(T,) = (re L2((— 0, +0), 5) > laf (c)|2 do < ol 
and which satisfies 


(50) (Tif )(s)=sf(s),  fEDT). 


Let pı(4,) be the integral operator whose domain D(p(A,)) is the same as 
D(T,), and which satisfies p,(A1)f = pol 41) f, fe D(T). Then, if K is real 
and non-zero, the operator ,(A,)(iK —T,)~1 is everywhere defined and 
bounded. Moreover, lim) zino |pi(Ai)(@K — T)! =0. 


Proor. That 9,(A,)(iK — 7,)~1 is defined everywhere is obvious; 
that it is bounded follows from the inequality (46). Since ((iK — 7)~ +f )(s) 
= (iK — s)~1f(s) for each f e La((— œ, +), $), we have 


+o AY ,o 
(61) (lA KT NK) =f” FE Ho) do. 


Thus, by Lemma 5 and by (47) we have 
. +O ato 
(52) |p(AMiK—T) PSAP 0) f 


1 (1 +]o|)? 


x Fee ra 4 [op KF of 


Since limy zj» o (1 + |o|?)(K? + |o|?)~? =0 for each o, and since (1 + |o|*) 
x (K? + |o|?)"1 is bounded in the range |K| 21, —œ <o <+, 
it follows by the Lebesgue dominated convergence theorem that the 
integral on the right of (52) converges to zero. It follows that 
lim, xj. @ |1(41)(@K — Tı) +| =0. Q.E.D. 


It is now easy for us to apply Theorem 8. 


21 THEOREM. Let § be a Hilbert space, and let B(H) be the B-space 
of all bounded linear operators in $. Let D be an interval of the real axis, and 
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let La(D, H) be the space of all §-valued, Borel- Lebesgue measurable func- 
tions defined in D and satisfying 


(53) U, [stele ash =I <0. 


Let e}, e2, ..., be a family of disjoint Borel sets with union D, and let 
Hı, 92, . . . , be a family of closed subspaces of $. Let La(D, $) be the subspace 
of L.(D, $) consisting of all functions f e La(D, H) such that f(s) € $; for 
each s e e;. Let T be the operator in L,(D, $) whose domain D(T) is defined 
by the formula 


(54) DAT) =| fe Lal, 5) f. af? ds < o) 
and which satisfies 
(55) (Tf)(s) =sf(s), fe D(7). 


Ley >0,1 >B >0,and4 + y >a 2 4. Let A E A, , «(B(H)), and suppose 
that A(s, s'w € X; for all v e ¥ and all see,, 1 S i < œ, while A(s, s’) =0 
if sD. Let oA) be the integral operator in La D, 9) with domain 
D(A) = DT), and such that 


(56) (PAN) = f AG of(o) do, fe D(T). 


Then there exists a finite positive constant € = ely, B, x), depending only on 
y, B, and a, such that if ||A |ly.s.a < €, then T + g(A) is similar to T, and is 
thus a (possibly unbounded) operator of scalar type. 


Proor. The space L,(D, §) is a Hilbert space with the inner product 


(57) SD =| (Foe) do, f.g e La(D, $). 

It is plain from (54), (55), and (57) that the operator T is symmetric. Since 
(58) ((AI—T)~*f)(s) =(A—s) f(s), fe LD, 9) 440, 
we conclude, using Lemma XII.1.2 and Corollary XII.4.13(b), that T is 
self adjoint. In particular, T is a spectral operator of scalar type. 

We now wish to apply Theorem 8. Take the space X of Theorem 8 
to be £,(D,), and the space NY of Theorem 8 to be the subspace 
Ñ, 5.<(B(H)) of A, ¢..B(H)) consisting of all Be W,, ,(B(H)) such that 
B(s, ow € H; for ve H and see,, and such that B(s, c) =0 for all real 
s é D. Let A, e M. Since A(s, o)f(o)H; S H; for all s € e;, it is plain that 
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the expression (@o(4,)f)(s) of (45) of Lemma 19 belongs to $; for almost 
all s€e,, so that @o(A,)f € £,(D, $) S La(D, $) for all fe D(T). Let the 
operator p( 4) be the restriction of p(A,) to D(T), so that by Lemma 19 
and Corollary 20, g(A,) is a linear mapping with D(¢y(A,)) 2 DT), 
verifying hypothesis (a) of Theorem 8. 

We also note for use somewhat below that, by Corollary 20, 


(59) l lim |ọ(4, (iK — T)-3| =0. 
|K| > œ 


Next, in order to verify hypothesis (b) of Theorem 8, we combine the 
preceding lemmas with a straightforward density argument. The closure, 
in the topology of L.((—0o, +00), H), of the set C#(§) of all infinitely 
differentiable functions f vanishing outside a bounded interval plainly 
includes every function which is constant on a certain bounded interval 
J S (—oo, +00) and vanishes outside J. Thus, by Lemma ITI.8.3, C(§) 
is a dense subset of L.((—0o, +00), $). Therefore, by Lemma 18(a) and 
Lemma 16, there exists a bounded linear mapping T; of W,, .(B(%)) into 
B(La(— œ, +00), H) such that 

+o 
60 (Ppa f EEMO a, BeN, feos) 
Since 4, (s, o) = 0 for s ¢ D, and since A,(s, ow € §; for s € e; and v e §, it 
is apparent from (60) that I',(A,) maps Cẹ (H) into £,(D, $); thus T, (41) 
maps L,(D, $) into itself. For each A, e M, let T(4,) be the restriction 
T,(A,) |Lo(D, $) of P(A1) to £,(D, $). 

Let T, be the operator in L,((— œ, + 00), §) defined by (49) and (50), 
so that T is the restriction to L,(D, $) > D(T) of T,. It is plain that 
(iI —T,)~1 is the bounded operator defined by ((iJ — 7 )7+f)(s) = 
(i —s)~1f(s). Thus, by Lemma XII.1.2, T, is a closed operator. It is plain 
from (60) that 

+ œo 
(6D (TBA) -DATDA =] Ar oflo) fep). 
Let u be the Borel measure on the real axis defined by u(e) = fe (1+ 0°) do, 
so that by Theorem ITI.10.4 we have 


(62) f” aotsyulds) = f7" go(o)(1 + 0°) do 


for each non-negative Borel measurable function go . 
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The closure, in the topology of L(y, $), of the set CF (H) of all 
infinitely differentiable functions vanishing outside a bounded interval 
plainly includes every function which is constant on a certain bounded 
interval J = (— œ, + œ) and vanishes outside J. Thus, by Lemma III.8.3, 
CF (H) is a dense subset of Lalu, §). If g e D(T) = Lalu, H), it follows that 
there exists a sequence {g,,} of elements of CF (H) such that 


lim f’ (1+0°)|g,(2) —g(0)]? do =0. 


Then g,->g and Tg,—Tg in the topology of L,((—0oo, +0), $) as 
n —> œ. Since equation (61) holds for f e CF (H), since [\(A,) is bounded, 
since 7’, is closed and since go(A,)(iK — T} + is bounded for real non-zero 
K by Corollary 20, it follows that 


(63) (TD (4) — D (4T) = f Als, olo) do, ge D(T). 


It follows a fortiori, on restricting all the operators appearing in (63) to 
the subspace D(T) of D(7';), that 


(64) (TI(A,)—T(A)T)f=e(Adf, AE, fe D(7). 


This verifies hypothesis (b) of Theorem 8. 
Next, let A,, A, E M, and let f e CF (H). Put 


A,(8, o)AQ(o, $2) 4 : 
M do 


? 


+o 
(65) (HAr Aa))(81, 82) =F f| 

e 0—82 
recall that by Lemma 18 the improper integral on the right of (65) exists. 
Since A,(s,, 0)A.(o, 8.)v € § for v e § and s, € e;, while A,(s,, c)A2(o, 82) 
=Q for s, ¢ D, it is clear that ¥(A,, A.) E M. 

Our next aim is to show that o((A, A2)) =9(A1)I (42), thereby 
verifying hypothesis (c)(i) of Theorem 8. Formally, we need only apply 
the integral kernel (65) to a function f € Ê, and then interchange the 
order of integration in the resulting double integral to prove this identity. 
However, the occurrence in (65) of a singular proper value integral com- 
plicates this basically straightforward argument, forcing us to argue more 
delicately and at some length. The necessary detailed argument is as 
follows. Let y(-) be the characteristic function of the interval [—1, +1]. 
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For 1 > ¢ >0 it follows from Definitions 13 and 17 that 


Cae | 


sf |A2(s, o) — Aa(s, 8)x(s — o)| | 


|s—o| 
SlAalaf Is —ol?*1f(0)| do 


fol | 


|s-o}>1 [S — o| 


f(o)| do 


+ llAalk.se + 1s) f 


If we denote the sum of the two terms on the right of the inequality (66) 
by F(s), it is plain, since f is bounded and vanishes outside a finite interval, 
that (1 + s?)|F(s)|? is bounded by a multiple of (1+ |s|)~2¢*”; thus 
Jt (1 + 8?)|F(s)|? ds < œ. Therefore, if we put 


(67) sof E odo, 


s 


it follows from (66) and from the Lebesgue dominated convergence 
theorem that 


(68) tim { "(1+ o) |flo) — (TAa fo)? do =0. 


Hence we have lims—„of: =T(4)f and lim,„o Tife = 7,I(A2)f in the 
topology of La(D, $). Since yo(A,)(i — Tı)~ + is bounded, it follows that 


(69) (po( 4M (4a) f (81) = S l. oe (po(A1)f-)(81) 


=Li.m. 


670 -o 


f(s) ds\do. 


o — s 


mi A,(8,, a)A,(a, 8) 
|s-o|>e 


Since for each e >0 and for all s in any finite interval there exists a finite 
constant K(e) such that 


A (sı, o)A,(a, 8) 


ao—s 


(70) <K(e\l+lol)-'*, — |s—o| >e, 


we may apply Fubini’s theorem to conclude from (69) that 


+o A 5 A, : 
(T1) (@o(A)I'(Aa)f)(s) = Lim. f tf Ey EA do) f(e) ds 


s-o|>e ao—s 
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On the other hand, there exists a finite constant K such that for 1 >€ >0, 


(72) 


ao—s 


f A,(s,, o)Al0, s) g | 
——— do 
Ils-ol>e 


z f |A,(s,, o)42(0, 8) — Ay(81, 8)A2(s, 8)x(a — s)| de 
{s-o|>e 


lo — 


1 1 
<K — — d 
= ae [o—s| (1+]o|")” 


+K |o — s|f- tdo; 
|Įls-øj<1 


thus the function 


(13) E E A,(8, o)A,(o, 8) do 


8—o 
is uniformly bounded. It follows by the Lebesgue dominated convergence 
theorem that for each s, e (— œ, +00) we have 
+o A A 
(74) lim | Í Aalsa, o)Aalo, 8) do) flo) do 
w Jls-o]>e ao—s 


e+09- 
= cal PEA AE €) do) fto) ds. 


-o ao—s 


Since the “ mean ” limit 


tofa A A $ 
(15) Lim. | Als, 0) Alo, 8) do) f(s) ds 
670 -o ls-o|>e o—s 
and “ pointwise ” limit 
+o A ; A y 
(76) lim lj Sy NAAT ao} (0, ds, —œ <s; < +0 
670 -œ (4 \s—af>e ao—s 


both exist, it follows by Corollaries ITI.3.8 and ITI.6.3 and Theorems 
TIT.3.6 and I11.6.12 that these limits must be equal. Therefore, comparing 
(69), (74), and (65), we see that 


(77) poplar As))f =po(AriLi(Aa)f, fe Cr ($). 


Let ge D(7,). We have seen above that there exists a sequence {g,} of 
elements of Cp (H) such that g,->g and Tiga —> Tg in the topology of 
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L((— 00, + 00), H) as n> oo. Using the equation 
(78) T,L(Az) = P(Az)T 1 + po(42), 


which has already been established, and using the fact that I°,(A,) is 
bounded and that  (A.)(if — 7 )~1 is bounded, we conclude that 

T\(A2)9, >I (Ag)g as n—> œ and that 7,I\(A.)9, > 7,1 \(A2)g. Thus, 
using (77), we conclude that go(¥(A1, 42))9 = po(A1)Li(Aa)g, g E D(L1); 
therefore, restricting all operators to the subspace D(T) of D(T,), it 
follows that o(b(A,, 42))f =9(A1)l(42)f, fe D(T). This verifies hypo- 
thesis (c) of Theorem 8. 

By Lemma VII.3.4, and by (59), (I — p(A,)(iK — T)~1)~? exists and 
is bounded and everywhere defined for K real and sufficiently large. The 
hypotheses of Corollary 9 are therefore satisfied. Applying Theorem 8 
and Corollary 9, the present theorem follows at once. Q.E.D. 


By using appropriate “diagonalizing”’ transformations (cf. Theorem 
XII.3.16), we may apply Theorem 21 to analyze a variety of operators. 
The following theorem exemplifies this remark, showing how Theorem 21 
can be applied in the study of an interesting class of partial differential 
operators. 


22 THEOREM. Let n be an integer = 3, and let E” be the real n-dimen- 
sional Euclidean space. 
(a) Let V be the formal partial differential operator 
0? 0? 
1 pe ees tite meas 
(1) V ba se ape Oa 
in E", and let To be the unbounded operator in the Hilbert space L.(E") 
whose domain D(T'o) consists of all twice continuously differentiable functions 
f such that 


n fo] n 
@ matil Zol $ |e em] oreo 
as |z| > œ, and which satisfies 
(3) Tof=—Vf, fe D(T»). 


Let T be the closure of the operator T, . Then T is a self adjoint operator whose 
spectrum is the positive real axis. 
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(b) There exists a positive constant € = e(n) depending only on n such 
that if V(-) is a complex valued function in C"(E") satisfying 


(4) E f Atle Va] de <e, 


|Z) Sunt 1%En 


and if V denotes the bounded operator in L (E”) defined by 
(5) (Vf)(x) = V(x) f(z), fe LE”), 


then T + V is similar to T, and is in particular an unbounded spectral 
operator in L.(E") of scalar type. 


Proor. As the proof is somewhat lengthy, we shall outline its main 
features before beginning any of its details. Our first step is to represent 
the unperturbed operator T, as the operator of multiplication by æ in an 
L.-space of vector valued functions f(x). This is accomplished by using 
two successive transformations, of which the first is the Fourier transform, 
which represents T as a multiplication operator, and of which the second 
is an elementary change of variables, which reduces this multiplication 
operator to the standardized operator f(x) —> xf (x). The necessary argu- 
ments, up to this point, are elementary and measure theoretic. Next, 
calculating the effect of the two elementary transformations on the 
perturbing V, we prove that V appears, in the 7')-diagonalizing represen- 
tation, as an integral operator. The conditions assumed for V are then 
shown to imply the hypothesis of Theorem 21, and this brings us to the 
desired goal. 

Having set forth this brief outline, we are ready to being our detailed 
proof. 

Let f denote the Fourier transform of the function f € L.(E"), so that 


(6) fik) = (2r) 7"? Lim. flae: dz, 


N>% “jr sN 


and so that the map W : ff is a unitary mapping of L.(£") onto itself. 
If fe L,(£") a L,(£*), then by Theorem XV.11.3 we have 


(7) f) = (2m) 2] f(apet™= de. 


If fe D(T)), it follows on integrating twice by parts (a procedure justified 
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in virtue of (2)) that 
A~ > 
(8) Toflky=—[ (Vflaet? de 
En 
=|k|? f f(e? da. 
En 
Let S be the operator in L,(£") whose domain D(S) is defined by 


(9) DS) =[fe L4H] 14t ISA ak <o) 


and which satisfies 
(10) (Sf)(k) =|k|? f(k), ket. 


It follows from (8) that WT, W-1 SS. 

Next, let C%(#") denote the set of all infinitely often differentiable 
complex valued functions defined in Æ” and vanishing outside a bounded 
set, let g e CZ (E), and let g =f, with f € L,(£"), so that, by the Plancherel 
theorem (XV.11.3), we have 
(11) f(a) = (2m) 72 [ge * dk. 

En 


Integrating (11) repeatedly by parts, we find that 
(12) (1) Jal? f(a) = (27) "2 f (Veg)(ye-** dk, 
En 


so that |f (x)| = O(|x| 77") for each integer r. Since formula (11) may be 
differentiated arbitrarily often with respect to any of the coordinates 
21, ..-, n of x, it follows in the same way that every partial derivative 
o'f of f satisfies |0/f (x)| = O(|2|~ 7") for each integer r. Thus f e D(T,). This 
shows that if S, denotes the restriction of S to the subspace C?(H") of 
DS), then So E WT W71 S5. 

Let v denote the measure on Ẹ” defined by v(e) = fe (1 + |2|*) dx, so 
that by Theorem II.10.4 we have 


(13) f oerda) =f (+ legota) de 


for each non-negative Borel measurable function g. The closure, in the 
topology of La(E", v), of the set CF (E”) plainly includes every function 
which is constant on any bounded “rectangle ” 


(14) J =[a;, b1] X [a2 , b2] X 7> X [an bn] 
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in E” and vanishes outside J. Thus, by Lemma 11.8.3, Cs (£") is a dense 
subset of L.(H*, p). If g e D(S) = L.(£"*, v), it follows that there exists a 
sequence {g,} of elements of CF (E”) such that 


(15) lim f (1+ |x/*)Igq(v) —g(x)|? de =0. 
n> “En 


Then g, >g and Sg, Sg in the topology of L,(#") as n > oo. It follows 
(cf. Lemma XII.4.8(a)) that the closure S, of the operator S, is an extension 
of the operator S. On the other hand, it is plain that if k is a complex 
number which is not real and non-negative, then the operator (kJ — 8) 
admits the bounded everywhere defined inverse defined by 


(16) (AI — S) f2) = (k —|2|7)~"f (e), fe LAE). 


Thus, by Lemma XTI.1.2, S is closed. It follows that Sy = S. Moreover, the 
operator S is plainly symmetric, so that it follows from Corollary 
XII.4.13(b) that S is self adjoint. 

Since So SWT,W-1SS8, while 8,)=S, it follows by Lemma 
XII.4.8(a), and using the fact that W is an isometry of L,(H") onto itself, 
that WTW-1 =S. Hence T is a self adjoint operator. 

It is apparent from expression (16) for the inverse (kJ —S)-1 that the 
spectrum a(S) is a subset of [0, 00]. It is also clear from (16) that |(kZ—S)~}| 
approaches oo if k approaches any point in the interval [0, oo]. Thus, by 
Theorem XITI.2.9(a), o(S) =[0, œ]. Since WTW-1=S, we must have 
o(T) =[0, 00] also, and the proof of part (a) of the present theorem is 
complete. 

It follows from (4) that the function V(-) belongs to L,(#"). In virtue 
of (4) the formula 


(17) V(k) = (2r) 7 ™2 f V(xje t dex 
En 
may be integrated repeatedly by parts to give 
A8) (ak) Vik) = (2m) (PV de, [Ji <Sn+1 
En 


(cf. the first paragraph of Section XIV.2 for an explanation of the nota- 
tions employed). It follows in particular that |V(k)| = O(|k|-7"-1) as 
|k| > œ. Therefore, V(k) is integrable, and we have 


(19) V (a) = (2m)-™? ie V(kye- 2 dk. 
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Let V, be the operator in L,(#") defined by 
(20) (Vi f(b) = (2m) f D(k—ky) f(y) dk fe LAB"). 

En 


Then, by the n-dimensional analogue of Theorem X1.3.21(d) (cf. the 
discussion following X1.3.22) we have 


(21) WVW-Yf=Vif, fe Lo(E*). 


To prove part (b) of our theorem, we must therefore show that, if condition 
(4) is satisfied, the operators S and S + V, are similar. 

We proceed toward this goal as follows. Suppose, as in Section XI.7, 
that u is the measure of hypersurface on the unit sphere 2’ in Æ”, so that 


(22) f fe dz = [flre ')uldu) dr 


for each Borel measurable function f defined on Æ” which is either integrable 
over E” or non-negative. If f is a Borel measurable function on £*, let 
[f] be the vector valued function defined on [0, oo], and having values 
in the set of functions on the sphere 2, such that 


(23) {Lf 1(p)}(w) = 2-2/2 p%- f (pw), OSp<w,wed. 


It follows from (22), using Theorems ITI.11.17, ITI.11.14, and the Radon- 
Nikodým theorem (cf. Corollary TII.10.6) that the transform Z: f—[f] 
maps L,(H") isometrically onto Z= L ([0, 00), L(2)). From (23) we 
have 


(24) {elf Po) = {L9lp)}(~), 


where g(k) =|k|? f (k), and thus it follows in the same way that the operator 
ZSZ-1=¥Ff in Z, has the domain 


[ p° |f (P|? dp< ol 


(25) DS) = {fe gL, 


and satisfies 
(26) (Sfp) =pf(p), feLo- 


Arguing once more in the same way, we find the following description 
of the operator ZV,Z-1 =V. Write 


(27) Valp, p's w, w) = (277) pp) pw — (p) Pw). 
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For all 0 < p, p’ < œ, let V(p, p’) be the integral operator in L.(2, p) 
defined by 


(28) (Falp, ppw) = L Valp, pi w, w')p(w')u(dw’), pe LX, p). 
Then we have 
(29) (PP = S Valo pS de, fe Lall0, 00), LZ, m): 


Since Z is an isometry of L.(#") onto Z, it follows that to establish part 
(b) of our theorem, we have only to show that, if condition (4) is satisfied, 
the operators F and F + ¥ are similar. 

This we do as follows: in virtue of (4), equation (18) may be differen- 
tiated once and twice under the sign of integration, and we conclude that, 
for a certain finite constant M independent of €, we have 


ep 
zzz (*) 


n+1y-1 
ik, ok, S Me(1 + |k[n*?)-?. 


+ 


ij=l 


av 
3k, (k) 


0) Ph+ > 


Let us now note that there exists a positive absolute constant c such that 
(31) |w —aw’| = clw — w'| 


for all 0<« <1 and all w, w'e X. Indeed, if 0 is the angle between w 
and w’, it is clear that |w — aw’| >1 if 7/2 < |6| < 7, while 


(32) [w — a’| 2 [sin 6], oss 


while |w — w'| = 2 |sin(0/2)|. Since there exists a positive constant cy such 
that |sin 8| = co |sin(@/2)| for 0 < |0| < 7/2, formula (30) follows at once. 
Using (27), (30), and (31), we see that there exists a finite constant M” 
independent of € such that 


(33) |V(rw —r'o')| < M’'e(1 + max(r, 7’)|w — w|). 


Similarly, differentiating (27) once and twice, and using (30) and (31), we 
find 


2 


ôr Or’ 


(rw —r'w') 


(34) | dle (rw —r'w') ay 


av | 
(rw —r'w')} | + 


+ 


< M'e(l + max(r, r'o —w'|)-*-}. 
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For 0 < r,r’ < œ, let V4(r, r’) be the integral operator in L.(2, p) defined 
by 


65) (Vals rela) =f Piro —r'o")p(o'ulder”), pe L2, p), 


so that 
(36) Valp, p) = 82m) pp) TEV ap, (p')?/”). 
By (33) and 34), and using Lemma 5, we have 
(37) |Va(r, 7’)| + | sale (r, r’) +| a (r,r) | + a (r, 7’) 
sue ——__7_. (du, 
z (1+ max(r, r’)|@ —wo|)**} 


where w, =[1, 0, 0,..., 0]. Put 


1 


igesapune: Fan 


38 I(«) = 
(38) (0) =f 
The integral J(«) plainly remains bounded if the parameter œ remains 
bounded. Let X, be a small spherical neighborhood in 2 of the point 
wo, and let X, = 2'— Zo . Put 


1 
(39) Ty(«) z. TESE p(dow), 
and 

1 
(40) I(x) = ts (palo — o pdw), 


so that (æ) =Ip(a) + I,(«). It is clear that Z (æ) =0(x7 "+ D) as a— oo. 
Moreover, by introducing coordinates in 2), and using the ordinary 
formula for change of variables in a multiple integral, the reader will 
readily verify that J)(«) may be written in the form 


= D(y) 
s Ga e 


yeEn-1 


where D(y) is a certain positive infinitely often differentiable “ density ” 
function of the variable y. Making a change of variable in the integral (41), 
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we find that 
D(y/) 
42) To(oe) = a7 t» I dy: 
l í I (1+ |y|)"*? Z 
ycEn-1 

thus Iy(«) = O(a~ "~) as « > œ, and it follows that I(a) = O(a-“~}») as 
a—> oo. This shows that there exists a finite absolute constant c’ such that 
I(«)| < c’(1 + |a|)-"*?. Using this inequality and using (37), we see that 
there exists a finite constant M” independent of € such that 

ôV, 


tiar) 


2 
ne ATS 


oy 
(43) | V(r, rO| + | os (r, r’) nee 


< M'e(l + max(r, 7’))-"*}. 
Put V5(r,7') = (r 7’) 2/2 V4(r, 7’). Using (48) and Definitions 13 and 17, 
we find that there exists a finite constant M” independent of e such that 
(44) E Olaz. 12,1 SMe. 


Since 4(27)-™?V5(p"/?, (p’)/?) = Valp, p’) by (36), it follows by a second 
use of Definitions 13 and 17 that there exists a finite constant Mọ inde- 
pendent of ¢ such that 


(45) [Val lara. aa. 2 S Moe. 


Therefore, using Theorem 21, we conclude that if € = e(n) is sufficiently 
small, the operators Y and F + ¥ are similar. Q.E.D. 


The information established incidentally in the course of the above 
proof is sometimes useful. We record this information in the following 
corollary. 


23 COROLLARY. Letn = 3, T, X, and p be as in the preceding theorem, 
and let V be a complex valued function defined on E” for which the quantity 


(46) [VIt= $ f (+ lel 2 P(e) |da 
|J|)Sn+1%En 


is finite. Then: 
(a) If f denotes the Fourier transform of the function f e L,(E"), so that 


(47) f(k) = (20) 7"? Lim. f (£e da, 


N+ Yr sN 


2449 SPECTRAL OPERATORS WITH CONTINUOUS SPECTRA XX.2.23 


and if we put (Za f \(p, w) = 271p- PF (pw) and (Za fp) = (Zf P *) 
for fe La(E"), then Za is an isometry of L(E") onto L,([0, œ), 
L,(2, H) = L2- 

(b) The operator S = Z, TZ; ' has the domain 


(48) DA=] fe L, ie p? | f(p)|? dp < eo} 
and satisfies 
(49) (FINA = efle) FEDS 

(c) If V denotes the operator in La(E") defined by 
(50) (Vif (2) = V(x) f(x), 


then V = Za V Zz 1 is the operator in L > defined by 

(51) WI =S Valp oflo do, fe La, 

where V o(p, o) is the operator in L(2, p) defined by 

(52) (Va(p, 99) = H2n)-"/%(pp') 21t f Pepo — (p'o) 


X g(w’)p(dw’), g e LA(S, p). 
(d) If V(r, r’) denotes the operator in La(X, u) defined by 


(58) (Var o= Porong uda), ge LAZ, p), 


then there exists a finite constant M „ depending only on n such that 


69 ranri eer 


e Ban 


2y 


+ ðr or’ 


= (r, r’)| < Ma |V|i + max(r, 7’))-"41. 


We conclude the present section with the following theorem, due to 
John M. Freeman, which applies Corollary 3 to an interesting class of 
quasi-nilpotent operators, 
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24 THEOREM. Let 1< p< œ, and let L,[0,1] be the space of all 
complex valued, Borel- Lebesgue measurable functions defined in [0,1] and 
satisfying 


(1) (f Irl aa)” =f] < 


Let g(x, y) be defined and continuous on the triangle D ={[x, y]|0 Sy S 
x < 1}, and let G be the integral operator (of “Volterra type’’) defined by 


(2) (Ge = f oe af) dy fe Lyf, 1. 


Suppose that 

(i) g has continuous partial derivatives of all orders up to the second 
everywhere in the interior of D, and that these derivatives may be extended 
continuously to the whole of D; 

(ii) g(a, x) >0 for 0 Sx 1, and f} g(x, x) dx =c. Then, if J denotes 
the integral operator defined by 


(3) (=f Sady fe L,{0,1) 


it follows that the operators G and cJ are similar. 


Proor. We shall first prove Theorem 24 in the special case in which 
g(x, x) = l, and then show, by an easy supplementary argument, that the 
general case follows from this special case. 

Let be the class of functions A defined in the triangle D, and 
satisfying the following conditions: 

(a) A is continuous in D, and has continuous first and second partial 
derivatives with respect to v in the interior of D, which can be extended 
continuously to the whole of D. 


oA 
(b) A(x, 2) = an © z) = Osea. 
If Ae O, let 
ôA 
(4) etl on [+] a (a, |, 


so that A becomes a B-space. Put 


(5) ASe =f A vse) dy, fe Lyf0,1] 
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for A e Y, so that p(4) is a bounded linear operator in L,[0, 1]. Plainly 
|p(A)| < K,|A|, where K; is a certain finite constant. Put 


(6) (layne) =f i [Aeey Adeu fe L510, 1. 


Since 


vA, 
(7) = fs Ete- 8 dé = wy —[ SS E+ ew Hae 
0 Ox’ 


ôx ôy = 


for A4, e N, the function on the left is continuous, and thus [(A) is a 
bounded linear operator in Z,[0, 1], and |I(A)| < K2|A|, where K, is a 
certain finite constant. 

If A eù and fe L, [0,1], we have, integrating by parts, 


@ Mapa = [2 f E eteuas dja 


= -f =| 2 (+2—-y, eval y) dy 


= OA z 
+{f EE a ael f Ho da) 
zí ev GA 
= =) Uf De (§+2—y, £) ag) sen dy. 
Moreover, by Fubini’s theorem we have 


(JI(A)f)(2) = i A(é+n— v € aehf tw duld 
AL l E T Ag+ =n §) aha 1 y) dy 
Z [f AlE + @—y, £) dE — f a &) a6} Fay ay 
| [f a+ e-u eae] fen dy 


=f a (x, y)f (y)dy — is 6 (E+ —y, éyael 1 y) dy. 
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Thus 
(10) JIA) — I(A)J = (A), Ae. 


If we write B,(x, y) for the kernel of A,, that is, for the continuous function 
appearing on the right-hand side of (7), then supy;4;¢p|Bi(x, y)| <|A,l, 
and we have 


MASA f old fe £510.13, 


for A, e M, and thus, inductively, we have 


|A,|" 


(n —1)! 


(12) KADI S [ (e= do. 


Thus 


„a ——{ Ail" 
ra= oà) 


so that T (4) is a quasi-nilpotent operator for each A, e M. 
Next, for A, A, e M, put 


08) (Ma, Aint =f A m[ ef AE +n n 6 ae 
’ 1 ae) N ôn dy Jo 1 n Y, ż N. 
Then plainly 
(14) p4, A)) =p 4TA). 
Writing B, for the right-hand side of (7) once more, we have 


(15) (WA, A1))(@, y) = f° Ale, 0) Bal Y) dr 


It is then plain that (%(A, A,))(2, y) is continuous. Moreover, 


pld, A 13A 
(16) ane (x, y) =Í p (x, 7) Bi(y, y) dy 
and 
HA, A z 3A 
(17) aan (z, y) = [ E (x, n)B1( y) dy, 


so that (A, A,)(x, y) has two continuous partial derivatives with respect 
to x. Furthermore (A, A1)(x, x) =(0p(A, A;)/Ox)(z, x) =0 forO<x<1, 
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and therefore (4, 4,) e UW. Taking (16) and (17) into account, we see at 
once that there exists a finite constant K, such that |J(A, A,)| < 
K,|4||A\]. 

Let A e YW, and let o, be the transformation of Y into itself defined 
by o4(A,) = 4(4, A). We shall show that o, is a quasi-nilpotent trans- 
formation, Indeed, from (13), (16), (17), and the inequality preceding 
(11), we conclude at once that 


oa Ale, y] + #o,(A,)[x, y] 
ôx On? 


< |A| |4| |e — yl; [z, y]e D; A, A, EU. 


(18) |o4(Ai)[a, y]| + 


Let us assume, inductively, that 
60%(A;) @.0%(A,) 
ôx Ox? 


(19) [o%(Ay)[a, yl] + lz, y] | +| {x, y] | 


A 
<a i |A alje — yl, [z, yle D; A, A, EN. 
Then, using (13), (16), (17), and (7), we find that 


20) Jotania gp) +] Ep, y 


<u 


34t (A) 


+ Ou? 


[x, y] | 


00%( 


AD ean) | aghan 


y | 82 
a+ | - 


A 
<! i 120 +f (n —y)"dy 
a|r + ia 
Spi ile — yr. 
The inequality (19) must therefore hold for all n, so that 
(21) |o%| =o(5 z£) asn —> 0, 


which proves that o; is a quasi-nilpotent transformation for each A e %. 

Applying Corollary 4, we find that J + A is similar to J. This proves 
our theorem in the special case in which g(x, x) = 1 and (ég/éx)(x, x) =0, 
0 < x < 1. To reduce the general case of Theorem 24 to this special case, we 
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argue as follows. Let ẹ be a monotone increasing function with two 
continuous derivatives, mapping the interval [0,1] into itself. Let $ 
be the inverse of the mapping J. Let a(x) be a complex valued function 
with two continuous derivatives defined in [0, 1]. Put (¢f)(z) = exp(a(z)) 
f(d(z)) for each fe L,[0,1], so that % is a bounded linear trans- 
formation of L,[0, 1] into itself, whose bounded inverse 4-1 is given by 
the formula (ib~ +f )(a) = exp(—a(f(x))) f (f(z). From the definition (2) of 
the transformation G, we find that 


@2) (EEEN = | thle, Nexpraty) — afie) hey) dy 


=f PE), PDPO) — PEE wily) ay. 


We now choose p(x) so that 


(23) P(x) = cg(yp(a), f(x))-?, 
that is, 
(24) b'(«) = c-49(x, x), 


where, as in (ii), c = fb g(x, x) dx. Putting ¥(0) = 0 we have (1) = 1 from 
(24), so that ẹ is indeed a function with two continuous derivatives 
mapping the unit interval onto itself. Putting 


glz, y) = gla), $y)’ (yexp(a(h(y)) — achia), 


we have g,(%, x) =1, 0 <x < 1. If we choose the function a so that 


w [E geo dong erl[ade dongs)” =a, 
we shall have (29,/x)(x, x) =0, 0 <x <1. Moreover, by (22), we have 
(26) (PGFN) = f ante, ni) ay. 

Applying the special case of Theorem 23, which has already been 


proved, to the mapping (1/c)%-1G, we find that (1/c)s—1G{ is similar to 
J, so that G is similar to cJ. Q.E.D. 
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3. The Friedrichs’ Method for the Discrete Spectrum 


The perturbation-theoretic methods developed in the preceding section 
can be adapted for application to operators with discrete spectrum, and 
even for application to operators with mixed discrete and continuous 
spectrum. In the present section we shall illustrate this assertion by proving 
a number of results, due to Robert E. L. Turner, concerning the spectral 
character of certain classes of compact operators. 

We begin by generalizing Theorem 2.1. 


— 1 THEOREM. Let X bea B-space, and le T e B(X). Let Ubean “ auxili- 
ary” B-space, with the norm ||| All], A EN. Let M, and M, be real numbers 
greater than zero, Suppose that: 

(a) a continuous linear mapping p : A —> B(x), of norm at most M, is 
given; 

(b) a continuous linear mapping q: A —>A, of norm at most My, ts 
given; 

(c) acontinuous linear mapping T : UW —> B(X), of norm at most M,, such 
that 

TIA) -I'(A)T =9(A—7(A)), AeA, 


is defined; 

(d) a continuous bilinear mapping (A, A;) of M x W into W is defined 
and satisfies 

(i) pA, Ar)) =T (A)p(4:) A, 41 EM; 


(ii) IA, 4A) S Ma IAM MArll, 4, 4 E W; 


(e) a continuous bilinear mapping po( 4, Aı) of A x W into W is defined 
and satisfies 


(i) p($olA, Ar)) =p 4) 4), 4, AEM, 
(ii) Io(A, 4) S Ma HAN Ari], 4,46%. 


Then for each A, e A such that ||| A, || < (6M2)71 + (2M,)—', there exists an 
operator A e UW such that the operators T + g(A,) and T + —p(n(A)) are 
similar. 

REMARK. Theorem 2.1 is the special case of our present theorem in 
which (4o) =0 for each A, e W. For application to compact operators 
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later in the present section, we shall define (A) in such a way that 
p(n(4o)) is the “diagonal part” of p(AQ) relative to a base for the space 
X in which the operator T is diagonalized. 


Proor. We shall search for an operator U and an A e Y satisfying the 
equation 
(1) U(T + p(A1)) = (LF + p(y(A)))U, 
assuming that U has the form U = I + T (4). Taking U to be of this form, 
we see that equation (1) is equivalent to the equation 
(2) (I+ P(A))(P + (Ar) = (T + g4) + FA), 
that is, to 
(3) pA ~ 9 A)) + pm A)) + pA) — P(A) (Ar) =p(41). 
By hypotheses (d) and (e), this last equation would follow from 
(4) A+ f(A, A) — WA, A) =A; 
thus, to solve (1), we have only to solve (4). We solve equation (4) for A 
in terms of A, by an iterative procedure. Put A“ =: A,, and, inductively, 
put 
(5) AOD = Ay — Yo, AM) + YA, A1). 
Put t, = ||A™ || ; then, noting that A@ = A,, we find at once from (5) 
that 
(6) bansi Sti + Math + Matita. 
We shall prove inductively that t, < 2t,. For n = 1, this is clear. On the 
other hand, assuming the truth of our assertion for a given n, it follows 
from (6) that é,,, < tı + 6M,#?. Since, by hypothesis, 6M,t, < 1, we have 
ta+ı £ 2t, and our assertion follows. It also follows from (5) and hypotheses 
(d) and (e) that 
(T) JA@tD — Ay 

S MAJAP + AC PU + Art) Ae — AOI]. 

Since, by what we have proved, |||4A|l| < 2¢,, it follows from (7) that 
(8) Ae? —AM]] S 5M, E, JAM — ACMI]. 


Since 5M,t, < l by hypothesis, it follows from (8) that the sequence {A} 
converges to a limit A, which necessarily satisfies |l|.A ||] < 2 |l|.4,]l| . Thus, 
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by hypothesis, |I(A)| < 2M, ||Al], <1, so that by VII.6.1 the operator 
I+ IA) has a bounded inverse. 

We have now shown that equation (4) has a solution A such that 
U =I + IA) has a bounded inverse. Since equation (4) implies equation 
(1), we see that T + o(A,) and T + g(n(A)) are similar operators, and the 
proof of our theorem is complete. Q.E.D. 


We shall apply Theorem 1 as follows. Let ¥ be a separable Hilbert 
space, and let T be a compact normal operator. By Theorem X.3.4 there 
exists a complete orthonormal basis {x„} consisting of eigenvectors of T. 
We let Tx, = Àn £n, and suppose that none of the eigenvalues A, is multiple 
(that is, that the sequence {A,} contains no repetitions) and that A, 40 
for n = 1. By Corollary X.3.5 we have A, —> œ. Let r, be the distance from 
the eigenvalue À, to the other points on the spectruin of T, so that r, > 0, 
while, of course, the sequence {r,,}, like the sequence À, , is bounded. Let R 
be the closed, densely defined, unbounded operator in ¥ whose domain D(R) 
consists of all the elements x = )'°_, «, 2, in ¥ for which $ z- r3? |æ]? 
is finite, and which is defined by 


(9) z( £ an) DAR 
n=1 n=1 


It is plain from the definition of R and the boundedness of the sequence 
{ra} that the operator R~? is bounded. Let Qf be the set of all operators 
A e B(X) for which AX ¢ D(R) and for which RA belongs to the Hilbert- 
Schmidt class HS, and let ||| A|l| = || RA ||, so that the norm of an element 
A e ù% is simply the Hilbert-Schmidt norm of the operator RA. 

If A, Eù and {A,} is a Cauchy sequence, then, since R~? is bounded, 
(4, —An)t| S lAn — Anll S |R- RUA, — Ay) II S |R- NA, — Anll by 
Corollary X1.6.5. It follows that {A, x} is a Cauchy sequence of vectors 
for each x e X. Moreover, by definition of the norm in W, {RA, x} is 
also a Cauchy sequence. If A =lim,,,, A,, then, since R is a closed 
operator, we have Ax e D(R) for each xe ¥, and RAx =lim,.,. RA,2. 
Thus, using Theorem X1.6.4 and the definition of the norm in QI, we find 
that lim, .., || 4, —A|l| =0, proving that N is a complete B-space. 

Let p be the identity mapping of Y into B(X). Since R~? is bounded, 
it follows from Corollary X1.5.6 that 


(10) |A| = |p(A)] < llp(4) |] < |R- IRA |] = |R- HAN. 


XX.3.1 FRIEDRICHS’ METHOD FOR THE DISCRETE SPECTRUM 2451 
Thus the norm of the mapping ọ is at most | R-4|. Let 7(A) be defined by 


a A) ( È otn) = È alder, ta 


for each a = )'_1 &, 2%, in X. Then, by Corollary X1.6.3, we have 


(12) lln)? = È (Az, Ea)? == 2 |(RAx, , £n)|? 
< | RAP = | A]]?. 
Put 
(13) T(A)x z. a ry — “ En) (£, Bin) Bn 


for x e ¥ and A e U. By Schwarz’ inequality, and since {x,} is an ortho- 
normal basis, we have 

(Em, A*&n) 4 

An o Àm |(x, Lm)| 


Therefore, by Lemma IV.4.9 and Corollary X1.6.3, the series (13) con- 
verges and |I(A)| < IRA || = |||A]l|. By (13) we have 


Ms 
= 
>» 
3 
w 
3 
z2 


15) (TI(4)— T(4)T)e = 


m. 
x| 8 
x 

| 
> 
3 


3 


a3 
gl 


(Ems A*L) (E, Lm) En 


RI 
m. 


| 
3 
zis 


(Em ’ A*zx,)(%, a oa a: s (Atr, Ln) (x, Ly )Eq 


n= 


3 
an 


i 
3 
s8 


for x e ¥. Thus, since {x,} is an orthonormal basis, and by (11) we have 
(16) (TIVA) — F(A)? )z =} (Az, 2,)%, — (A)ax 
n=l 


= Az —7(A)z. 
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This shows that hypotheses (a), (b), and (c) of Theorem 1 are verified with 
M, =max(1,|R-\). 

If A, A, E M, define y(A, A,) by Y(A, 41) =I(A)Ay, and (A, 4) 
by po(4, A,) =(A)I(A1). We have already seen that (A) € M, so that 
7(A)X = D(R). Thus, using the inequality |I(A,)| < |l|A,]l], and using (12) 
and Corollary X1.6.5, we have |1n(A)I(Aa)l = IEAA) A) S IAN 
x [TAD] < MAN NA 

Next, let x e ¥, and let x = X f 1 «,2,. Then, by the completeness of 
the orthonormal set {x„}, we have 


(17) A x= X Anl AEn, Fm) 2m» 


nem= 


and therefore by (13) we have 


(18) TAA = È aA, 2a) Eei g, 
ie Àm ~ Àr 


nym. 
m#l 
The “ matrix elements” (T (4)A £n, xı) are given by the formula 


(19) (I(A)A,2q, zı) 773 £ (Atn ? Lm)(A Lm ? zı) 
e a 
m#t Am =? A 

Using this fact, Schwarz’s inequality, and Corollary X1.6.3, we may esti- 

mate the norm ||RI(A)A, || as follows: 


S 3 A (2 rT AEn Em) [ra | (A%m> “ily 


. 


lz „) Atm: x) 
2, ( 1%, ae Ài 


20) RTA = È A 


P 
m# 

co} 2 
È (Ratas )||(BAty, 1) 
p 


IA 


$ [$ IRAs, a) È Rdza, z) 


n l= 
= ||RA,|| RA j = MAN All. 
It follows by these same estimates that I'(A)A,x e D(R) for all x e ¥. 
Thus hypotheses (d) and (e) of Theorem 1 are satisfied with the constant 
M,=1. 
Therefore, if we apply Theorem 1, we obtain the following result. 
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2 THEOREM. Let H bea separable Hilbert space, and let T be a compact 
normal operator in $. Let {x,} be a complete orthonormal set of eigenvectors 
of T, and let Tx, = Àn £n . Suppose that the sequence {À} contains no repeti- 
tions, and that all the eigenvalues A, are different from zero. Let R be the 
closed, densely defined, unbounded operator in $ whose domain D(R) consists 
of all the elements x =Y Z1 oy, £p in H for which X Zz: r3? |æn|? is finite, and 
which is defined by RÈ 221 An 2n) = VPa1 Tn en Ly Let U be the set of all 
operators A e B(§) for which AH S D(R), and for which RA belongs to the 
Hilbert-Schmidt class HS. Then there exists a positive constant e(T) depending 
only on T such that if A eN and ||RA|| < e(T), then T + A is similar to an 
operator T, commuting with T. 

3 COROLLARY. If, under the hypotheses of the preceding theorem, we 
have ||RA|| < (1), then T + A is a spectral operator of scalar type. 


Proor. Since the operator T, of the preceding theorem commutes 
with 7, it must map every eigenspace §(A,) of T into §(A,). Thus we must 
have 7,2, = 4, %,, Where u, is some complex constant. Then (Tfx, , £m) = 
(En, Talm) = fim Ôn, m» proving that Tz, = ji,2,. Therefore T, and T¥ 
commute, so that 7, is normal. Since T + A is similar to T,, T+ A isa 
spectral operator of scalar type. Q.E.D. 


Modern operator methods will next be used to discuss classical 
wave theory. 


4. The Wave Operator Method 


In the present section we shall develop a circle of ideas which have 
played a great role in recent theoretical physics. The central formal notion 
of this group of ideas is most easily seen in the proof of the following 
interesting (even if false!) pseudo-theorem. 

PsruDo-THEOREM. Any two self adjoint operators in Hilbert space are 
unitarily equivalent. 

PsEupDo-PrRoor. Let the two operators be H, and H,; put U, = 
eitH1e-itH2 for all real t, so that by Theorem XII.2.6 U, is the product of 
two unitary operators and is therefore a unitary operator. Write U. = 
lim; o Us, so that U», as the limit of unitary operators, is itself unitary. 
We have e®#1U ,e- #2 — U,,,; thus e81U,, e~ ##2 = U,, or et U o = 
Uœ e8#2, Differentiating this last equation with respect to s and setting 
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s=0 we find H,U œ = U œ H3, so that Už H,U „ = H, , and therefore H, 
and H, are unitarily equivalent. Q.E.D. 


The error enters, of course, in the implicit assumption that U,v has a 
limit U „v for all v in Hilbert space. However, by adding suitable hypo- 
theses and by arguing more carefully, we can extract a kernel of truth from 
the erroneous proof above. Let us begin to retrace our steps, more carefully 
this time! 

Throughout the remainder of the present section, § will denote a 
complex Hilbert space. 


1 DEFINITION. Let H, and H, be two self adjoint (possibly unboun- 
ded) operators in §. Put 


(1) X (Ai, H3) = {x e 9| lim eit: e- #2 x exists}, 
t+ œ 
and 
(2) UH,, H,)x = lim ets e7 ithe y, we) (Ay, H3). 
t+ o 


2 Lemma. Le H, and H, be two self adjoint operators in H. Then 
Y (Ay, H,) is a closed subspace of $. Moreover, (U(H,, Hyv, U(H,, Hoyw) = 
(w, w) for all v, we È (Ay, H3). 

Proor. The operators V, = eitie- itH2 are unitary by Theorem 
XII.2.6, so that our first assertion follows immediately from Theorem 
II.3.6. We have (Uv, U w) = (v, w) for all v, we X (H,, H3), and, letting 
t — œ, we obtain our second assertion. Q.E.D. 


3 Lemma. Le H,, H,, and H, be three self adjoint operators in $. Let 
we) (Ha, Hı). Then U(H,, Hı)xe} (H, Hz) if and only if xe } (H;, Hı), 
and, in this case, U(H;, H.)U(A., H,)e = U(H;, H,)z. 

PROOF. Put US? > Se eithe enti yg- 2) eiths en itHe | and yL- 1) _ 

etHs e- #1 for all real t, so that the operators Y%(!:7) are unitary by Theorem 
XII.2.6, and so that Uo DUP V = UE.) If xef (Hı, Hı) and we put 
wv = UH, H,)x,, then 
(3) USB yg = UP DUL- Vy = UL op! 4 ULP Ax — YP» Vay), 
Since the second term on the right of this last equation converges to zero, 
it follows that %{3- Vv has a limit as t—> œ if and only if Y$: 2x’ has a 
limit as {> œ, and that, if either limit exists, both limits are equal. 
Q.E.D. 
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4 COROLLARY. Let H, and H, be two self adjoint operators in $. Then 
UWH,, H) X (Hy, H3) => (Ha, H,), and, if x e X (Hy, He), we have 
UH, H,)U(A,, Ho) = 2. 

Proor. It is plain from Definition 1 that } (H,, Hı) = $, and that 
UH,, Hı) = 1. Therefore, if we let the three operators of the preceding 
lemma be H,, H,, H,, we obtain the present corollary. Q.E.D. 


5 COROLLARY. Under the hypotheses of the preceding corollary, 
UH,, H3) is an isometric mapping of ¥ (H,, H3) onto X (H3, Hy). 


Proor. By the preceding corollary, %(H,, H.) (Hı, H3) = 
\\(H., Hı); the isometry of %(H,, H,) is stated in Lemma 2. Q.E.D. 


6 Lemma. Let H, and H, be two self adjoint operators in §. Then: 


(a) If —œ <s < +œ, andxe) (Hı, Ha), wehavee*#2xe) (Hy, H3) 
and U(H,, Hojet2 x = e1 Y(H,, H,)x. 

(b) If F(-) is any bounded Borel function defined on the real axis, then 
F(H3) X (Hı, Hə) S È (Hı, H3) and 
(4) U(H,, Hz) F(H,)x = F(H,)U(A,, H,)2, TE >. (Hı, H3). 


(c) Let D(H,) be the domain of H,, i=1, 2. The restrictions 
H,| È (H2, H,) o D(A,)) and H3| È (Hı, H2) o D(H3)) are self adjoint 
operators in ¥ (H3, H,) and Y (H,, H3), respectively. Moreover, 
(5) Hi| È (H2, H1) a D(H,)) 
T UH, A,){H, 


> (Hı, Hz) O D(A2)}U(Ai, Ha) t. 


Proor. Let xe) (H,, H3), and let s be real. Then e- #2 etH: e~ Hi 
etHo g = ei(t-9H1 e- it-9B2 7, and therefore e*#2x e $ (H,, H) and e-i 
U(H,, H,)e*#2% =} (Hy, Ho), proving (a). 

From (a) it follows that, if F, is a finite linear combination of the 
exponential functions e‘* of A, then Fo(H,)z e } (Hy, H3), and Fo(H,) 
UH, Hojs = U(A,, H,)F(H,)z. By the Stone-Weierstrass theorem 
(IV.6.16), any continuous function F vanishing outside a compact subset 
of the real axis is the uniform limit of finite linear combinations of such 
functions. Thus, by Theorem XII.2.9(a), we can find a sequence F, of 
functions which are finite linear combinations of exponential functions, 
such that lim,» F,(H,;) = F(H,) in the uniform topology of operators, 
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i= 1, 2. We therefore find that equation (4) is valid whenever F is a 
continuous function vanishing outside a compact subset of the real axis. 

Next let F be the characteristic function of an interval of the real 
axis. Using Theorem XII.2.6, it follows that we can find a sequence F, of 
continuous functions, each vanishing outside a compact subset of the real 
axis, such that lim, ,,. F,(H;) = F(H,) in the strong topology of operators, 
ù = 1, 2. Therefore equation (4) is valid whenever F is the characteristic 
function of an interval of the real axis. 

Next, let #,(-) be the spectral resolution of the operator H,, i = 1, 2. 
Put x' = U(H,, H.)x. Let F be an arbitrary bounded Borel measurable 
function. By Lemma IJI.8.3, we may find a sequence {F}} of functions, 
each of which is a finite linear combination of characteristic functions of 
subintervals of the real axis, such that 


(6) lim f PIFI) — FOA) =0, 


where, for each Borel set e, 
(7) v(e) = |£,(e)x|? + |Eale)x'|?. 
If we put F(A) = FLA) if [FNA $C = sup- ozac lFOA), and F,(A) 


= C-1 F(A) if |FU(A)| >C, then {F,,(A)} is uniformly bounded, and we 
have |F (à) — F(A)| < |FU(A) — F(A)| for all n and A, so that 


(8) lim f TOIFA) — FOA) = 0. 


Thus, by Theorem XII.2.6, we have lim,.,. F,(H,)2’ = F(H,)x’ and 
lim, o F,(H.)x¢ = F,,(H,)x. Using what we have already proved and using 
Lemma 2, we find that F(H.)x e } (H,, H3) and that 


(9) F(H,)U(A,, Hoje = lim F,(H,)U(A,, H.)x 


= lim &(H,, Hə)F, (Ho) 
= UA,, H2)F(A2)2, 
proving (b). 

To prove (c), note that by (b) the two operators (+7 — H)! map 
¥ (Ai, Hz) into itself. If (iZ -H,)-1 }, (Hı, Hz) were not dense in 
$ (Hı, H3), it would follow by the Hahn-Banach theorem (cf. Corollary 
II.3.13) that for some 042 e } (Ay, H3) we have (x, (iI — H,)-1y) =0, 
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y¢ >. (H, A,). But then ((—iI — H,)~ tx, y) =0, ye X (Hı, H3), so that 
(—iI — H,)~*x =0, which is impossible. It follows that 


(iI —H,)-? ¥ (Ai, Ha) SY (Ay, Ha) Oo D(A.) 


is dense in È (H,, H3). 

Let 2 e }. (A,, H2) o D(H3). We shall show that Hax e } (H,, H3). To 
prove this, we reason as follows. We may write H.x =y + y2, where 
yi € >. (Ay, H,) and yE § © Y (Ai, H3). By Corollary XII.2.7, we have 
(I + H2)~} = (il — H,)~1(— il — H,)~1, and therefore, using (b), we have 
(I + H3)-1H, 2 = (iI — H,)~(i(iI + H,)- 1x — x) e X (Aj, H3). Therefore 
(I + H3)-1y, + (J + H3)-1y. € } (Hı, H3), a we see that (J + H2)-? 
y2€ > (Hı, H.). But since (I + H2)-1 X (Ay, Ha) S X (Ai, Ha), it follows 
that (I + H3)-(§ © } (Ai, Ho)) S $ © $ (H, Hz). Thus (I + H3)-*y,=0. 
But then y, =0, which proves that Hax e ) (Hı, H,). It is immediate 
that A, = H.| ($. (Hi, H2) n D(H,)) isa symmetric operator in )'(H,, H3), 
and it follows that H, is closed. Since 


(10) (4 62 — A) (4 il — Ha) |X, (Ai, Ho)} = 1, 


it follows from Corollary XII.4.13(b) that A, is self adjoint. Then, plainly, 
(+i — Ê)! = (+ il — H,)-*| > (Aj, H3). Arguing in the same way, we 
find that A, = H,| p (Ha, H,) 0 D(H,)) is a densely defined, self adjoint 
operator in Ý (H,, H,), and that (J — Ê) -1 = (iJ — H,)-+| ¥ (H2, H,). 
By (b), and by oa 4 and Corollary 5, we have 


(11) (i — Bı) = U(H,, H,)(il — Ba)“ UH, Ha), 
so that 
(12) Å, = UA, H.)A,UA,, H3}, 


proving (c). Q.E.D. 


We now wish to discuss a certain direct sum decomposition of Hilbert 
space, relative to a given self adjoint operator H, which is intimately 
related to the Lebesgue decomposition of a measure given by Theorem 
IIT.4.14. 


7 DEFINITION. Let H bea self adjoint operator, possibly unbounded, 
in the Hilbert space § and let H(e) be the spectral resolution of H. Let A 
denote the Lebesgue measure on the real axis. R. Put 
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(13) Yac(H) ={ze$] |E(e)z|? is a countably additive À-continuous 


measure}; 


(14) Foin H) = {x € §| |B)? is a countably additive, A-singular 


measure, and |H(e)a|? = 0 if e consists of a single point}; 


a5) -Y (A) = (es | |E(R — eo)x|? = 0, where e, = €9(x) is a countable 
set of points}. 


8 Lemma. Let H be a self adjoint operator, possibly unbounded, in the 
Hilbert space $H, and let D(H) be the domain of H. Then 

(a) The three spaces ) 4. (H), X sing (H), and X ,(H) are closed and 
mutually orthogonal, and § = Vac (H) ® Ysing (H) ® $, (A). 

(b) Every ve D(H) can be written uniquely as v = vi + va + v3, where 
1 € Vac (H) A D(H), v2 € X sin (H) o D(H), and v, e $, (H) ^ D(A). 

(c) The restriction H | ($ ac (H) A D(H)) is a self adjoint operator in 
Yace (H); the restriction H | (È sing (H) A D(H)) is a self adjoint operator in 
Y 'sing (H); the restriction H | (X, (H) A D(H)) is a self adjoint operator in 
YS, (M). 

(d) $., (A) is the closed subspace spanned by all the eigenvectors of the 
operator H. 


Proor. Let xe §, and denote the real axis by R. By Theorem III.4.14, 
if we put v(e) = |E(e)x|?, we may write v = « + f where « is A-continuous 
and where there exists a A-null set e such that (e ^ (R — é9)) = 0 for each 
Borel set e. But then evidently «(e) =|H(e ^n (R — eo))x|? for each Borel 
set e. Let e, be the set of all points s e R such that |E({s}) x|? >0. Since 
|£( R)x|? = |x|*isfinite,e,is countable. Let e, =e) — e1. If x, = E(R — eo)x, 
£ = H(e.)x, and x =ÆE(e,)z. Then x =2,+2,+2%3, |#(e)a,|? = 
|E(e n (R —eo))x|?, |E(e)xa|? = |E(ee3)x|?, and |E(e)zs| = |£(ee,)x|?. It is 
therefore clear that 2, € ac (H), £2 € Ysing (H), and x, =}, (H). If 
x e D(H), it follows from Theorem XII.2.6 that x; e D(H), i =1, 2, 3. 

Next, let v, € Vac (H), v2 =} sng (H), and v, € $}, (H). Since the 
measure |E(-)və|? is A-singular, there exists a A-null set eọ such that 
|E(R — eo)va|? = 0, so that E(eọ)vz = vz . But then, since |£(-)v,|? is À-con- 
tinuous, we have E(e,)v, = 0, so that 


(Vis Vg) = (v1, E(@)v2) = (E(e9)%1, v2) = 0. 
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We leave the details of the similar proofs that (v,, v3) =O = (v2, v3) to 
the reader, and conclude without further ado that Jac (H), Ysin (H), 
and (H) are mutually orthogonal. Statement (b) of our lemma follows 
at once. 

If en € Dac (H) and lim, ,,. x, =x, then, by what we have already 
proved, we may write x =y, + Y2 + Ys, where yı € Vac (H) and y2, Y3 
are orthogonal to ),, (H). But, since 2, € X ac (H) we have (æ, y) =0 
for y e § © Vac (A), and therefore (x, y) =0 for y e § © Yue (H), which 
implies (Y2 + Ys, y) =0 for ye $ © Jac (A), or Y2 + Ys = 0. Therefore x = 
Yı E€ Y ac (H), proving that } ao (H) is closed. We may show similarly that 
Y'sing (H) and 5°, (H) are closed. Thus statement (a) of our theorem 
follows. 

If F is a bounded Borel function defined on the real axis and 
xE Y ac (H), then, by Theorem XII.2.6 and Lemma III.4.18, 


(16) [EOF Hel? = | SPEA]? S sup |f (8)? Ele)? 


is A-continuous. This shows that F(H) ac (H) S Vac (H). It may be shown 
similarly that F(H) Ysin (H) S V sing (H), and F(A) $, (A) SY, (A 
leave the details to the reader. 

Using this last fact, it is easy to prove assertion (c) of the present lemma. 
We argue as follows. If (iZ — H)-1}\,, (H) were not dense in $, (H), it 
would follow by the Hahn-Banach theorem (cf. Corollary II.3.13) that for 
some x #0 in Jac (H) we have (x, (iJ — H)~*y) =0, y € )ac (H). But then 
((—-tl — H) tx, y) =0, y € a, (H), so that (—tI — H)- 1x a which is 
impossible. It follows that (iJ — H)-1 Yace (H) S Vac (H) © D(H) is dense 
in Fac (H 

Let x € Ya, (H) ^ D(H). We shall show that Hz e ac (H). To apn 
this, we reason as follows. We may write Hz = y, + Y2, where n EV ac(H 
¥2€9 © Vac (H). We have (I+ H?) = (il — H)-\iI — H)-}, - 
Theorem XII.2.6, and therefore, using what we have already proved, we 
have (I + H?)-1Hx = (il — H,)~(i(il + H)-12 —a) € } ao (H). Therefore 
(I + H?) ty, + (1+ H?) tya € $ ac (H), and it follows that (I i H?)- ty € 
Vie (H). a since (I + H?) Vac (A) S Vac (H), it follows that (Z + H?) 
(§ © Vac (H)) F HO an ). Thus (J + H?)-1y, =0, so that y = 0, which 
proves that T a is immediate that H=H|(>\,. (H) ^a D(A)) 
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is a symmetric operator in «a; (H), and it follows easily that A is 
closed. Since 
(17) (+i — A) (46 — H) +| Soc (H)} = 1, 
it follows from Corollary XI1.4.13(b) that Ê is self adjoint. We may show 
similarly that H| (‘sing (H) ^ D(H)) is a densely defined self adjoint 
operator in sing (H), and that H| (>, (H) A D(H)) is a densely defined 
self adjoint operator in }', (H); details are left to the reader. Statement (c) 
of the present lemma follows at once. 

Finally, to prove (d), let x e $, (H). Then by Definition 7 there exists 
a countable subset eo = {A;} S R such that x = H(e.)x. But then «= 
F2, F(A Je, and by Theorem XII.2.6, HE(X,) =A; B(A,)x. This shows 
that each xe)’, (H) is the sum of a series of eigenvectors of H. Conversely, 
let y e D(H), and let Hy = ào y, where A.B is real. Then by Theorem 
XII.2.6 we have 


(18) 0-=|Hy—Aoyl? =f [A —Adl? Bay]. 


Thus E(R — {Ao})y =0, so that y e )’, (H). This shows that every eigen- 
vector of H belongs to }\,(H), so that assertion (d) follows at once. 
Q.E.D. 


Our main aim in the present section is to prove the following theorem, 

. due to Kato and Kuroda, which shows that the preceding corollaries 

and lemmas numbered 2 through 6 have non-trivial application to a wide 
class of self adjoint operators. 


—> 9 THEOREM. Let H be a self adjoint operator in $, with domain D(H) 
and resolution of the identity E(-). Let V be a symmetric operator in H, with 
domain D(V). Suppose that D(V) 2 D(H), that the operator V(iI — H)~} is 
compact, and that (if — H) +y (iI — H)~? is of trace class. Then 


(a) Hı =H + V isa self adjoint operator; 

(b) ~ (Hy, H) 2 Jac (H); 

(c) U(Hi, H) ac (H) = Fac (Ai): 

To the proof of Theorem 9 we must prefix a number of lemmas. 

10 Lemma. Let V be a bounded operator in H, and let V =QR be tts 


canonical factorization into the product of a partial isometry Q and a positive 
Hermitian operator R (cf. Theorem XII.7.7). Then V belongs to one of the 


XX.4,11 THE WAVE OPERATOR METHOD 2461 


classes B, of compact operators (cf. Definition X1.9.1) if and only if R belongs 
to this same class B, ; moreover, V and R have the same norm as elements of 
g 


ae 

11 COROLLARY. An operator V belonging to the trace class @, can be 
factored as V = AB, where A and B belong to the Hilbert-Schmidt class 
AS =G, and where the Hilbert-Schmidt norms ||A || and ||B|| are both equal 
to the square root |V|1'? of the trace norm |Y |; of the operator V (cf. Definition 
X1.9.1 and Lemma X1.9.9(e)). The operator V may also be factored as 
V =CD, where C is compact, and where D is of trace class. 


Proor oF Lemma 10. We note from Theorem XII.7.7 that in the 
canonical factorization V = QR the initial domain of Q is the closure of the 
range of the operator R, and thus (cf. Definition XII.7.4) V*V = RQQ*R = 
R?, Therefore, by Lemma XII.7.3, R is the unique positive square root 
(V*V)?"? of the bounded self adjoint operator V*V. As is observed in the 
first sentence of Section XI.9, (V*V)*/? is compact. Lemma 10 now follows 
immediately from Definition X1.9.1. Q.E.D. 


Proor or COROLLARY 11. Let Q and R be as in Lemma 10. If the 
positive eigenvalues of R, arranged in decreasing order and repeated 
according to multiplicity, are u1, w2,..., then the positive eigenvalues of 
R’!?, arranged in decreasing order and repeated according to multiplicity, 
are 14'?, w3!,.... It follows by Definition XI.9.1 that |R|, = |R1/2|2. Put 
A=@QR'!?, B= R. Since Q is a partial isometry, |Q| < 1, and thus, using 
Lemma 10 and Lemma XI.9.9, we have |A| <|V|1/? and |B] =|V|t”. 
But then, by Lemma X1.9.14, we must also have |A| = |V|12. Since 
|A|. = ||4 || and |B|, = |B|, the first assertion of Corollary 11 is proved. 

To prove the second assertion of Corollary 11, let x, be an eigenvector 
of R belonging to the eigenvalue p;. Since £; m; =|R|ı < 00, we can 
find an increasing sequence of integers {n,} such that $7- ng Mi < 277, and 
then, putting c; = 2’ for n;Si<n,,,, we have }2, ciu; <œ while 
lim; o C; = 00. Define operators R, and R, by requiring that Rix; = c} t24, 
that Rox, =c; u£, and that Rx = R.x =0 if x e § is orthogonal to all 
the vectors z,. Plainly R, R, = R, whereas R, e @,. If E, is the projection 
on the one-dimensional space spanned by 2;, then we have 


lim, a) fia GE = R, 
in the uniform topology of operators. Hence, by Corollary VI.5.5, R, 
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is compact. Put C=QR,, and D = R,, so that V =CD., The operator C 
is compact by Corollary VI.5.5, and thus proof of Corollary 11 is complete. 
Q.E.D. 

12 Lemma. If C is a compact operator in H, and {T „} ts a uniformly 
bounded sequence of operators in $ converging strongly to zero, then {T,,C} 
converges uniformly to zero and {CT#} converges uniformly to zero. Moreover, 
if C belongs to the trace class 61, then T,,C converges to zero in trace norm, and 
CT* converges to zero in trace norm, 


Proor. The set K =C({x e §| |x| < 1}) is conditionally compact, and 
thus for each ¢ >0 there exists a finite set z1, ..., £m of elements of K 
such that each x e K satisfies |x — x,| < € for some 1 <i < m. Thus, if we 
let M = sup, |T,,|, and choose no so large that |7,2,| <e for n Z ng and 
1 Si <m, we have |7,2| <|T,2,|+|7,( —2,)| < e+ Me for xe K and 
n 2 no. Therefore |7',C| Se(M +1) for n 2 no, proving |7,C|>0 as 
n —> 00. 

By Theorem VI.5.2, C* is a compact operator. Thus, by what we have 
already proved, |7,,C*|>0 as n—> œ. But |CT*| = |(7,C*)*| =|7,C*|, 
so |CT#| +0 as n> œ also. 

This proves the first assertion of the lemma. To prove the second, we 
use Corollary 11 to write C= AB, where A is compact and B belongs to 
the trace class. Then, by what we have already proved, 7, A converges to 
zero in norm, and thus, by Lemma XI.9.9, 7,,C =(7,,4)B converges to 
zero in trace norm. 

By Lemma X1I.9.6(c) and Definition X1.9.1, C* belongs to the trace 
class. By what we have already proved, it follows that T,,C* converges to 
zero in trace norm, Thus, using Lemma XI.9.6(c) and Definition XI.9.1 
once more, we can see that CT* = (T,,C*)* converges to zero in trace norm 
also. Q.E.D. 


13 Lemma. Let H be a self adjoint operator in H, with domain D(H), 
and let V be a symmetric operator in H, with domain D(V). Suppose that 
DV) 2 D(A), and that the operator V(I — H)~1 is compact, Then 

(a) H+ V ts self adjoint; 

(b) we have |V(à I — H)-3| <4 if (Ao) ts sufficiently large; 

(c) if Ag #0, and I — V(A, I — H)! has a bounded inverse, then we 


have 
(Aj I —H —V)-* = (Ap — Hy HI — V(Ap I — H)-1)71. 
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Proor. We may write 
(19) V(I — H)-1 = V (il — Hy tI — H)(A, I — H)-} 
= V(il — H-I + (i — à) T — H) ~?) 
If we set prà) = —(@+A)(Ao —A)~*, then we have o,,(H)= 
{I + (i — ào)(à J — H)~1}*. Using Theorem XII.2.6, we see that lim) ¢,,) 0 
{I + (4 — ào)(ào Z — H)~1}*g = 0 for each g e $. Statement (b) now follows 
from Lemma 12. 
If |V(A.f—H)-3| <1, then I—V(A,)I—H)-1 has a bounded 
inverse by Lemma VII.3.4, Let us now suppose that Jà #0, and that 
— V(à Z — H)-* has a bounded inverse. Write R(Ay ; H) = (Ay 1 — H)? 
Then, if x e H, we have 
(20) (Ap I —~H — VIRA ; H — VR; H) e 
= (I — V Ro; H) (I — V R(ào ; H)) te =a. 
Moreover, if x e D(H) = D(A + V), we have 


(21) [R ; HXI — VRA; H))- "(Ao — H — Vw 
= Ry; H)(I — V R(O® ; H)) -1M I — H — V) Rg; E~ I Hye 
= R(X; H)(I — V R ; H))- XI — VRO ; E) I — Hx 
= Rio; H)à% I —A)e =v. 


This shows that (Aj J — H — V)-+ exists and is an everywhere defined, 
bounded operator, proving assertion (c) of our lemma. By Lemma XII.1.2, 
H + V is a closed operator. By Theorem XII.4.19 the deficiency indices 
of H+ V are both zero. Therefore, by Corollary XII.4.13(b), H+V is 
self adjoint, proving assertion (a) of our lemma. Q.E.D. 


14 Lemma. Let H be a self adjoint operator in H, with domain D(H). 
Let V and V,, n 21, be symmetric operators in H, with domains D(V) and 
D(V,). Suppose that D(V) 2 D(A), that D(V,) 2 D(H), and that the operators 
V(itl—H)-) and V,(iI —H)-* are all compact. Suppose finally that 
lim, 0 Val — H) 1 = V (iI — H) + in the uniform operator topology. Then 
Jor each real t, we have 


(22) lim eit H +Van) = eit(H+V) 


nao 


in the strong operator topology. 
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Proor. Write R(A; T) = (AI — T)-? for each self adjoint operator T 
and all non-real À. By Lemma 13, there exists a finite constant M 2 1 
such that |V R(A; H)| <4 if |%A| 2 M. By Theorem XII.2.6 we have 


(23) (V — Va) RA; H)| =|(V — V,) RG; A)Gl — T)RQA; H)| 


<|(V—V,)R(@; H)| sup 


<o<n< +0 


S|(V —V,) Ri; H)| 


if |.%A| = M 2 1. This shows that lim, _... V, R(A; H) = VR(A; H) in the 
uniform topology of operators, uniformly for|.%A| = M. It therefore follows, 
using Lemma VII.3.4, that for all X with |.%A| 2 M and for all sufficiently 
large n, the inverse of J — V, R(A; H) exists. Thus, by Lemma 13, we have 


(24) RO; H + V) = RA; H) — VRO; H), (AN 2M, 
and 
(25) RQ; H + Va) = RO; HI — V, RO; H), (AA) 2 M, 


for all sufficiently large n. Using Lemma VII.3.4, we have 
|I — VR(A; H))-*| < 2, || 2 M. 

Therefore, by Corollary VII.6.2 and by (23) we have 
(26) |Z — VRA; H)? — (I — V, R(A; H))~>| 

S$ (1 —|(V —V,)R(; H)|)-*, | ¥A| Z M, 
for sufficiently large n. It follows, using (24) and (25), that 
(27) on RA; H + Vna) = RA; H+ V7) 
as n—> œ, uniformly for |.%A| => M. 

Using Lemma VIII.2.7, we may write the Cauchy integral formula 


(aI — H — V)?x dd; 


(28) exp(i(H + V)e=— Í UHRA HEV) 


Qi (A— a)? 
here the contour Iy of integration consists of the line s — iM, s real, 


traversed from s = — œ to s = + œ, together with the line s + iM, s real, 
traversed from s = + œ to s = — œ; a is any complex number such that 
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| %a| > Of; and we require that x e D((H + V)?). Formula (28) may be 
written as 


1 


ita R é H 
(29) exp(it(H + VR; H+ V= f MAH EF) 


dÀ. 
(A — a)? 


Qari 
Similarly, we have 


l ita 7 H 
f e RA; + Va) dÀ 
TM 


(30) exp(tt(H + V,))(R(a; H + V,))? = om (A — a)? 


for all n. Using (27), we find from (29) and (30) that 
(31) lim exp(t#(H + V,))(R(a; H + Vn)? =exp(tt(H + V))(R(a; H+ V))? 


in the uniform topology of operators. But since |exp(it(H + V,))| <1, and 
since 


(32) lexp(tt(H + V,))(R(a; H + V))? —exp(it(H + V))(R(«; H + V))?| 
S |exp(it(H + V,)){(R(a; H + V))? —(R(a; H + V,))?3| 
+ lexp(it(H + V,))(R(a; H + V,))? —exp(t(H + V))(R(a; H + V))|, 
we find from (31) and (27) that 
lim (exp(it(H + V,)) —exp(it(H + V)))(Rla; H + V)P =0. 


n> O 
Therefore 


lim exp(tt(H + V,,))a = exp(tt(H + V))z, xe D(H + V)?). 
Since D((H + V)?) is dense in $, it follows by Theorem II.3.6 that 
lim, exp(it(H + V,))x = exp(it(H + V))x for all x e §, and our lemma 
is proved. Q.E.D. 


We are now in a position to begin the main part of the proof of 
Theorem 9. Our method will be as follows. First we shall establish Theorem 
9 in a special case in which the Hermitian operator H is a multiplication 
operator and the symmetric operator V is an integral operator. Then, 
using the spectral representation theory of Section XII.3 (especially 
Theorem XII.3.16), we shall show that this special case of Theorem 9 
actually implies the general case. 
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To describe the special case of Theorem 9 which we first wish to 
consider, we must introduce certain notations. Let R denote the real 
axis, A the Lebesgue measure on R, and v a finite positive À-singular 
measure on R, so that there exists a A-null set e, such that »(R — e) =0. 
Put w=v+A. Let §’ denote the set of all sequences f ={f,(-)} of 
p-measurable functions defined on R such that 


(33) FP => f I0]? ulda) < 00 

i=1 “YR 
The set §’ is a complete Hilbert space with the inner product 
(34) (B= > f flayodau(da). 
Let H be the unbounded operator in §’ defined as follows: 
(35) =e 8] f alfa)? uda) < o); 
(36) Hf=ğ, where g(a) = afa) 


Itis clear that H is symmetric, and that, for SÀ 40, AJ — H has a bounded 
inverse defined by 

(37) (AI — H)-1f=h, where h,(a) = )~4f,(a) 

Thus, by Lemma XII.1.2, H is closed, and, 2 a H is self 
adjoint. We leave it to the reader to show that the spectral resolution 
E(-) of H is defined by 

(38) E(e)f=ğ, where g(a) = x.(a) f(a) 

Xe denoting the characteristic function of the Borel set e; and that if F 
is a bounded Borel function, the bounded operator F(H) is given by 


(39) F(H)f=§, where g(a) = F(a) f,(a) 

Let ¥> denote the set of all symmetric operators V in H’ such that 
the operator V(tJ —H)-1 is compact, and such that the operator 
(I — H)-1VE(e) belongs to the trace class whenever eis a finite subinterval 
of R. We introduce a norm into ¥, by writing 
1 |\@l—H)VE(—n, nh 
42] + |( — H)-*VE([—n, n))|,’ 
here as previously, |S|, denotes the trace norm of the operator S of trace 
class; cf. Definition XI.9.1, 


(40) |V|* =|VQal — H) LD 5 
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Using the notations just introduced, we can state the following lemma, 
which describes the special case of Theorem 9 which we will prove first, 
and to which we will reduce the general case of Theorem 9. 


15 Lemma. Let H be as in (35)-(36), and let H’ and Wy be as above. 
Suppose that Ve Wo. Then 

(a) H+ Visa self adjoint operator; 

(b) if f={fi(-)j}e', and fia)=0 for i21 and aee,, then 
fed (H+, 4H). 


The proof of Lemma 15 will be accomplished in several steps. First 
we shall show that any V e W can be approximated by another element 
V’ eV, of a particularly convenient special form. Next we establish a 
certain basic inequality, first on the hypothesis that we deal with an 
operator H + V’ for which V’ has the above-mentioned special form, and 
then, by an approximation argument, generally. Once this inequality is 
established, Lemma 15 will follow generally. 

The following lemma describes the way in which any element V e€ Wy 
is to be approximated by elements of special form. 


16 Lemma. Suppose that we call an element Voe Wo smooth and 
finite if 

(i) there exists an integer n and functions K,,(-, -)é Lo (u X u), vanishing 
fort>n, for j >n, and vanishing outside [—n, n] x[—n, n] in any case, 
such that 


(41) Vof=G, where gia) = ¥° | Ky, (a, bS), 


and 

(ii) the functions K, , agree for be, with a function K,,, which is 
infinitely often differentiable in b, and whichis such that 6" K,, ,/@b™ belongs to 
Lalu X A) for all m, è, j. 

Then, for each VE Vo and e >0, there exists an element VOEeW o, 
such that |V©|* < £, and such that V + V© is smooth and finite. 


Proor. Let P, denote the projection in $’ defined by 
(42) Pi f= ĝ, where g(a) =f (a), l<: Sn, 


g(a) =0, >n. 
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Plainly P,f—f as n—> oo for each fe §’. It is no less plain that P, 
commutes with every bounded Borel function of H. Thus, if we put 
V ny = P, E([—n, n]) VE([—n, n])P, for each Y e Wy, the operator Vn) is 
an everywhere defined, bounded operator belonging to the trace class. By 
Lemma 12, lim, „o |V en — V|* =0. 

Since Vn) belongs to the trace class ¢,, it also (cf. Lemma XI.9.9(a) 
and (e)) belongs to the Hilbert-Schmidt class g, = HS. Thus, using Lemma 
XI.10.5 and taking note of the fact that Ven) = Pr V im Pra = 
E([—n, 2])V a H([—n, n]), we find that there exist functions K{P(-, +) e 
L.(u X u), vanishing for + >n and for 7 >n, and vanishing outside the 
set [—-n, n] x [—n, n] for all ¢, j, such that 


(43) Ven f=g, where g(a) = 2 [ EPa yf Old), feg. 


Let p be anon-negative function belonging toC'®(R), vanishing outside 
[—1, +1], and satisfying p(x) = g(—2) and |, p(a)da=1. For each 
e >0, and each fe §’, define ©, f by 


(44) ©, f = 9; where AC) = f(a), ae ey, 
g(a) =? | ple-Na—d) fb) dd, age. 


Using Lemma XI.3.1, we see that ®, is a mapping of §’ into itself of norm 
at most 1. If fis such that f,(a) =0 for all i + io, and f, (a) agrees for all 
a ¢e, with a continuous function h vanishing outside a bounded interval 
of R, then we have Ø, f — f = §*, where gf(a) =0 for i Ai, g;,(4) =0 for 
aée,, and 


(45) g(a) =e? | plea —b))() —h(a)) da, ages. 


It follows easily that Jp |gf,(@)|? (da) +0 as e—>0. Thus, using Theorem 
IT.3.6, we conclude that lim, ,.» ®, = J in the strong topology of operators. 

Therefore, putting V n.e) = e Vin) Be, it follows by Lemma 12 that 
lim, 0 |Vin.e) — Vin|* = 0. Using (43) and (44), we see that if we define 
the functions K{";°(-, +) e Lolu x u) by 


(46) 
K{",®(a, b) = Ka, b), aEe, bee; 


Kp; (a, b) =e! f oea E aK, b) da’, ae R— ey, be ey) 
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K(% (a, b) == £7 f ple- b — B’))K™,(a, b) db, aee, be R—e,; 
R 


KPa, b) =e? f f pleia — a')jple ib — BY) Ka’, b) da’ db’, 
R°R 
if ae R—e, and be R—e,, we have Vin, e) Ẹ =h for each ĝe §’, where 
hla) = Ý f Kiya, b)g(b)(db). 
J=1°R 


It is plain from (45) that for each ae R, K{";"(a, b) agrees forb ¢ e, with 
a function Éf, (a, b) which is infinitely often differentiable in b, and such 
that é"K{";©/db™ belongs to Lalu XÀ) for all m, i, and j. Therefore, 
for each n 21 and each ¢ >0, the operator V n.e) is very smooth and 
finite. If we now choose n = n(e) so that |V n) — V|* <e/2, then choose 
ô= ô(e) so that |Van. — Vim|* <e€/2, and put VO = Va. — V, it 
follows that V + V“ is very smooth and finite, and that |V ©|* < e. Thus 
the proof of our lemma is complete. Q.E.D. 


Next we prove an important inequality. 


17 Lemma. Suppose that we call on element fe §' very smooth and 
finite if 

(i) there exists an integer n such that f(a) =0 fori >n; 

(ii) for 1 <i <n, we have f(a) =0 if aee,. Moreover, there exists a 
function f, defined on R which is infinitely often differentiable and vanishes 
outside a bounded subset of R, such that f(a) = fila) for a ¢ e, 

Then, if fe $ is very smooth and finite, there exists a finite constant 
C(f) depending only on f, such that 


(47) f rerea s IPO) 


for each operator T in $' of the Hilbert-Schmidt class HS. (Here, as previously, 
IIT || denotes the Hilbert-Schmidt norm of T.) 


Proor. Let f, fi, Å , and T be as above. By Lemma XI.10.5, there 
exists a double sequence L,,(- , +) of elements of L.(u X u), 1 Si, f < œ, 
such that 


(48) Tet#F—G, where g%(a)=Y. Í Ly, (ty b)e**f,(b) (dd). 
j=1 JR 
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Moreover, by this same lemma, we have 


(49) IPP = $ f f Lea, Oy? uldata). 


Using (48) and the fact that f(a) =0 for a e e,, we have 


60) f Bo |? dt => Í E I, 


$ f L, (a, b)f(b)et” ad) (day dt, 
j=1 YR 


and therefore, using Plancherel’s theorem (XV.11.3) and Fubini’s theorem, 
we have 


+09 i 
(51) f | Teit#P|2 dt 


Ss 
~ 2m 5 in k 


<2rsup| SIAO) È f f, $ 12.a b udaya) 
beR \j=1 i=1 YR YR 1 


ÈL. (4, jO db u(da) 


j= 
n o 
< 2m sap È (fie ir, 
bER \j=1 
and our lemma is proved. Q.E.D. 


Now we are able to give the proof of the fandamental Lemma 15. 


Proor oF Lemma 15. Since the proof is somewhat lengthy, we 
summarize it in general outline before proceeding to explicit details. Our 
first aim is to prove that the following identity is valid for each Voe Vv: 


ad. : ; 
it etH + Vole ttHg == jeit H E A e` tHg, ge D(H); 


this follows by quite straightforward functional calculus arguments. 
Integrating this identity, it follows easily that, if both f and V, satisfy 
appropriate smoothness conditions, then, fe > (H+ V, H). Moreover, 
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transforming the integrated identity, we are able to obtain an a priori 
estimate (Rosenblum’s inequality) for the rate of convergence of 


eit H +Voeithf 


to its limit. This estimate (formula (74) below) turns out to involve only 
an integral for which Lemma 17 gives a convenient bound. Once this 
estimate is available for smooth V, and f, we are readily able to show by 
a limit argument of standard form, that the same estimate holds for all 
V and f satisfying the hypothesis of Lemma 15. This fact leads at once 
to the convergence assertion of Lemma 15. 

With this prospectus, we pass on to details. 

That H + V is self adjoint follows immediately from Lemma 13. This 
proves (a) of Lemma 15. 

Let fe $’ be very smooth and finite, so that there exists an integer 
n and functions Î,, -.-, fa € C®°(R), vanishing outside [—n, n], such that 
f(a) =0 if either i >n or ae e,, and such that f(a) = f(a) if a¢e,, 
l1 <i <n. Let V evp. Let V™ be asin Lemma 16, so that for each £ >0 
there exists a finite integer n(e), functions K{,(-, -)€ Lalu x u), and 
functions Ke, e€ Lalu X A), such that K{(a, b) = 0 if either i >n, j >n, 
|a| >n, or |b| >n, such that 

G) (V + VE) = h, where hy(a) = F3) fe Ka, b)g(b)u(dd), GE H's 

(ii) K(,(a, b) = K,(a, b) ifb ¢ e,; _K, is infinitely often differentiable 
in b, and a"K),/2b"™ e Lalu x A) for all m, i, and j. 

If ğe D(H), then by Theorem XII.2.6 and the Lebesgue dominated 


convergence theorem we have 
eihtg _ 2 
(52) lim z y 


h>0 


—iHĝ 


2 


|Al? |B(dayg? = 0. 


+% 


ei — 1 — thr 
hà 


= lim 
h>0 = 


This shows that lim„,„o((e®¥ —I)/k —tH)(iI — H)-1=0 strongly. 
Similarly, if Voe ¥, then since D(H) = D(H + Vo), we find that 


(53) lim 


h>0 


eih(H+Vo) — J 
h 


— (H + vo) (iI — H)~1 =0 strongly. 
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Consequently 
64) hi Qtt+hH+Vog-it+mH _ git +Vo)\g~itH 
im 
hao h 
in(H +Vo)g~ihH __ 
— lim eit +Vo) e 5 I e`itHg 
h>0 h 
; (eiF+ Vo) _ Jje-ihHE 4 g- in _ J 
= lim ef +Vo) Nea hee eee Sa ae e-itHg 
h>0 h 
in(H+Vo) o -1 
i (e 0) — [)(J — H) 3 . 
= lim eif(#+Vo) e`ihĦe-itH(i] — Hyg 
h>0 k 


-ihH 
+ lim etH +Yo) ( n =) 7 ithg 


h>0 
= etH +Vo(i(H + Vo)(il — H)-1)e- tE (I — Hg 
Stes: etH tVo (tHe tg 
= etH +V0(i(H + Vo) —iH)e- ttg 
zas teit H+VO y e— HG, 


That is, 


d l 
(55) ae eee ged ge eg, ge D(A). 


We leave to the reader the similar but even easier proof that the right- 
hand side of this last equation is continuous in ¢. Using this fact we may 
integrate both sides of equation (55) to obtain 


(56) (eft +Vog— ith __ ei (F + Vole — isl) g 


t 
=i | evo p ye- du, ge D(H). 


s 


As a special case of this last equation we have 


(57) exp(it(H + V + V®)jexp(—itH)f 
—exp(is(H + V + V®)jexp(—isH)f 


=i f “ exp(iu(H + V + V©)(V + V©)exp(—iull) du. 
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On the other hand, we have 
(58) (V + V©jexp(—iuH) f= 9, 


where 


g(a) = i KO (a, be e-i“ f(b) 
If we integrate twice by parts, we find that 


(59) a= ut | [Traine of Oye a, sign, 


g(a) =0 ti>n, 


from which it is clear that there exists a finite constant C such that 
g™ < C(1 + |u|?). Therefore 


(60) f+ V©)exp(—iuH)f| du < oo. 


Since by (57) we have 


(61) lexplit(H + V + V©)exp(— iH) f 
— exp(is(H + V + V))exp(—isH) f| 


< JII + VO exp iuM) j] du, 


it follows that fe Y (H + V + V, H). Let 


(62) U, = exp(it(H + V)jexp(—itH) 
and 

(63) UP = exp(it(H + V + V))exp(itH). 
We have 


(64) Ui — U f|? = 2| FI -2A(U.f, Usf) = 2A(U,— Us) f, Uf). 


Similarly, 
(65) (UP UJI = LRUP — UF, UPP) 
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Write V = U(H + V+ V©, H). Taking the inner product of both sides 
of (57) with YF and letting t —> œ, we find that 


(66) KUE — WE) FI? 


= —2F Í * (expliu(H + V + VOV + V©)exp(—iuH) f, UEF) du 


< 2 f lexplivl + V + VOY + Vrjexp(—iuthf, UQ) du. 
Using Lemma 6(b), we may rewrite this last inequality as 
(67) (UE vP] 
<2 | IY + V©exp(—in) 7, VQexp(—iuĦ)f)| du. 


Now, since f is very smooth and finite, there exists a bounded subinterval 
e of R such that E(e)f =f. Let H©-) be the resolution of the identity of 
the self adjoint operator H® = H + V+ V©. Then it follows from (67), 
using Lemma 6(b) once more, that 


(68) (VE — UO) FI? 
<sf (BEV + V©)Elejexp(—iuH) f, U exp(—iuH)f)| du. 


min(t. s) 
Using Lemma 13, choose Ay with SÀ #0 such that | V R(ào; H)| <4. Then 
since | V|* < £, we have |(V + V“)R(Ao; H)| < 4 for all sufficiently small 
e. Hence, by Lemma 13, we have 
(69) R(Ag; H®) = Ro; HI — (V + V)R(Ao; H))-* 
for ¢ sufficiently small; thus, taking conjugates, we have 
(70) R(\o; H®) = (I —((V + V)R(Ag; H))*)~*(Ao; H). 
Note also that it follows from Lemma VII.3.4 that the operator 
(I -((V + V©)R(A; H))*)~? is of norm at most 2 for all sufficiently 
small e. 

By Theorem XII.2.9, we see that we may write He) = 
MORÀ; H®), where M© is a bounded operator satisfying |M@| < 
C(e, Ao), C(e, Ao) being a constant depending only on the bounded interval 
e and on Ag, but not on e. If we write P for the orthogonal projection on 


the domain } (H + V+ V®, H) of V$, and put 
(71) MM = (MA — (V + VERA; H))*)-?)* USPS, 
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we have |M©| < 2C(e, ào) for sufficiently small £, and also, using (70), 
can rewrite (70) in the form 


(72) UP- UP] 

<8 |(Ro; HV + V©)E(e)exp(—iuH)f, M@exp(—iuH) f)| du. 

min(t,s) 

From Corollary 11, we see that we may write R(\); H)VE(e) = BA, where 
A and B are operators of the Hilbert-Schmidt class. Similarly, we may write 
R(X); H)V©E(e) = BA, where A® and B®) are operators of the 
Hilbert-Schmidt class such that ||A“||—+0 and ||B® || +0 as «0. Put 
Bo = BMO and BO = (BOMA. Then, by Lemma X1.9.9(d), we have 
|| B©|| < 2C(e, Ao) ||B|| for sufficiently small e. For the same reasons, we 
have ||B©||->0 as £ —>0. From (72) we have 


(73) (UE UHF <8 W |(4 exp(—iuH)f, B©exp(—iuH)f)| du 


v min(t, s) 
+8 |(A@exp(—iuH)f, B©exp(—iuH)f)| du. 
min(¢, s) 


Therefore, using Lemma 17 and Schwarz’ inequality, we have 
(74) (UP — UPI 


< 160(e, ro) ||B OCF) | ie |4 exp iun FP du) 


1/2 


+8 A! Be). 


We may now use Lemma 14 to let ¢ +0, and find that 


1/2 


(75) |(2%,—%,)F |? S 16C(e, ro) islet), [i lAlexpi ium) FP du) 


It now follows immediately from Lemma 17 that lim; s-o |(W: — Ys) F| = 0. 
Hence fe} (H + V, H). Since f was any very smooth, finite element of 
§’, we see that }, (H + V, H) contains any very smooth, finite element 
of 9’. 

Next, note that if ĝ is any element of §’ such that g,(a) =O for all 
a €e, then 


(76) there exists a sequence {f™} of very smooth, finite elements of §’ 
such that lim |f® —ĝ| =0. 


n> O 
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To prove (76), we first let ĝ be such that g,(a) =0 for all ¢ except some 
certain to, while g, (4) = xc, 4)-e,(%), [¢, d] being a finite closed interval 
and y, denoting the characteristic function of the set e. Since there is a 
sequence {f™} of functions belonging to C*(R) and vanishing outside a 
bounded subinterval of R such that lim, œ fr | f(a) — xre,a(0)|? da = 0, 
we have 


(77) Jim f [f° @xn-e(@) — xte, a1-e(0)|? ulda) = 0, 


proving (76) for g of the special form described above. Next, let § be any 
element of §’ such that g,(a) =0 for all aee,. Using Lemma TII.8.3, we 
see that there exists a sequence g of elements of §', each of which is a 
finite linear combination of elements of the special form described above, 
such that limpo |g—g”|=0. We therefore see that, as asserted, 
statement (76) holds for each g e §’ such that g,(a) =0 for all a € e,. 

Since Ý (H + V, H) isa closed subspace of §' (cf. Lemma 2) it follows 
that every J e §’ such that g;(a) = 0 for all a e e, belongs to ) (H + V, H). 
This proves statement (b) of Lemma 15. Q.E.D. 


Next we show that the result given by Lemma 15 for the full space 
§’ carries over without difficulty to certain subspaces of §’. 


18 Lemma. Let §', H, Vo, and so on, be as in Lemma 15 and in the 
formulas preceding Lemma 15. Let a sequence é,, êz, ... of Borel subsets of 
R be given, and let $ be the set of all Fe §' such that f(a) =0 for all a ¢ ê. 
Let VE Wo, and let V(D(V) A H1) S Hı. Then 

(a) H ts a closed subspace of $; 

(b) the restriction H, = H|(D(H) ^ Hı) is a self adjoint operator 
in Di; 

(c) the restriction H = (H + V) | (D(A) A §,) ts a self adjoint operator 
in Sr; 

(d) if fe §, belongs to Vac (Ho), then fe ¥ (H; , H3). 

Proor. The routine proof of statement (a) is left to the reader. 

Plainly, H, D(H.) € §,. It is clear that .H, is symmetric, and that, for 
SX~0, AI—H, has a bounded inverse defined by (AJ —H,)-1= 
(Al — H)-1|§,. Thus, by XII.1.2, H, is closed, and, by Corollary 
XII.4.13(b), H, is self adjoint. This proves statement (b). We leave it to 
the reader to show that if F is a bounded Borel function, then F(H,) = 


F(H)| $,- 
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Suppose next that V € Yo, and that V(D(V) ^ $) S Hi. By Lemma 
13, there exists a finite constant M such that |V(A,J —H)~1| <4 and 


(78) (Aol —H —V)-1=(A,f — H) -1I — V (à I — H) ~+): 


if |à | 2 M. This makes it plain that for | à| Z M, (A.J — H — VY) ~! 
maps $; into itself, If we put H; = (H + V) | (D(H) ^ §,), we see that for 
|.%A | sufficiently large, àZ — H has a bounded inverse defined by 
(Ay Z — Hz)-1 = (AI — H — V)-3|§,. Thus, by Lemma X1II.1.2, H, is 
closed, and, by Theorem XII.4.19 and Corollary XII.4.13(b), H, is 
self adjoint. This proves statement (c), By the Stone- Weierstrass theorem 
(1V.6.16), every continuous function F defined on R and vanishing at 
+æ can be approximated uniformly by linear combinations or products 
of functions of the form G(A) = (Ay —A)~1, where | Jà | = M. Hence, by 
Theorem XII.2.6, F(H + V) can be approximated arbitrarily closely, in 
the uniform topology of operators, by linear combinations of products of 
the operators (Ay 1 — H — V)-1, and F(H,) can be approximated arbitrarily 
closely in the same topology by the corresponding linear combinations of 
products of the operators (A, Z — H,). It follows that 


(79) FH +V)$, SH, and F(H;)=F(H+ V)| $% 


for each continuous function F defined on R and vanishing at + œ. Since 
every bounded continuous function F defined on R is the limit of a 
uniformly bounded sequence of continuous functions F,„, each vanishing 
at +œ, it follows by Theorem XII.2.6 and the Lebesgue dominated con- 
vergence theorem that (79) holds for each such function F, and, in 
particular, for the exponential function F(A) =exp(itA). Therefore, 
exp(ttH,)exp(—ttH.) = exp(it(H + V))exp(—itH)| Hı. Thus, by what has 
been proved above, every fe §, such that f;(a) =0 for a e e, belongs to 
$ (Ag, H3). 

Let us now note that if fe §, belongs to Sids (Hə), then, since 
A(e,) =0, we have E(e;)f =0, so that fi(a) =0 -almost everywhere in 
e, for each i> 1. This shows that a. (H2) S $ (H, , H3), which proves 
statement (d). Q.E.D. 


The following lemma carries the statement of Lemma 15 over from 
the concretely defined pair H,, H} of operators to an abstractly defined 
pair H,, H, of operators, 
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19 Lemma. Let H, be a self adjoint operator in $, with domain 
D(H,) and resolution of the identity E,(-). Suppose that V, is a symmetric 
operator in H, that D(V4) 2 D(H4), that the operator V (il — H,)~} is 
compact, and that for each bounded interval e of the real axis the operator 
(iI — H) +V, E,(e) is of trace class, Then 

(a) H; =H, + V, is a self adjoint operator; 

(b) $, (H5, H,) 2 Yas (H4). 

Proor. We use the spectral representation theorem, X1I.3.16. By 
that theorem, § has an ordered representation relative to the self adjoint 
operator H,. Let the measure of this ordered representation be u, and 
let the multiplicity sets be e,, €2, ... . By Theorem HI.4.14, we may write 
ui =v +à, where v is A-singular, and A, is A-continuous. As before, let 
e, be a A-null set such that v( R — ¢,) = 0. By the Radon-Nikodym theorem 
(III.10.2) there exists a A-integrable function % such that 2,(e) = 
fe y(a)A(da) for each Borel set e. Since A, is non-negative, it is easily seen 
that yb is non-negative. Let ë = {a | (a) > 0}. Put A, (e) = A(é ^ e) for each 
Borel set e. Then plainly A,(e) > 0 if and only if à, (e) > 0, so A, S àz, that 
is, A, and A, are equivalent measures. It follows that if we put u =v + 2, 
we have u X m. Let ĉ& =e; Nn R, 1=1, 2, ..., let H, be the space of 
sequences f of ..-measurable functions f; defined on R such that f,(a) =0 
for a ¢ é;, and such that 


(80) i f 140]? ulda) <0; 

and let H, be the self adjoint operator in §, defined by 
(81) D(H.) aie J PIFI? walda) < 00}, 
(82) H,f=§, where g(a) =af(a). 


Then H, and H, have spectral representation with equivalent measures 
and the same multiplicity sets, so that by Theorem XTI.3.16, there exists 
an isometric mapping U of § onto §,, such that U~1H, U = H,. 

If we put Va = UV,U~}, V, is a symmetric operator in §, such that 
D(V.) 2 D(H), such that V (iI —H.)~} is compact, and such that 
(iI — H3) ~+ V a(E(e) | Hı) is of trace class for each bounded subinterval e 
of R, H(-) being the spectral resolution of H,. The space §, we have 
defined is obviously the same as the space §, in Lemma 18, and may be 


XX.4.19 THE WAVE OPERATOR METHOD 2479 


regarded as a subspace of the larger space $’ of Lemma 15, while equally 
plainly H, may be regarded as the restriction to $, of the operator H of 
Lemma 15 (cf. (33)—-(36) above). Let Q be the projection of $’ onto its 
subspace §,, and put V = V.Q. Plainly, V is symmetric. The operator 
Vil — H3)! = V QI — H.)71 = V (11 — H.)~1Q is seen to be compact 
by use of Corollary VI.5.5, and the operator (iJ — H)~1VE(e) = 

(«I — H)-1V,.QE(e) = (iI — H.)-1V2(E(e)| §1)Q is seen to ne to the 
trace class by Lemma X1.9.9(d). ara we n Va = V| (AV) A $). 
Thus, by Lemma 18, ) (H, + V,, H1) 2 Voc (Hı). Using A isometric 
equivalences U-1H, U = H, and U-1V,U = V,,we conclude at once that 
H, + V, is self adjoint and that ) (H, + Va, Ha) 2 Vac (Ha). Q.E.D. 


Using Lemma 19, it is easy for us to complete the proof of Theorem 9. 


Proor oF THEOREM 9. Let e be a bounded interval of the real axis. 
By Theorem XII.2.6, we may write H(e) = (tJ — H)-1F(H), where F isa 
bounded Borel function. Thus the hypothesis of Theorem 9 implies the 
hypothesis of Lemma 19, so that assertions (a) and (b) of Theorem 9 
follow immediately from Lemma 19. 

Let us now observe that the self adjoint operators H and H, = H+ V 
of Theorem 9 are symmetrically related. Indeed, it follows by Lemma 13 
that, if |J à| is sufficiently large, we have 


(83) (Ao I — Hy)~* = (Ag — H) I — V(Ag I — H))~* 
and thus, taking adjoints, 
(84) (Ao I — Hy)~* = (I — (V(Ag I — H))*)~ "(Ag — H) ~? 


Then, by Corollary V1.5.5, V(Aj J —H,)~? is compact, and, by Lemma 
X1.9.9(d), (àZ H —,)~1V(A, I —H,)~1 belongs to the trace class. It 
follows from Theorem XII.2.6 that (A) J — H)~1 =(iJ — H)-1G(H) = 
G(H)(iI — H)~1, where G is a bounded Borel function. Therefore, using 
Corollary V1.5.5 and Lemma X1.9.9(d) once more, we see that V(iJ — H,)7} 
is compact, and that (iZ — H,)~1V(¢J — H,)~} belongs to the trace class, 
verifying our assertion that H and H, are symmetrically related. 

Hence, using Lemma 19, we see that } (H, H,) 2 Vac (H1). Now let 
z € Ì a (H), and let £,(-) be the resolution of the identity for H,. Ife isa 
Borel set of Lebesgue measure zero, then E(e9)x = 0, and thus, by Lemma 
6, we have 0=%(H,, H)E(eọ)x = E,(€))U(H,, H)z. This shows that 
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U(H,, H) Vac (H) S Vac (H1). Similarly, &(H, Hy) Sac (H1) S Sac (H). 
Using Corollary 4, we find that %(H,, H) Vac (H) = Vac (Hi), and the 
proof of Theorem 9 is complete. Q.E.D. 


Theorem 9 has a number of interesting applications to the spectral 
theory of particular operators, references to which are given in the section 
of Notes and Remarks appended to the present chapter. This theorem 
also permits a number of interesting extensions, some of which are given 
in the Notes and Remarks, and others of which are developed as exercises 
in the immediately following section. 


5. Exercises 


l Let H, and H, be unbounded self adjoint operators in a Hilbert 
space X; suppose that the intersection 9 of the domains of H, and H, 
is dense. Show that for every vector x e Y for which 


Í (H — H,)e~ ie] dt < 00 
o 


the limit lim,.,.. e#2e~ ‘#1 exists strongly. 
2 Let H, be the operator f(x) > xf (x) in the Hilbert space L,(0, 1), 
and let V be an integral operator 


WAE = f Vee, Di) dy 


with a measurable kernel satisfying V(x, y) = V(y, x) and 


1 1 
f f | V(x, y)|? da dy < œ. 
o ~o 


Put H, = H, + V. Show that if V is absolutely continuous in y for each 
fixed x and if 
1 pl 
I, J, 


then lim; o e'#2e~ ‘#1 exists strongly. (Hint: Use Exercise 1.) 

3 In the following exercise, if 7 denotes a formal partial differential 
operator defined in the Euclidean space Æ”, then T(r) denotes the closed 
operator in Hilbert space defined in the semi-final paragraph of Section 
XIV.3. 


2 A 
dæ dy < 0, 


£ y 
By (x, y) 


XX.5.4 EXERCISES 2481 


(a) Let V = 07/02 + --- + 67/022 be the Laplacian operator in Æ”. 
Show that 7\(V) is a self adjoint operator, and that if fe D(T,(V)) is a 
function in its domain, then @f/éx, and 3?f/ðx; dx, are square integrable for 
all sij sn. 

(b) Suppose that the coefficient functions a;;, &;, and a are defined in 
E", bounded, and approach zero as |x| —>0 in Æ”. Let 


x ya 2 
n tal ) Gu, z, + 2 i(2) me ee) 


Ti = 


n 82 n 
i,j 


Show that, for A<0, 7y(7,)(7,(V) + AZ)~1 is a compact operator, and 
that, as A —oo, T,(7,)(7,(V) + AZ)~? converges uniformly to zero, 

(c) Show, under the hypotheses of (b), that if 7, is formally self adjoint, 
that 7,(V + 7,) is a self adjoint operator in L,(E"). 

(d) Put fa, (x) =exp(—|a —a|?/2k). Show that the functions f, , 
span all of L.(£"), and that 


exp(—i#tT,(V)) fa, x = (1 + 4ikt) ~"! exp(—k |x — al?/(1 + 4ikt)). 


(e) Show, under the hypotheses of (b), and under the additional 
hypotheses that 


f (let laso + lal? Fuca? + laa < 00, 
En i,j=1 i=1 


that the strong limit lim; o exp(itT (V + 7,))exp(—iT\(V)) exists pro- 
vided that n = 3; and hence that T(V + 71), restricted to an appropriate 
closed invariant subspace, yields an operator unitarily equivalent to 
T,(V). (Hint: Use (d) and Exercise 1.) 

4 (Putnam) Let + be a formally self adjoint formal differential 
operator on an interval (a, b), and let H, and H, be self adjoint operators 
in the Hilbert space L(a, b), both defined by the formal differential 
operator 7, but by different sets of linear boundary conditions. Let A be a 
real number not in the spectrum of H4. 

(a) Show that there exists a real number u which is not in the 
spectrum either of H, or of H,. 

(b) Show that, if u is as above, then 


(uI — H,)~* — (uI — H)~* 


is a self adjoint operator with finite dimensional range. 
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(c) Show that A,|>...(H,) and H,|>..(H2) are isometrically 
equivalent. 

5 Let l, denote the B-space of sequences z =[zo , 2,, ...] with the 
norm |z| = {$ 70 |z|}, and let W be the B-space of infinite matrices 
a = {diz t, j = 0} such that 


lall = $ [e| < 00. 
i, j=0 


Let B be the B-space of infinite matrices b = {b;;, 7, 7 = 0} such that 
|b] = max (max È layl, max ¥ jav) < 00. 
izo j=0 420 i=0 


Show that 

(a) W = B, and |a| < lal, acA. 

(b) If ae UW and b e B, the product matrices ab and ba both belong 
to 8, and 

|ab| < llall|5], [ba] < lali [b]. 

(c) If be, then z —>bz defines a bounded linear transformation in 
the space 1, , and, in fact, |bz| < |b] |z|. 

6 (Freeman) Let S be the unilateral left shift transformation 


z —> Sz =[Z1; Za, ---] 


in the space l, of the preceding exercise, and use the notations Y, B, and 
so on, of the preceding exercise. If a e Y, let b = Ta be the infinite matrix 
whose elements are defined by 


bi j= ti- F ti, -1 He 


(where, for convenience of notation, we write a, , =0 if either one of the 
indices 7, j is negative). Show that 

(a) S(Ta) — (Ta)S =a, ae A. 

(b) [Tal < lal. 

(c) If |la||< 4, then the operator z —> Sz + az in l, is similar to the 
operator S in l. 

7 (Freeman) Let S, A, l,, and so on, be as in Exercises 5 and 6. 
Show that 

(a) If a,,ae% and |ja,—al|—>0, then the transformations 
b->I(b)a, in the B-space Y converge uniformly to the transformation 
b— T (bja. 
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(b) If a e Y is purely superdiagonal, that is, if the matrix elements 
a; ; of a vanish whenever i > j, then the transformation b —>T(b)a in the 
space Q is quasinilpotent. 
(Hint: Use the preceding part to approximate a by a finite superdiagonal 
matrix; show in this case that 6 > T(b)a is nilpotent.) 

(c) If a e UW is purely superdiagonal, the equation b — I'(b)a =a has 
a unique superdiagonal solution b e W; the elements b; —1,; of this solution 
are determined inductively by the equations 


bo, 1 = 4,13 bi, 2 =, a(l + Bo, 1)5 ba, 3 = Q2, 3(1 + bo, + b1, 2), <- 


(e) If ae% is purely superdiagonal, and a, ,,, Æ —1 for all n 2 1, 
then the transformation z —>Sz +az in the space l, is similar to the 
transformation S. 

8 Let S, A, l,, and so on, be as in Exercises 5, 6, and 7. Show that 

(a) If ae QW is purely subdiagonal, that is, if the matrix elements 
a,,,; of a vanish if j 2 i, then the transformation b>aI(b) in the space 
Q is quasinilpotent. 

(Hint: Use the procedure of the corresponding part of Exercise 7.) 

(b) If ae is purely subdiagonal, then the transformation 
z —> Sz + az in the space l, is similar to the transformation 8. 

9 Consider the Hilbert space L, = L,(0,1), and the operator T 
defined by (Tof (£) = zf (x), fe L,(0,1). Let pe La be a continuously 
differentiable function, let c be real, and consider the bounded self adjoint 
operator T defined by Tf = Tf + colf, p)- 

(a) Show that the eigenvalues of T in the interval [0, 1] are the points 
A such that p(à) = 0 and such that 


of Ka jo 


a—aA 


Show that the continuous spectrum of T is [0,1] —o,(7), where o,(7) 
is the point spectrum of 7. 

(b) Construct a function œ belonging to L, and continuously differ- 
entiable in the interior of [0,1] for which the operator T of (a) has 
infinitely many eigenvalues within the interval [0, 1]. 

10 Let ¥ be a B-space. Let A(s) be an X-valued function defined 
on the real axis R. Suppose that y>0, that 1>f>0, and that 
|A |l,, g < 00, where the norm is as specified in Definition 2.11. 
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(a) Show that 


+0 +2 Alo 
lim one f AO) as — twA(s). 
e>0+ -0 ee o Ss—0 
(b) Show that 
+0 Afo +o 
li AO ig Als 
im f eee en? |, a to + Ht. 


Let B(s, t) be an ¥-valued function defined for all real s and ż, and suppose 
that ||Bll,,,< œ, where the norm is as specified in Definition 2.13. 
(c) Show that 


lim ge setter al =P j= 
6+04+%-@ ena 
Let § be a Hilbert space, and let B(%) be the B-space of all bounded 
operators in $. Let C(s, t) be a B(§)-valued function defined for all s and 
t, and let fe L,(R, H). Suppose that ||C||,,,< œ, where the norm is as 
specified in Definition 2.13. 
(d) Show that 


eo as + 17A(s, 8), 
o 


$— 


+o C(s, o) f (2) 

li Cen y C 

Defe cence ae o= [77 oe ta 0) f(a) 
almost everywhere, the limit on the left and the proper value integral on 
the right existing almost everywhere. 

11 (Friedrichs’ Identity) Let § be a Hilbert space, and let B(§) be 
the B-space of all bounded operators in $. Let y >0 and 1>8>0 be 
two real numbers, and let W,, .(.B()) be the space of Definition 2.13. For 
each A e W, ,(B(H)), let T, (4) be the bounded operator in the Hilbert 
space L,(R, §) defined by 

i +% A(s, o) 
PDO = im [A 


e>0+ 3-0 S—otie 


f(o)do, fe L,(R, 9) 


(cf. part (d) of the preceding exercise). Show that, if A, Be W,, ,(B(§)), 
then 
T',(A)P,(B) =P (AT, (B) +I°,(A)B). 


Here, we write AI", (B) for the limit integral 


: +0 Bio, t) 
lim A eee ; 
ta I 
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and I" ,(A)B for the limit integral 
+0 4 

lim f Bea a 

e>0+-0 S—O+2E 


12 (Friedrichs) Let §, B(H), y, 8, M,, g, and A be as the preceding 
exercise. Let r and | be elements of W, ,(B(§)) such that 


A+r,@QA-—l=0; A+AL,(r)+r=0. 
(a) Show that 


Bio, t) do. 


+r, Dr =U +T, 
(b) Show that 

+r +r) =I. 
(c) Show that 

P=(I +r) + r, ®) 


is a projection. 

(d) Show that, if § is one-dimensional, the complementary projec- 
tion J-P of the projection P has a finite dimensional range. 

13 Let $, B(H), y, B, W, ș, and A be as in Exercise 11. 

(a) Show that if we define A* by the equation 


A*(s, t) = (A(t, 8))*, 


then 
P(A") oe, —I",(A)*. 


(b) Show that, if le W, ,(B()) is a solution of the equation 
A+r, ()A—1=0, 
then r = — |* is a solution of 
A* 4 A*r (r)+r=0, 
(c) Show that, if A = A* and the equation 
A+TI,()A—Il=0, 


has a solution le W, ,(B(H)), then J+J (1) is a partially isometric 
operator, and that if in addition § is one-dimensional, then the range of 
I+ T(l) has a finite dimensional orthocomplement. 
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14 Let § be a Hilbert space, R the real axis, and consider the space 
L, = L,(R, $). Let H be the self adjoint operator in L, defined by 
(Hf )(x) = xf (x). For each p € Lz, let T, be the self adjoint operator with 
one-dimensional range defined by Tf = 9(f, p). Let c be real. 

(a) Show that the equation W(H +cT,)=HW has the formal 
solution W=1I-+I',(A), where A is the integral operator whose kernel 
A(x, y) is defined by 


A(z, y)v =a(z)(v, ey), vE 9, z, yE R, 
and where 


cp(z) 


+00 1)|2 3 
t] lpo? d 
-o «—t+i0 


a(x) = 


(b) Show that, if y >0 and 1 >£ >0, while ||p|l,,. < 00, the norm 
being as in Definition 2.13, then W(H + cT ,)f = H Wf holds rigorously for 
all f in the domain of the operator H. 

(c) Show that the denominator of the fraction defining a(x) vanishes 
only at points x, at which g(x.) = 0, and that this denominator is asymp- 
totic to l as z — + œ. 

(d) Show that, if p has a Hölder-continuous first derivative, then the 
derivative of the denominator of the fraction defining a(x) has the value 


e wel 


-œo (£o — t)? 


at each of its zeros 2, so that each such zero is simple. 

(e) Show that, if p has a Holder-continuous first derivative, the vector 
valued function a(x) is Holder-continuous, so that the equation 
W(H+cT,)=HW always has a solution W which is an isometric 
operator in the Hilbert space Ls. 

(£) Show that, for the isometric operator W constructed above, the 
projection P = WW* has a complement J — P which is compact, so that 
the range of W has a finite dimensional complement. 

15 Let § be a Hilbert space, R the real axis, and consider the space 
L, = L,(R, $). Let H be the self adjoint operator in L, defined by 
(Hf \(x) = af (x). Let p; € L.(R, $), i =1,...,n; let {ky t, j =1,..., n} 
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be an Hermitian matrix, and let T be the self adjoint operator in Ls 
defined by 
Tf= kip p). 


n 
i.j=1 


Suppose that 1 >f >0, that (1 + |zx|)fp;(x) is bounded, 1 Sj <n; and 
that pgpeC”(R), ljn. 

(a) Show that there exists an isometry W in L,(R, §), whose range 
has a finite dimensional complement, such that W(H + T)f=HWf for 
all f in the domain of H. 

(Hint: Use Exercise 14, and induction on the dimension of the range of T.) 

(b) Show that $a (H + T) has a finite dimensional complement, so 
that H + T reduces to the direct sum of an operator equivalent to H and 
of a finite dimensional self adjoint operator. 

16 (a) Let H be a self adjoint operator in a Hilbert space X. Let Y 
be an auxiliary Hilbert space, and let A denote the Lebesgue measure on 
the real axis R. Show that there exist a positive A-singular Borel measure 
v on R and an isometric embedding of X in the Hilbert space Lalu, 9Y) of 
vector valued functions, such that H = H,| X, where H, is the multiplica- 
tion operator f(x) —> af (x). Here u = À -+ v. 

(b) Let H, ¥, Y, and u be as in (a), and let {E(-)} be the spectral 
resolution of H. For each w e ¥, let 


d(E(-)w, w) 


T = dal) 


denote the Radon-Nikodym derivative with respect to the Lebesgue 
measure À of the measure (E(e)w, w). Write 


llw lla = A-ess sup |d,,(x)|*/°. 
-~O<r<40 


Show that if using the embedding of ¥ in L (u, Y) we regard w as a 
vector valued function defined on the real axis R, then ||w||,, is identical 
with the A-essential supremum of the function |w(z)|. 
(c) Prove that ||w||,; < œ for all win a dense subspace of ac (H). 
(d) Prove that if we Jac (H) and lwll < œ, while v is any vector 
in Hilbert space, then 


+o 
f Pw, v)]? dt < 27 |e lel. 
-0 
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(e) Prove that if A is an operator of the Hilbert-Schmidt class, while 
w € J ac (H) and llw lly < 00, then 


+0 
fO |Aet eo? dt < 27 NA NB ol. 
(Hint: Consider A self adjoint, and expand in the eigenvectors of A.) 

17 (a) Let f be a continuous function of bounded variation on an 
interval [a, b], and let V(f) denote its total variation. Show that 


[esa dx 


(Hint: Integrate by parts.) 

(b) Let f be a strictly increasing function on an interval [a, b]. Suppose 
that its derivative f’ is positive, continuous, and of bounded variation, and 
let V((f’)~1) be the total variation of the reciprocal of f’. Prove that 


<2 max |f| + V) 


b 
Í eda 


a 


< 2 max (| f’(x)|~*) + VF). 


a<r<b 
(Hint: Make the change of variables y = f (x).) 

(c) Let f be a strictly increasing function on an interval [a, b]. Suppose 
that its derivative is positive, continuous, and of bounded variation. 


Show that 
Ral 
im f 
(Hint: Use (b).) 


(d) Let A be an operator of the Hilbert-Schmidt class. Show, under 
the hypotheses of part (c) of the present exercise, that if H is a self adjoint 
operator in Hilbert space, 


2 


dt = 0. 


b 
f eitt +sf(2)) dy 
a 


lim f "IA expli(tH + sf (H))jw|? dt =0 
s> “0 


for all w € } ae (H) such that |hw||, < œ. (Cf. Exercise 16, parts (b) and 
(0).) 

18 Let Y be a Hilbert space, and let A denote the Lebesgue measure 
on the real axis R. Let v be a positive X-singular Borel measure on R, and 
put ~=A-++v. Consider the Hilbert space L,(u, Y) of vector valued 
functions, and let H, be the multiplication operator f(x) +> xf(x) in this 
space. Let V be a self adjoint operator of trace class. Put H, = H,+V, 
and U,=exp(itH.)exp(—ttH,). 
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(a) Show that 
(U; — U,)w|? =2R((U, — U,)u, Uw), we Lalu, Y). 
(b) Show that if w e La(u, Ņ) and vanishes outside a bounded subset 
of R, then 
t 
|(U, — U,)wl? = f (expliaH) V exp(—ixH,,)w, Uw) da. 


(c) Find a dense subset D of the space oe (H,) such that if we D 
the limit W , w = lim; o Uw exists and 


(W, — Uw? = f (V exp(—ivH,)w,W., exp(—izxH, yw) de, 


(Hint: Use Theorem 4.9.) 

(d) (Rosenblum’s Inequality) Show that there exist operators A, B 
of Hilbert-Schmidt class depending only on V and w such that if 
w € Y ac (H1) and |lw||7, < œ then 


ive) 1/2 
(OV. — Ul? < ( J? 14 exp(—in, yu? da) 


œ 1/2 
x (f |B exp(—ixH,)w|? de) . 


(Hint: Use (c) and (e) of the preceding exercise.) 

19 Let H be a self adjoint operator in Hilbert space, Let V be an 
operator of trace class,and put H, = H + V. Put U, = exp(itH,)exp(—itH). 
Let w e $ ac (H) and ||wlly < 00 (cf. Exercise 17.) 

(a) Show that the limit W ,w = lim;,o Uw exists, and that 
there exist operators A, B of the Hilbert-Schmidt class, depending only on 
V and H, such that 


«0 1/2 
((W., — Usl? < ( [71A exp(—int yo? de) 
1/2 
x [fiz exp(—ixH)w|? d| ; 


(b) Show that, if f is any strictly increasing function on the real 
axis, having a positive, continuous derivative of bounded variation, then 


lim (W, — J)exp(—isf (H))w = 0 


for all w € } a (H) such that |w|lg < œ. 
(Hint: Use Exercise 17.) 
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(c) (Wave operator invariance theorem) Show, under the preceding 
hypotheses, that 


lim exp(tsf (H,))exp(—isf(H))w=w=W,w 


for all w e Ya. (H). 

20 Let H, and H, be strictly positive self adjoint operators in 
Hilbert space, Suppose that for some positive real number x the difference 
Hī" — Hz* belongs to the trace class. Then 

(a) lim, e¥2e-##1 w exists for all w e $a (H1). 

(b) Hi |$ ac (H1) and H,|¥.. (H2) are isometrically equivalent. 

21 Let H, and H, be self adjoint operators in Hilbert space. Let 
Vi, Va denote any two operators of trace class, and ||V;||,, ||Voll, their 
trace norms. Write 


W, (H+ V2, Hı + Viw = exp(it(H + V.))exp(—it(H, + V,))w 


if the limit on the right exists. Then 
(a) if W (A, , H,)w exists so does W,(H,, H, + V)w and 
lim W (H3, Hı + Vw = W (H3, H,)w 
IV [la 
in the weak topology; 
(b) if W,(H,, H,)w exists, so does W,(H.+ Va, H,) w and 
lim W,(H,+ V, H,)w=W,(H., H,)w 


IIV il1>0 


in the strong topology. 


6. Notes and Remarks 


The method used in Section 1 for the spectral analysis of the second 
order operator is due essentially to Naimark [10, 11, 12], Of course, this 
method is simply a generalization to nonselfadjoint operators of an idea 
that has long been known (see Wey] [5]) for the self adjoint case; but in 
the nonselfadjoint case, the arguments must be arranged in such a way as 
to avoid all dependence on the spectral theorem, which makes the whole 
theory fundamentally more difficult. Naimark also remarks that his 
methods can be generalized to equations of higher order. Such a generaliza- 
tion is carried out in G. E, Huige [1]. See also E. Balslev and T, W. Gamelin 
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[1], E. Balslev [1], as well as V. E. Ljance [4]. Some of Huige’s arguments 
make use of the “factorization method ” described below. 

The work of Moser [1] is closely related to the theory developed in 
Section 1, Moser considers a formally self adjoint formal differential 
operator of the form 


ps st doll) + È ea, 


=g” 
the coefficients p and q; being real, and the dependence on the parameter 
é being analytic “uniformly in ¢” in a sense to be specified more exactly 
below. The operators 7, are supposed to be defined on an interval (a, b), to 
have two boundary values at a and no boundary values at b. A common 
boundary condition A(f) =O for all the operators 7, is imposed; in this 
way, a family T, of self adjoint operators is defined. It is then established 
that 

(1) under suitable analytic conditions, the spectral resolution 
E(T,; A), A being a certain interval of o(7,), depends analytically on 
e (for £ real and small); 

(2) under still more stringent analytic conditions, there is an analyti- 
cally varying unitary operator U, such that T, = U; 17, U, for e small. 

Precise forms of Moser’s theorems, in the somewhat special case in 
which 7, is defined on a half-open interval [a, b), may be stated as follows, 


THEOREM. Let T, be the operator defined by the formal differential 
operator 


d 
T= — a) a “+ gola) + $ e'qi(t) 


on the interval [a, b), all the coefficients p and q; being real, and by a boundary 
condition 


f(a) +kf'(a)=0, —œ<ks +o. 


Let A be a subinterval of o(T,). Suppose that there exist 
(a) a non-negative ra function ® defined for teļa, b), and 
constants K and a such that 


b 
[Play d <y, jz, 
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and such that the solutions p and ¢ of the equation to = Ao defined by the 
respective boundary conditions pla) =0, g'(a)=1 and f(a) =1, (a) =0 
satisfy 
[*] lolt, A)|? + [y(t A)? < D), tela, b), AEA; 
(b) two constants C 2 1, 6>0 such that the solution y of the equation 

ro = ào defined by the boundary conditions 

xla) + kx'(a) =0, 

ky(a) — x'(a)=1 
satisfies 
[xx] Ix(t, A+ 18)| < CHA), 0<ô <o, t e[a, b), AEA. 
Then, if A is a subinterval of A, the projection E(T, , A) depends analytically 
on e for £ real and small. 


THEOREM, Let the hypotheses of the previous theorem be satisfied, and 
suppose in fact that conditions [x] and [x] are satisfied for all À € o( To), and 
not merely for all `e A. Then there exists an analytically varying unitary 
operator defined for all small real e, such that T, = Uz*T)U,. 


Even though Moser’s theorems are stated for formally self adjoint 
formal operators, the fact that E(T,, 4) and U, on « depend analytically 
on ¢ allows his results to be continued into the complex plane, and thus 
allows the deduction of results which apply to nonselfadjoint operators. 
By this method, Moser is able to deduce the following theorem as a 
particular case of his general theory. 


THEOREM. Let r, be the formal differential operator 


d 2 
~ (5) + eq(t), 0Ost<o, q real, 
Suppose that 
f (1 + £2)|q(t)| dt < 00. 
0 


Let T, be the operator defined by 7, and by a boundary condition 
f(0) + &f'(0) =0, —o<ks +o. 
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Then, for |e| sufficiently small, T, is similar to the self adjoint operator 
To; that is, there exists an (analytically varying) operator U, with a bounded 
inverse, such that T, = Uz1T)U,. 


This is a theorem almost including the main theorem of Section 1, 

In this connection, see also Phillips [13]. Moser’s paper [2] generalizes 
the results of Moser [1] to operators of the form 7 + ¢q(x), where 7 is a 
self adjoint ordinary differential operator of even order, Extension in a 
similar direction of the theorems of Moser [1] are given by Butler [2, 3], 

In Schwartz [4], the following general principle permitting the appli- 
cation of Theorem XVITII.2.34 is developed. Let H, = H + V, H being 
assumed self adjoint for the sake of simplicity in exposition, Then the 
ordinary perturbation series for the resolvent R,(A) = (AJ — H,)-1 in 
terms of R(A) = (AI — H) ~+} is 

R,(A) = RA) + RAV RA) + RAV RAV RA) + 
If V is assumed to be a product AB, we may write this series as 
Ry(A) = RAJA + BR(A)A + BRIA)ABR(A)A + --+)BR(A) 
= RA) + RAYA — BR(A)A) -1 BR(A), 

It may now be observed that it is entirely possible that the operator 
BR(A)A should depend continuously on A, even when A approaches the 
continuous spectrum of H, Consider, for example, the case in which our 
Hilbert space is the space L.[a, b] of (possibly vector valued) functions, 
and Hf (x) = xf (x). Suppose also that A and B are integral operators with 
Hélder-continuous kernels (x, y) and B(x, y). Then BR(A)A is the integral 
operator with the kernel 

[ b(a, t)a(t, y) 

a A-—t 

this kernel is Hélder-continuous in all the three parameters A, x, y. 

If we let 6(A) = det.(J — BR(A)A) be the Hilbert-Fredholm determi- 
nant of the Hilbert-Schmidt operator J — BR(A)A (cf. Definition X1.9,21) 
and write C(A) = 6(A)(J — BR(A)A)~1, then by Theorem X1.9.26 (cf. also 
Lemma X1.9.23) it follows that C(A) and 8(A) have the same continuity 
properties as BR(A).A, and hence, in the case in which we are interested, 
depend Hélder-continuously on À, Since 


R,(A) = R(A) + (8(à)) 7 RA) ACA) BR(A), 


dt; 
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Theorem XVITI.2.34 is applicable and yields a spectral analysis of H, 
whenever 6(X) has no zeros in the continuous spectrum of H. The cited 
paper of Schwartz may be consulted for a detailed development of this 
line of argument, 

The “Friedrichs method” described in Section 2 was developed by 
K. O. Friedrichs in Friedrichs [1]; cf. Friedrichs [2] for an expository 
account of this work and for some extensions, 

The application of the Friedrichs method to quasi-nilpotent integral 
operators which we have developed at the end of Section 2 is due to 
J. M. Freeman [3]. Freeman’s results have been subsequently extended 
by A. Dupras [1] who studies integral operators of the form 


te) 9) =| @— yA ws dy OSes, 


where A(x, x) #0, OSS 1, and gives conditions under which these 
operators are equivalent to the operator 


f(t) > 9() = fe — y)"f (y) dy 


of fractional integration, 

Additional theorems belonging to the similarity theory of Volterra 
operators are to be found in S. J. Osher [1]. Osher studies Volterra operators 
of the form fë A(z, y)f(y) dy, in which the function A(z, x) has a single 
zero on the unit interval, and finds similarity invariants for this class of 
operators which are related to the position of the isolated zero of A(x, æ). 
See also G. K, Kalisch [2, 3]. Freeman [2] applies his “ quasi-nilpotent” 
version of the Friedrichs method to operators obtained by perturbing the 
unilateral shift operator 


K; (£o, Uy, +++) > (Z1, Fo, +.) 


in the sequence Hilbert space l, by upper-triangular infinite matrices, 
Applications of the Friedrichs method to the study of various 
phenomena of spectral perturbation have been made by Friedrichs and 
others; see Friedrichs and Rejto [1]. Friedrichs and Rejto study the 
perturbation problem for the family f(x) > p(x) [+3 f(y)ply) dy + exf (x) 


XX.6 NOTES AND REMARKS : 2495 


of operators, which is, of course, identical with the asymptotic theory of 
the perturbation problem for the operators 


f(z) af la) + g(a) f F dy 


as À becomes large, The phenomena which appear have been described by 
Friedrichs and Rejto in the suggestive phrase ‘‘spectral concentration,” 
and studied in a more general setting by Conley and Rejto [1]. See also 
J. T. Schwartz [8]. The class of singular integral operators studied in this 
last paper have also been analyzed by other methods, some of which give 
much more precise results in the self adjoint case. Cf. W. Koppelman and 
J. Pincus [1], W. Koppelman [2], J. D. Pincus [1, 2, 3, 4], and Pincus and 
Rovnyak [1]. 

Friedrichs [1] gives an important extension of his general method to 
the case of perturbations which are quantitatively large. Call an element 
Ke F, finitary if K is of the form 


(1) K (21, £2) = Li ailaybilaa), 


where a; and b, are Holder-continuous, and where a,(z) = b,(x)=0 if 
|x| 21; or, more generally, if K is approximable arbitrarily closely in 
Holder norm, by elements of the form (1). Then, if K is finitary, it follows 
that for each € > 0 there exists a sum Ko of the form (1) such that 


(2) Ko —K'||<e. 


Let K, — K' = K,, so that K' = K, + K,. Then, if ¢ is taken to be small 
enough, and if T is the operation of multiplication by x in the space of 
functions L.(—1, +1), it follows by the theorems of Friedrichs proved in 
Section 2 that there exists an operator U such that 


T 4+.K,=UTU-}, 


Moreover, an examination of the method of proof of the theorem of 
Friedrichs cited shows that the operator U and its inverse both are of the 
form J + T, where T'is a (singular) integral operator. Thus, since K, is of 
the form (1), U-1K, U is of this same form, Consequently, the operator 
T + K' is equivalent to an operator T + K, where K is of the form (1), and 
where we may evidently suppose in addition that the functions a; are 
linearly independent. 
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To analyze the operator T+ K, one attempts to find a pair of 
solutions U, V of the equations 
(T+ K)U = UT, 
V(T+K)= 
where we make the ansatz 
(4) U=I-+TR, 
the integral kernel R being taken to be of the form 


N 


(5) R(x, £2) = $ ela) 2). 


The first equation (3) is then easily seen to be equivalent to the following 
equation for the functions r;; 


(6) nY (JEO nto dy) =i 


It is evident that this system of equations will have a solution if ‘the 
following system has no non-zero solution for any y, in[—1, +1]: 


(7 p=, (ee aa), 


—y 
If equations (7) hold, then clearly the E 


(8) a(x) = 2 ail )py 
satisfies 
K(x, y) 
9 a(x) = | —— aly) dy, 
(9) (a) = [Fo a) ty 
or, putting a(x) = (% — Yo) By (2), 
(10) «py (%) + J K(x, y)Byo(y) dy = Yo By o(%) 
Thus, 


Assumption A. If the operator T + K has no singular eigenfunction 
B of the form 
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satisfying the equation (T + K)B=y,8, for —1 < yo < +1, then the 
first equation (3) has a solution U. 


Assumption A may be stated, roughly and heuristically, as the assump- 
tion that no point eigenvalue of T + K lies in the continuous spectrum 
of T. 

It is readily seen that Assumption A also implies that the second 
equation (3) has a solution. Having carried the analysis in the cited paper 
[1] to this point, Friedrichs then proceeds to show, on the basis of certain 
general identities, that the operators UV and VU differ from each other 
by a compact operator, and that VU (which commutes with the multipli- 
cation operator T) satisfies VU = J. Friedrichs [1] then uses this identity 
to show that the space L(I) decomposes into the direct sum of two spaces 
L, + H, ® Hz, each invariant under the operator T + K., The space H, is 
finite dimensional, and the restriction of T + K to the Hilbert space H, is 
an operator equivalent to the operator T in the space L(I). Thus, large but 
finitary perturbations can add a finite number of additional point 
eigenvalues to the original continuous spectrum of T, but cannot, under 
Assumption A, change the spectrum of T in any more drastic sense. 

For a detailed development of the line of argument sketched above, 
the reader should refer to the cited work of Friedrichs, 

A related argument is employed in LadyZenskaya and Faddeev [1]. 
The LadyzZenskaya-Faddeev argument involves no quantitative restriction 
on the size of the perturbing operator, but is restricted to self adjoint 
operators. The cited paper is the first in which the general Friedrichs 
similarity method is successfully applied to the spectral analysis of an 
operator of the form —V + V(x). 

A variant, rather similar, abstract argument is given in Rejto [1], I]. 

The conditions on the potential function V which are imposed in 
Theorem 2,22 can be very considerably relaxed by various devices, 
especially if V is assumed to be real, so that the wave operator method is 
available. For improvements of this sort, together with the more basic 
improvements in argument which make them possible, see Brownell [1], 
Kato [12] and Jauch and Zinnes [1]. Ikebe [1] expresses the spectral 
resolution of the operator —V + V(x) directly in terms of a modified 
n-dimensional Fourier integral f(k) =| p(y) f(y) dy, in which y(x) is a 
solution of the equation —(V + V(x))xy,(x) = k°u,(x) which is asymptotic 
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to the “free wave” function e** as |z|—>0o. Cf. also Povzner [1] and 
Povzner [9] for an earlier result of a very similar sort, Ikebe [2] gives a 
detailed analysis of the scattering operator S associated with the perturbed 
Laplacian —V + V(x). Greiner [1] establishes a related result for operators 
of the more general form P(D) + V(x), in which D is an elliptic operator 
defined in all of Euclidean n-space, and P is a polynomial. 

Theorems concerning the related situation in which the free space 
Laplacian operator —V is perturbed, not by the addition of a potential 
V, but by the excision of a finite body from Euclidean space, are given 
in Ikebe [8, 4]; see also Y. Shizuta [1]. A similar problem is treated for a 
more general class of elliptic partial differential operators in an exterior 
domain in Birman [5]; cf. also Birman [6] and [1]. Birman’s argument 
depends on noting that, if S, and S, are self adjoint operators in Hilbert 
space defined in an exterior domain by a common elliptic formal differ- 
ential operator but by differing boundary conditions, then for some real 
A, (AI +8,)-1— (AI + 8,)~1 is a compact operator. By estimating the 
eigenvalues of this compact operator, Birman is able to show that in 
certain cases it is not only compact but of trace class, in which case it is 
possible to apply the Kato-Kuroda theorem to relate the spectra of S 
and 8}. 

The circle of ideas described in Section 4 was developed first among 
theoretical physicists; cf. C. Møller [1]; cf. also Jauch [1]. The fundamental 
inequality which we have given as Lemma 4.17 is due to M, Rosenblum [2]. 
The application of this inequality to prove the general Theorem 4.9 is 
due to Kato[9, 10]. The extension to perturbation of unbounded self adjoint 
operators was given by S. T, Kuroda [8, I]. Kuroda [8, II] develops 
variants of the wave operator theorems expressed in terms of quadratic 
forms rather than in terms of unbounded operators. 

If the two wave operators W, = lim; į  e!#2e~ "Hı exist, we may 
regard these operators as being defined by asymptotic correspondences 


ei gy, =e"Ħ2 y + o(1), as t—> œ, 

etHig =etlHay + o(1), as t > — oo, 
where, of course, the first correspondence defines y= W _ x, and the 
second correspondence defines y= W, x. If W, and W_ have the same 


range, this pair of asymptotic relationships defines a unitary correspon- 
dence between x, and x_: x, =W* W,x_. The operator S = W* W, 
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plays an important role in quantum mechanical and other applications 
and is called the scattering operator. Heuristically, a wave function x 
propagating according to a “free particle equation” (d/dt)e =1H,x but 
transformed by S at some time between t = — œ and tf = + œ into Sz, will 
be asymptotic to a wave function y propagating according to the “inter- 
acting particle equation ” (d/dt)y = iH, y both at t = — œ and at t = + œ. 
Thus the scattering operator S summarizes the overall difference between 
the two propagation equations as an “instantaneous” transformation, 
Since, as observed in the early paragraphs of Section 4, we have H, W, = 
W..H,, it follows that W* H, = H,W*; thus SH,=W* W, H, = 
W* H.W, =H,W* W,—H,S; that is, the scattering operator S 
commutes with the “unperturbed Hamiltonian operator” H,. 

An insight into the principal properties of the scattering operator (in 
the simplest case) can be obtained by considering the special situation in 
which H, is a multiplication operator F(x) —>af(x) in a space of vector 
valued functions, in which H, = H, + V where V is an integral operator 
with a smooth kernel V(x, y), and in which the Friedrichs similarity 
method of Section 2 is assumed to apply. Then, as shown in Section 2, 
eA — (I+ T) tet(I + T), where T'is a singular integral operator 


+0 Q X 
(Tha =F f eu Fy) dy, 


the kernel G being smooth. Thus we have 


W,=(L4+ 2) (I+ lim ef Pe~ #1), 


t> 4o 
Writing Go(x, y) = (G(x, y) — G(x, x))(x — y)~1, we find that 
H +2 f(y 
(TP) = [Gate w) sty) dy +(e, a) [7 Pay; 
-o -o V — Y 
and since only the second integral is singular we have 


+0 eit(z-y) 


f(y) dy. 


lim (et: Te- #1 f)(x) = G(x, x) lim f 
t> +o 


t> œ -o &—Y 


The integral on the right of the above formula is easily evaluated (for 
example, by use of the Fourier transformation), and we find that 


lim (e*#®ı Pe~ 1 f)(x) = + irG(x, x) f (x). 


t> +o 
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We thus have 
W, =(14 T) £tnG, 
where (Gf)(x) = G(x, x) f (£); so that 
S=(W_)- W, = (I — in) {I + inâ). 


It is plain from this expression that the scattering operator S commutes 
with the multiplication operator x—>xf(x). The scattering operator is 
clearly determined entirely by the diagonal singularity of the Friedrichs 
similarity operator I; in a representation in which H, is diagonal, S 
appears as an operation of multiplication by an operator valued function 
I+ T(x), where T(x) is an operator of trace class for each 2. 

Results concerning the scattering operator of the sort described above 
are proved rigorously on the basis of rather general hypotheses in Birman 
and Krein [1]. 

In that paper, the scattering operator S for a pair of Hermitian 
operators H, and H, is studied under the hypothesis that Hy1— Hy} 
belongs to the trace class. Taking an ordered representation (relative to 
H,) of the Hilbert space X in which these operators act, one may represent 
¥ as a space of vector valued functions f (A) in which H; is represented as a 
multiplication operator f(A) Af (A). Since S commutes with H,, it must 
have the form f(A) > S(A) f(A), where S(A) is a measurable operator valued 
function. Birman and Krein show that S(A) has the form S(A) = I + T(A) 
where 7X) is of trace class for all A, and that S(A) may also be represented 
in the form S(A) = exp(—27iK(A)), where K(A) is a Hermitian operator of 
trace class for all A, and where K(A) is positive for almost all A if H, — H, 
is a positive operator, or more generally if there exists a Hermitian 
operator T, with finite range such that H — H, + To is positive. Similar 
results are proved by Birman and Krein for a pair U,, U, of unitary 
operators, under the hypothesis that U, — U, belongs to the trace class. 

Birman [4] gives a version of the fundamental Theorem 4.9 which is 
“local” in the sense that it applies to portions of the spectra of a pair of 
operators rather than to the entire spectra. Birman’s result may be stated 
as follows. Let H, and H, be a pair of Hermitian operators with spectral 
resolutions £,(-) and £,(-), respectively. Let G be a Borel subset of the 
real axis R, and let G, be an increasing sequence of subsets of G, such that 
(azı Gn = G. Suppose that 
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(i) the difference H, E.(G)E,(G) — E,(G)H,£,(G) is an operator of 
the trace class; 

(ii) the operators E(R — G)E,(G,) are all compact. Then the strong 
limits lim,., į œ e##2e7 ##1 E (G) exist. 

As a consequence of this result, it follows that if H, and H, area pair 
of Hermitian operators, if 720, k20, and j+k>0, and if 
(Al — H,)~*(H, — H,)AI — H,)-* belongs to the trace class, then the 
wave operator limits W, = lim; į o e#2e~ #1 exist and define unitary 
equivalences between the absolutely continuous parts of H, and H,. 

Birman also studies the properties of the partial scattering operator 
S = (lim; - o e##2e~ tH B(G) (lim; 4.» e##2e7 #1 #,(G)) under the above 
hypotheses (i) and (ii). This operator commutes with H,. If the subspace 
£,(G)X of the Hilbert space X in which H, and H, act is given an ordered 
representation relative to H,, then, as above, the restriction of S to 
£,(G)X will be represented in the form f(A) >S(A)f(A), where S(A) is a 
measurable operator valued function. Birman shows that, under hypo- 
theses (i) and (ii), S(A) has the form J + 7(A), where T(À) is of trace class 
for almost all À e G. 

The existence of the pair of limits W, =lim,., 4 œ e!#2e7 #1 implies 
a close relationship between the Hermitian operators H, and H,. If, in 
particular, the “ perturbation ” V = H, — H, is not of trace class, various 
interesting new phenomena related to these limits make their appearance. 
In the simplest case, even if H, has an absolutely continuous spectrum, the 
limits W, may still exist, but the orthocomplement of the range of the 
wave operators W, may be infinite rather than finite dimensional, This is 
the situation for the quantum mechanical three-body problem studied by 
Faddeev in the papers cited below. In other cases, the limits W, may 
fail to exist, but the modificd limits lim,., , œ e##2e~##? #1) may exist. This 
is the case in the quantum field theoretic situations discussed in Friedrichs’ 
monograph [17]. In such cases, H, is similar not to H, but to the operator 
y(H,); the necessary occurrence of a function » in this case constitutes an 
elementary version of the phenomenon of “renormalization °? which is so 
significant in the quantum theory of fields. In Schwartz [8] the situation 
in which H, is a multiplication operator and V is a singular integral 
operator is studied. In this case, limits lim;... e#2e7 "+4. and 
liM; o e271 - H1) exist, but the functions», and o- are distinct. Such 
a case may be regarded as exhibiting a curious type of “unsymmetric 


renormalization,” 
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In Krein [8, 24] the infinite determinant 
A(z) = det((H, —2I)(H, —2I)~") 
is studied under the hypothesis that H, — H, belongs to the trace class 


of operators. Krein proves that the function log A(z) has the integral 
representation 


log A(z) = ie er dà, 


where the kernel function ô satisfies the integral inequality 
[180)| d8 < a — Ay lh 


the norm on the right being the trace norm of Chapter XI. Moreover, 
Kreïn establishes the trace formula 


+o 
tr(p(Ha) — (Hs) = f 8(d)p"(A) dà 
for an extensive class of functions g, from which the formula 
+0 
tr(H, — H,) = f 8(A) dÀ 


follows as a special case. Corresponding results are proved for a pair 
U., U, of unitary operators under the hypothesis that Ua — U, belongs to 
the trace class of operators. Similar results are given in the earlier paper of 
Krein cited above, in which detailed proofs may be found. 

Assume once more that we have two Hermitian operators H, Hy, 
and that H, is a multiplication operator f(x) > xf (x) in a space of vector 
valued functions, while H = H, + V, where V is an integral operator 
with smooth kernel to which the Friedrichs similarity method of Section 2 
applies. Then, as shown in Section 2, Ha = (I + I) +H(I + T), where, as 
we have seen above, the operator I’ may be written as a singular integral 


operator of the form 


(i Ty) (a) =[" y) 


o LY 


(y) dy. 


If m is any Borel function, we have 


eit?) e- it@(Hy) — (I + Lyd + ett? H) Te- teH), 
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It is plain that 
(elton Pe- HOED f) (4) -ə (2 AEN rom- ew f(y) dy. 


If ọ is smooth and monotone increasing, we may therefore write 
(eit? Hn) Te- HeH) f)(p7 1(2)) 

=P (ee G(p~*(2), p7*(y)) 

-o p *(z) ~~ *(y) 
+o Glotz), p7! = 

-ə Í (p~ (z), p(y) CaA 

-o z—y p~s) — p~ (y) 

X (p'(p™ >y) 1e" Of (p (y)) dy. 


Arguing as in the preceding discussion of the scattering operator, we find 
that 


lim (ettearo Pe-o f )(p-1a)) 
t> Ło 
= +irG(p~ (2), p~*(*))((p~ (2))') p pie) Sp 


Since p(p~1(x)) = x, we have '(p~ 1(2))(p~ 1(#))’ = 1; and thus it follows 
that 


e-o F(p-2(y) )(p'(p-*(y))) =? dy 


lim (ef@CHD Te- HPD f)(x) = + inG(x, x) f (x) 


t> +o 


is independent of the function p. We conclude that the generalized 
“wave operator ” limits 

lim e#?Hde-ieHd — W 

t> +0 
are also independent of p. This interesting and significant result is called 
the theorem of invariance of wave operators by T. Kato. In Kato [14] 
this result is proved rigorously on the basis of rather general hypo- 
theses. Related results are given in Birman [3]. In this paper, theorems of 
the nature of the wave operator invariance theorem are used to establish 
the existence of the limits lim; į œ e’#2e~ ‘#1 on the basis of hypotheses 
of the general form ø(H) — p(H,) € C1, Cı denoting the trace class of 
operators. For other results of this same kind, see Birman [2]. 

Birman and Krein [1] (cited above) give interesting variants of the 

Kato-Kuroda wave operator theorems, in forms applying directly to pairs 
of unitary operators. In particular, they prove the following results. 
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THEOREM. Let U, and U, be two unitary operators, and suppose that 
U, — U, is of trace class. Then the limit W..(U,, U.)a = lim, „o UU g ”z 
exists for all x such that E,(e)x = 0 whenever e is a subset of the unit circle of 
Lebesgue measure zero; here E.(-) is the spectral measure of U. 


THEOREM. Let H, and H, be two invertible Hermitian operators, and 
let Hy} — Hy? be of trace class. Let x be an element of Hilbert space such 
that E (e)z =0 whenever e is a set of Lebesgue measure 0, where E,(:) is the 
spectral measure of H,. Let U, = (iI — H,)(il + H,)~1 and U, = (il — H3) 
(iI + H.)-1. Then the limits 

lim U2 Uz "2, 


t>o 


lim e't1 e7 iHay, 
t= o 

and 
: ; =F i -1 
lim eti e7 tH y 


t>o 


all exist and are equal. 


Kuroda [5, 6] develops a “stationary” approach to the definition of 
the wave operator W, which in Section 4 we defined in “time dependent ” 
terms as W =lim,„ o e“1e-##2, The formal basis of this alternate 
approach may be derived (albeit in completely non-rigorous fashion) as 
follows. Let H, and H, be two self adjoint operators, and let Ha = H, + V, 
so that H, = H, — V. Consider the functions 


W, (2) = (Hy —21)(H, —21)-? =I + V(H, —21)7} 


and 
Walz) = (A, — 2l)(H, —21)7 t =I — V(H —21)7}, 


which are each other’s inverse. Under suitable hypotheses, there will be 
a dense subspace S of Hilbert space with the property that W,(z): 
S—S for Jz £0, j =1, 2; and that if we let zx + i0 or x — i0, W (2) 
converges to a limit W(x + i0) : SS, j =1, 2. For example, if H, isa 
multiplication operator f(z)— xf(x), if V is an integral operator f(x) > 
J V(x, y) f(y) dy with a differentiable or even a Hélder-continuous kernel, 
and if S is the set of Hélder-continuous functions, then, for each real t, 


V(x, y) 
t+i0—y 


f(2) > f(y) dy 
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defines a mapping of S into itself. This fact forms a basis for the following 
calculations. On the one hand, since W,(z) =(W.(z))~1, we have W(x + 
10) = (W(x + 10))~ 1. Thus 


Wal + 10) — Wa(a — i0) = (W(x + 70))-* — (W(x —i0)) ~t 
= (W(x + 10))~*(Wy(2 — 10) — Wi (2 + 10))( W(x —¢0))~ + 
= W(x + i0)( W(x — i0) — Wy(x + 10)) Wa(x — i0). 


Let £,(-) and £,(-) be the spectral resolutions of H, and H, , respectively. 
By Theorem X.6.1, VE;(e) = +(2mi)~! fe (W,(x + 10) — W,(x — i0)) dx. If 
we write A(T) and £(T) for the operators of right and left multiplication, 
respectively, by an operator T, we may write 


—2ri V Ele) = Í Wale + 10)( W (a — i0) — W(x + 10)) Wa(a — i0) dx 


= | (Wale + 1)) ROW le — i0))(Wa(z — 10) — Wy(x + i0) de, 
so that by the above formula and the Radon-Nikodym theorem we have 


VE(e) = | P(Walx + 60) R( Wale — 60)) VE, (da), 


= | 2 (Walz + iO) V)A( Wale — i0))E, (de), 
at least formally. For each collection of disjoint sets e, we have 
(È L(Walz, + 10)) VE (e,))(), A(Wa(e —i0))E(e;)) 
l l =h L(Walx; + 10) V)A(Wa(x — i0))E(e;) 


by the orthogonality of projections in a spectral resolution and the com- 
mutativity of right with left multiplication; thus in the limit we have 


( [ ZWE i0) V) Eda) ( [awae — i0)) (da) 
= Í L(Wale + i0) V) R( Wo(x — i0))E, (dz). 
By a similar argument we have 


[ZWE io) MB, ae) (S Wae io) V)E, (da) Ene) 
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and 


[ #0 ale — 10))B, (de) = ties 


RWo(x — io) (aa) (0). 
Combining the preceding formulas, we may write 

VEe) = ( f ` Wale + i0) vE (da) mo ( [Palda Wate — io) 
Since W(z)V = V — V(H—2I)-2V, we have Wa(z)V = V(We(2))*, and, 


taking limits as z approaches the x-axis from above, we have W.(x + 10)V 
=: V(W(x —i0))*. We may therefore write the preceding formula as 


His ( f E E, (dx) Wola — io))"#,(0( f K E (dx) Wo" — io) 


or 

(1) E,(e) = W*E,(e)W, 
where 

(2) W= fz (dx) W(x — i0). 


Putting e = (— œ, +00), we find that W*W = I, thus formula (1) shows 
that formula (2) defines a wave operator establishing a unitary equivalence 
between H, and H,. Using the analyticity in the lower complex half plane 
of the operator W.(z), the operator W may be identified under suitable 
hypotheses with the limit operator studied in Section 4. 

Birman and Entina [1] develop formulas for the wave and scattering 
operators along similar lines. 

For another discussion of this approach to the theory, cf. Louis de 
Branges [1]. The stationary approach to the wave operator theory has the 
advantage of yielding formulas which are somewhat more explicit than 
those obtained from the “time-dependent” approach which we have 
employed in Section 4. 

The formal device of factoring the “ perturbation” V = H, — H, into 
the product of two operators, described above in connection with Schwartz’ 
note [4, 5], is used in Kato’s very interesting paper [12]. Kato assumes that 
H,— H, may be written as a product AB, and that B(AJ — H,)~'A is 
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uniformly bounded by a constant K in the neighborhood of the spectrum 
of H, while the integrals 


[AQ 4 ie — Hy) 0 ad 
and 
[0 IBH ie) — Hy)? dà 


are bounded as ¢->0. In this case, and under the additional assumption 
that the constant K is small, Kato uses an appropriately modified version 
of the stationary wave operator method to construct operators W, such 
that H = W, H,(W,)~?. The wave operators W , have the expression 


+o 
(Wx, y) =(%, y) F = f _(BR(X + iO), A* R(A + i0)y) aA, 

where R(X) = (AI — H,)~1, and where x, y denote arbitrary vectors in 

Hilbert space. 

When a self adjoint operator H is perturbed by the addition of a self 
adjoint term V which is not small relative to H in the sense of Theorem 4.9, 
the spectrum of H can change drastically. In particular, the “absolutely 
continuous spectrum” o(H|),, (4)) (cf. Definition 4.7) can disappear, 
grow, or be shifted. The study of these phenomena is of great interest in 
connection with the quantum theory of fields and the question of “ renorm- 
lization.” Cf. K. O. Friedrichs’ monograph [17]. Similar phenomena arise 
in the quantum mechanical three-body problem, studied in L. D. Faddeev 
[2, 3, 4]. Faddeev shows that if H is the six-dimensional Laplacian, and V 
is a sum of three multiplication operators (each corresponding to a two- 
body force in a three-body system), then the spectrum of H + V consists 
of the purely continuous spectrum corresponding to the spectrum of H, a 
point spectrum corresponding to the “bound states” of the three-body 
system, and three additional branches of continuous spectrum, corres- 
ponding to the states of the three-body system in which two particles are 
“bound ” together, but the third is “ionized ”. 

Physicists customarily discuss the spectral theory of operators of this 
sort, and even of more general classes of operators, on the basis of semi- 
formal heuristic principles inferred inductively from illustrative examples. 
For a typical example of such a discussion, including an analysis of the 
quantum mechanical three-body problem, cf. Hack [1] and Jauch [2]. 
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From the identity 


d i R ; 
noe (ett 2e - 2) = tel4a(H, — H,je "1 


dt 


it follows very easily that the condition 


Í _ (H2 — H,)e 7 w] dt < 00 


is sufficient for the existence of the limits lim, , œ e!”2e 7!" 
lar, if the integral displayed above is finite for a dense set of vectors x, 
then the wave operator W, =lim,,,.. e 727+ 
limit. If the operator H, has simple form and a known spectral resolution, 
the finiteness of the above integral may often be verified for suitable x by 
direct calculation. This line of argument, introduced by J. M. Cook [1], is 
often called Cook’s method, and often provides the simplest method for 
establishing the existence of the wave operators W , . Note, however, that 
this argument by itself cannot be used to determine the range of the oper- 
ators W, , and thus yields only fragmentary information concerning the 
spectrum of the operator H,. For a partial discussion of the quantum 
mechanical n-body problem using this method of Cook, see Kuroda [2]. 
In connection with the wave operator theorems of Section 4, the early 
work of von Neumann, von Neumann [6], is to be noted. Von Neumann 
shows that, by adding a Hilbert-Schmidt class self adjoint operator V to 
a bounded self adjoint operator H such that p, (H) =$ sins (H) = {0} 
Definition (4.7), one can produce a sum H + Y for which Xa. (H + V) =0. 
Thus, in the hypotheses of Theorem 4.9, the reference to operators of trace 


ze tiy, In particu- 


1 will exist as a strong 


class is essential for the validity of the conclusion. 

An interesting series of papers by Calvin R. Putnam is devoted to 
analyses of the existence and properties of the wave operator. In Putnam 
[27] it is shown that, under fairly general hypotheses, the two self adjoint 
operators defined by a second order ordinary differential operator on a 
half-axis and two different sets of end conditions are unitarily equivalent. 
In [28] Putnam studies a pair of self adjoint operators H, V, where V is 
bounded and positive, and where the existence of a unitary operator U such 
that UHU* = H + V is assumed, and proves various interesting relations 
between the norms and spectra of U, H, and V. In Putnam’s papers [24, 29] 
it is shown that the wave operators corresponding to the pair of differential 
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operators —-(d/dx)? and —(d/dx)?+ V(x), where V is integrable, non- 
negative, and bounded, have continuous spectra covering the unit circle, 
and, under slightly stronger hypotheses, that these spectra are absolutely 
continuous. In the second of these papers, the following more general 


result is proved. 


THEOREM, Let H and V be self adjoint operators, V bounded and 
positive. Suppose that the domain of H intersects the range of V1!? in a dense 
set. Then, if U is unitary and UHU* =H +y, U has an absolutely con- 
tinuous spectrum. 


Another line of thought closely related to the problem studied in the 
present chapter was initiated by E. R. Lorch [2], and continued by 
Wermer [1, 2], by F. Wolf [4], and finally by Ciprian Foias in a series of 
papers and in a joint monograph with Colojoara (see Colojoara-Foiag [4]). 
The initial idea in this development is as follows. Let T be an operator in 
a B-space such that, for some A and k >0, 


(*) |T| <A(1+|n|)¥, —o<n<+oo. 


Then it is easy to see that o( T) is a subset of the unit circle in the complex 
plane. An easy argument, which may be based simply on repeated integra- 
tion by parts of the fundamental Cauchy formula for functions of T, will 
show that 
I(T SB sup sup |f%e)|, 
0 


SO0S2n OSj<k+1 


for some constant B. Thus the calculus of analytic functions of T may be 
extended to a calculus of functions f(T), f being required to have k + 1 
continuous derivatives on the unit circle. This fact, taken together with the 
known form for the conjugate space of C*+!, immediately implies the 
existence of an integral formula 


F(T) = Aof O) + Ans OU) fT FCA, 


A(e) being a strongly countably additive operator valued measure. The 
functional calculus which T possesses in view of this formula may be used 
to prove a number of interesting properties of T, 

This rudimentary idea has been developed in a sophisticated manner 
by Foias [9, 10, 12]. The second of the above cited papers of Foiag discusses 
the connection between the theory under consideration and the general 
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theory of spectral operators. These matters are systematically discussed 
in the monograph by Colojoara and Foias [4]. 

A variety of more or less related results on the existence of invariant 
subspaces for an operator T are given by Wermer [1, 2]. 

8z.-Nagy has shown that if the constant k in formula (+) above is 0, 
and the B-space in question is Hilbert space, then T is equivalent to a 
unitary operator. For a proof of this and a number of similar theorems, see 
the Appendix in Riesz and Sz.-Nagy [1]. 

Various of the perturbation-theoretic ideas touched on explicitly or 
by indirection in the present chapter are developed systematically by 
T. Kato in his treatise [13]. This treatise also contains an extensive biblio- 
graphy of perturbation theory. A lively and enlightening survey of spectral 
perturbation theory from the hand of Friedrichs himself is available to us 
in K. O. Friedrichs [17]. Friedrichs’ monograph contains, among other 
things, an especially interesting discussion of the spectral perturbation 
problems of quantum field theory, and the associated phenomena of 
renormalization. The monograph of Peter Lax and Ralph Phillips [2] 
studies a set of questions related to the wave operator methods of Section 4, 
in connection with an analysis of various classes of hyperbolic partial 
differential equations. Related work of Morawetz on the wave equation 
in exterior domains is discussed in this monograph. The Lax-Phillips 
analysis is based in part on the harmonicanalysis of contraction semi-groups 
in Hilbert space, to which subject the monograph of B. Sz.-Nagy and 
Ciprian Foiag is also devoted. C. Dolph [1] gives a survey of the theory of 
nonselfadjoint problems, with emphasis on perturbation theory and 
scattering theory, with a view toward the physical applications of these 
theories. Another survey of related areas, emphasizing perturbation theory, 
is to be found in Naimark [15]. See also Heegh-Krohn [1] as well as the 
monograph by F. A. Berezhin [1] which gives an account of the mathe- 
matical background of this interesting subject. 


PERTURBATION THEORY. For additional references of articles 
dealing with the perturbation of operators, we add Apostol [13], Balabanov 
[1], Balslev [1], Balslev and Gamelin [1], Baumgartel [1 through 5], 
Beals [1], Birman [5, 6], Bisshopp [1], de Branges [2], Brownell [1], Butler 
[1 through 3], Coburn [1], Conley [1], Conley and Rejto [1], Davis [2, 3], 
Donoghue [3], Dupras [1], Faddeev [1], Foguel [4, 6], J. M. Freeman 
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[1, 2], Friedrichs [2, 17, 18], Friedrichs and Rejto [1], Gehtman and 
Stankevié [1], Gilbert and Kramer [1], Goldberg [2], Gol’dman and 
Kraékovskii [1 through 4], Greiner [1], Gustafson [1], Hadeler [2], Hase- 
gawa [1], Huige [1], Javrjan [1], Kaashoek [1, 2], Kato [9 through 14], 
Konno and Kuroda [1], Krein [24, 27], Kuroda [1, 3 through 9], LadyZen- 
skaya and Faddeev [1], Langer [4], Loginov [1], Markus [1], Martirosjan 
[8, 4], Miyadera [2], Mochizuki [1], Moser [1, 2], Newburgh [1, 2], Niznik 
[1], Osborn [1], Osher [1], Paraska [1], Porath [1], Przeworska-Rolewicz 
[1], Putnam [22, 31, 32], Rejto [1 through 3], Rosenblum [1, 2], Sahnovié 
[2, 3], Schechter [1, 2], J. Schwartz [2, 3, 9], Sigalov [1, 2], Simpson [8], 
Stampfli [5], Stankevič [1], Turner [1, 2], Tzafriri [3], Vizitei [1], Yosida 
[13], and Zaanen [10]. 


SCATTERING AND WAVE OPERATORS. The following references deal 
with scattering and wave operators: Adamjan and Arov [l, 2], Birman 
[1 through 4], Birman and Entina [1], Birman and Krein [1, 2], Brownell 
[1], Cook [1], Dolph and Penzlin [1], Faddeev [2 through 4], Greiner [1], 
Hack [1], Ikebe [1 through 3], Jauch [1, 2], Jauch and Zinnes [1], Kato 
[12 through 14], Krein [27], Kuroda [2, 5 through 9], Lax and Phillips 
[1 through 3], Putnam [24, 29, 31], Stankevié [1, 2], and Thoe [1]. 
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